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Let us consider a pair of rabbits born in the 0-th month which produce 
B1 offspring pairs when they are one month old, B9 offspring pairs when they 
aire two months old and so on8 The sequence of numbers 

B r B2> B 3 , . . . B n , . . . 

is called the birth sequence, and let its generating function be 

B(x) = T Bnxn , 
n=0 

where Bft = 0. 

Suppose each pair of offspring also produces B offspring pairs when 
it is n months old. Let the number of new arrivals at the n-th month be Rn, 
and let 

R(X) = V R xn 

where Rn = 1. Let the total number of rabbits alive at the end of the n-th 
month be T , and let n 

T(x) = > Tnx' 

where Tn = 1. We will assume that there are no deaths. 
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It has been shown (see [1], [2]) that 

and 

T(x) = (l-x)(l-B(x)) 

The purpose of this paper is to show some particular cases in which there are 
interesting relationships between B(x), R(x), and T(x). 

When 
oo 

) = £ ~n+2 

then 

When 

then 

When 

B(x) = 2 ^ x 

n=0 

TW = E F n + i x I 1 

n=0 

B(x) = 2 (2n-l)xn 

n=2 

T<*> = £ FLix I 1 

n=0 

oo 

B(x) = £ (6 Cn-i + 1 )x11 ' 
n=2 
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where the C a r e t e r m s of the Pel l sequence defined by C = 0, C = 1, 

C n + 2 = 2 ° n + l + C n ' t h e n 

n=0 

It i s conjectured that when 

TW = E Fn+lxI1 
—-„ n + 1 n=0 

the cor responding B(x) will have B ^ 0 for all n. This has been demon-

s t r a t e d for p ^ 7 . 

Hoggatt showed in [1], sect ion 4, that when 

F k + l x " ( " 1 ) X 
(1) B(x) = K + 1 

then 

and s imi l a r ly when 

^ k - i * 

RW = E W * , 
n=0 

F, l X - ( - l ) k x 2 

(2) B(x) = 

then 

u w 
RW = g Fkn-l^ • 
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By merely changing the sign of the second term of the numerator of 
equations (1) and (2), we obtain the following results, which depend on the 
parity of k. When 

then for k odd we have 

g [Un+i(V2>-Fk-lUnL
k/2)] (3) R(x) = 1 + ? . |U_n(L1/2)-F1^ ,U LT / 2 ) | x n + 1 

where the U (x) are Chebyshev polynomials of the second kind defined by 
UL(x) = 0, U,(x) = 1, U ' (x) = 2xU ,-(x) + U (x). 0X ' V ' n+2v ' n+1 ' nv ' 

For k even we have 

(4) 
oo ^ 

where the f (x) are the Fibonacci polynomials defined by fL = 0, f.. = 1, 
fn+2(x^ = ^ n + l ' ^ + fn(x^- S i m i l a r l y w h e n 

F, l X +(- l ) k x 2 

B(x) = — "̂i 

then for k odd we get 

(5) R(x) = 1+ £ [un+1(V2)-Fk+lUn(V2ilxn+1 
n=0 L -J 
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while for k even we find 

oo 

(6) R(x> = g [WLk>-F
k+iVLk>]xI1 • 

where U (x) and f (x) a r e defined above. 

Two other poss ib i l i t ies occur when L, is subst i tuted for F, in equa-

t ions (1) and (2). When 

B<x) = TTr * — 
1 L k - l x 

then for k odd 

2 , [Un+1<5/2 Fk)-Lk-lUn(5/2 Fk>) 
n=0 L J 

(7) R(x) = 1 + 2 . |U . ( 5 / 2 F J - L , U ( 5 / 2 F , ) | x n + 1 

F o r k even, 

(8) 

Similar ly , when 

OO _ 

n=0 L J 

L, l X + ( - l ) k x 2 

B(x) = W 
1 L k + l x 
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then for k odd, 

R(x) = 1+ ^ ' " — — - , . , _ v , J i+ l E [Vl< 5 / 2 Fk>-Lk+lUn(5/2 Fk>V n=0 L J 

and for k even, 

op 

R<x> = g [W5 Fk>-L
k +iV5 Fk>>n • 

Note that equations (7) through (10) a r e the Lucas duals to equations (3) through 

(6). 
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