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Beginning with the golden rectangle with base 2 and altitude \[5 - 1, one 
may proceed to construct a sequence of numbers which represent altitudes 
(shortest sides) of the nested golden rectangles, 

(1) \l~5 - 1, .3 - \R5, 2 \ / 5 - 4 , 7-3^5" , 5^5" - 11, 18 - 8N/55 ••- . 

We shall call this the sequence of golden numbers. These numbers, as one 
may suspect, are closely related to Fibonacci numbers, as is suggested by 

th Theorem 2 below. First , however, we need to observe that the n golden 
number may be expressed by the following recursive formula: 

th Theorem 1. If g denotes the n golden number, then g = 1/2 gt • 
g n - f 

Proof. This follows immediately from the method of finding the altitude 
of a golden rectangle given its base (details left for the reader). 

As an immediate consequence we have a corollary: 

= (slE - l ) n 

2n- i 

We next observe after considering the first few golden numbers that 

Theorem 2. g = g ' - g , 
&n ten-2 ton-i 

Proof. Using the form for g given in the Corollary to Theorem 1, 
we have 
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gn-2 g n - i 
(N/5 - l ) n 2 (N/5 - l ) n * 

.n-3 ^n-2 

3? • (N/5 - l ) n 2 _ 2 • (N/5 - l ) n 1 _ 2(N/5 - l ) n 2 [2 - \/5 + J 
, n - i ^n-i rtn-i 

2(\/5 - l ) n - ( 3 - ^5) =
 Z ^ b 1 } 2 - = (^5 - 1) 

2 n - i 2n~l 2 n - i 
n 

= Sn 

Another r a t h e r in te res t ing observat ion i s that the coefficients of rad ica l 5 

appear to be the sequence of Fibonacci numbers with a l te rnat ing s igns . We 

may formal ize the conjecture after observing that a s a r e s u l t of a mul t ip l ica-

tion by (N/5 - l ) / 2 , the s igns of each t e r m of the golden n u m b e r s a l t e rna te 

and the n golden number may be exp re s sed in the form 

g = ( - l ) n 1 a • N/5 - b 
&n x ' n n 

where a and b a r e posi t ive in t ege r s . 

Theo rem 3. If 

x i i - l 
g = ( -1)" r a • N/5 - b 1 & n v ' L n nj 

r e p r e s e n t s the n golden number , then a i s the n Fibonacci number , 

F . n 
Proof. 

x n- i 
g = g . ^5 x = L21 . 5 a _ v5b - /s/5a + b 1 
&n+i &n 2 2 L n n n n-l 

(-1) 
(a + b ) (5a + b ) 

n n ' rp n n 
: _ ___ V5 _ _ 

a + b 5a + b 
• a . = —-?r and b tj = r 

n+i 2 n+i 2 
Then 
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a + b A 3a + b 
a + a = " a + - 5 = L _ £ = ! = _ 5 l i n - i 

n - i n n- i 2 2 

and 

a + b , 5a + b 
a + D + - 3a + b , 

n n 2 2 _ n - i n - i 
n+l 2 2 • " 2 

= a + a —> a = F n - i n n n 

Yet another observat ion m a y b e made from the sequence (1). It i s s ta ted: 

T h e o r e m 4. If g and g a r e any two success ive golden n u m b e r s , 
— ton &n+i J 

then F • g + F • g , = 2. n+i ton n ton+l 
Proof. Using the represen ta t ion for F developed in the proof of 

Theo rem 3 , we wr i t e 

F + b 
F ^ = -2-75 - -* b = 2F ^ - F 

n+l 2 n n+i n 

The re fo re , we may e x p r e s s g and g in t e r m s of Fibonacci number s 

only: 

and 

g = ( - l ) n \F \15 + F - 2F ) &n • ' • v n n n+r 

g = ( - l ) n ( F V5 + F - 2F J 5 n+i K ' v n+i n+i n+2; 

Thus we obtain: 

F * £ + F • £ = ( - l ) n V F • F \/5 + F • F - 2F 2 
n+i g n n gn+i l ; L n r

n + i N O r r
n
 r

n + i ^ n + I 

- F - F . N / 5 - F - F + 2 F - F 1 n n+i n n+i n n+2J 
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Recal l ing the fundamental identity 

F • F 1H = F 2 + ( - l ) n , n ^ 2, n - l n+i n x ' ' ' 

i t follows that 

F • g + F • g = ( - l ) n _ 1 r - 2 F 2 + 2(F2 + ( - l ) n + 1 ) l = 2 n+i &n n &n+i v ' L " r
n + i v± n+i v ; 'J 

Recal l ing the represen ta t ion for g used in the proof of Theorem 4, 

g = ( - l ) n _ 1 ( F N/5 + F - 2F ^ ) bn K K n n n + r 

we observe that 

F - 2F 4 = F - 2 [ F + F 1 = - F - 2F n n+i n L n - l nJ n n - l 

which gives us the following a l t e rna te fo rms for the n golden number : 

g = ( - l ^ ' ^ F • gi - 2F ,) & n v / \ n bi n-i7 

or 

g = (-.l)n_1(Ny5F - L ) ton v ' v n n 7 

where L i s the n Lucas number . We now s ta te our final r e su l t . n 

Theorem 5. g n = (~l)n~\^Fn - L n ) 

Proof. Follows from the identity 

L = F + F ,, . n n - l n+i 

• * • * * 


