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Let us consider a pair of rabbits born in the 0-th month which produce

B1 offspring pairs when they are one month old, B2 offspring pairs when they

are two months old and so on. The sequence of numbers

Bl’ BZ’ B3, Bn’

is called the birth sequence, and let its generating function be

o0
n
B(x)=z B x ,
n=0 n

where B0 =0,

Suppose each pair of offspring also produces Bn offsprihg pairs when
it is n months old. Let the number of new arrivals at the n-th month be Rn,

and let

o0

R(x) = 26 R x"
n=

where R0 = 1. Let the total number of rabbits alive at the end of the n-th
month be Tn’ and let

T(x)zv T x°
I{Zﬁ n

where T0 = 1, We will assume that there are no deaths.
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It has been shown (see [1], |2]) that

1
R = 135
and
T (x) 1

- @@-BE) -

The purpose of this paper is to show some particular cases in which there are
interesting relationships between B(x), R(x), and T(x).

When
o0
B(x) = Z Xn+2 ’
n=0
then
= n
T(x) = Z Fp X
n=0
When
o0
Bx) = Z (2n—1)x1r1 .
n=2
then
= 9
_ n
Tx) = Z Fn+1x
n=0
When
- n
B(x) = (6C + x
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where the Cn are terms of the Pell sequence defined by CO =0, C, =1,

Chip =2Cpy + C_, then

TX) =

|
i
e
+
iy
=

It is conjectured that when

1]
s
L’Sw’d
F
=
"
=}

T(x)

the corresponding B(x) will have Bn = (0 for all n. This has been demon-

strated for p = 7.

Hoggatt showed in [1], section 4, that when

® Fk+1x—(—1)kx2
(1) B(x) = ———7"
1 Fk_lx
then
00
RX) = Z Fkn+lxn s
n=0

and similarly when

Fk_lx—(-l)kx2
() B =~y —
then
Rix) = : Fkn—lxn .
n=
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By merely changing the sign of the second term of the numerator of
equations (1) and (2), we obtain the following results, which depend on the
parity of k, When

2
Fi (-1 x
B(X) - l_F X ’
k-1
then for k odd we have
_ _ n+i
(3) R(x) = 1+ nZﬁ [Uml(Ll/z) Fk_lUnLk/Z)]X ,

where the Un(x) are Chebyshev polynomials of the second kind defined by

UO(X) =0, Ul(x) =1, Un+2(x) = 2xUn+1(x) + Un(x).

For k even we have

RQ
n

(4) R(x) = g [fn+1(Lk)—Fk_1fn(Lk):|x ,
n=

where the fn(x) are the Fibonacci polynomials defined by fO =0, f. =1,

fn+2(x) = xfn+1(x) + fn(x). Similarly when
F _1x+(—1)kx2
B(x) =
1-Fp %

then for k odd we get

(5) R(x) = 1+ 2: [Un+1<Lk/2)-Fk+1Un(Lk/2)]xn+1
n=
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while for k even we find

n=0

where Un(x) and fn(x) are defined above.

Two other possibilities occur when Lk is substituted for Fk in equa-
tions (1) and (2). When

k 2
Bx) = k+1 (-1)"x
1-T,
then for k odd
= 1
(7) R(x) = 1+ ) [n+1(5/2 F)-L, ;U (5/2 F )] SR
=0
For k even,
8) Rx) = . [t [n+1(5Fk) Lt (5Fk)]xn
n=0
Similarly, when
Lk x+(—1)kx2
-1
B(x) = 1-L, ,.x
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then for k odd,

R(x) = 1+ 2;) [Un+1(5/2 F)-Ly U (5/2 Fk):lxn+1
s :

and for k even,

o0

nzg [f1r1+1(E’Fk)'Lk+1fn(5Fk)]Xn :

R(x)

i

Note that equations (7) through (10) are the Lucas duals to equations (3) through
(6).
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