DIRECT CALCULATION OF k-GENERALIZED FIBONACCI NUMBERS
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SUMMARY

A formula is developed for direct calculation of any k-generalized Fib-

‘onacci number uj K without iteration.
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DEFINITIONS

The ordinary Fibonacci number uj ) is defined by
s

= + L3 >.
@ Yo T Yetn T Y, 022

with the additional conditions usually imposed
‘ (2) u0§2 = 0; u1§2 =1,

The k-generalized Fibonacci number uj K is defined as the sum of its
9

k predecessors
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together with the initial conditions
= L i L - . =
(4) uj,k 0 (0£j£&£k-2); Uy k 1.

A table of u]. k from k= 1to7and j =0 to 15 is found in Table 1.
3
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Table 1

Fibonacci Numbers u.’1 for Various Values of j and k
k[j
110{1(2|3{4|5{6 7| 8| 9|10 11| 12 13} 14| 15| 16
20011111235 8113(2134{55{ 89| 144 (233|377 610
3[010|111]2]4]7113124 (44| 81|149|274 15049271705
41010(0]1]1(2|4| 8|15|29]56]108|208 |401|773 1490
5101010]0|1 112 4 161 31| 61|120 (236464 912
6lojojojojo|1|1l 2| 4| 8]16| 32| 63]125|248] 492
7{010]10]0j0j0)1] 1 4] 8| 16] 32| 64|127] 253

TERM RATIO

The key to direct calculation is the existence of afixed ratio Ty between

successive uj k‘s so that in the limit we have

(5) lim Y+,k

n == co uj’k

:rk‘

If such a ratio can be found, an approximate calculation is simple.

Vorob'ev [5] has shown that for k =2, this requires the solution of
(6) ¢ = d+qg
which for q # 0 reduces to
(7) g -gq-1=0
for which the roots are

B +V5
1 _2\/5 &~ -0.6180 and ry = L 5 ~ 1.6180 ,

where = means "approximately equal to."

1(8) ri =

If fn is any Fibonacci sequence obeying the difference equation fn 4

fn - fn-i = 0, then fn has the form (see [4p

n
(9) fn = b1r1 + bzr?
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Since lr1| < 0.7, II"‘%I <1, so that lrinl < 1/2", Hence there exists an N
such that for all n > N, wo, is the greatest integer to bzr?, and we write

(10) u, = br) (> N

To evaluate the constants b; and by, we use the initial conditions

‘bi + b2 = llo,z = 0 5
11
( ) b11’1 + bzrz = Ug,3 T 1 3

which yield

(12) by = 22, by =

V5

§| |-

An exact expression for uj ) is hence the familiar Binet form

3

o1 +vEY (1 -vE)]
(13) uj’2 ~\—-/—%ii<———-——2 ) —(-—2 >:!

GENERALIZATION

To find an expression for the k-generalized Fibonacci numbers, let us

first seek solutions to (3) which form a geometric progression, say an. Then

(3) leads to a general form of {6),

(14) aqj = ;a.qjwi + aqj"2 oo 4 aq]—k .
Thus

e -1
(15) aq]k(qk—qk - -g-1) = 0.

Since we are looking for solutions which are not identically zero, we can

assume a # 0 and g # 0. Therefore we see

(18) qg -4q -~ =q-1=20.
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This kth degree equation has k complex roots, say rjg, Ty, *°°»
Ty Now Miles [5] has shown that these roots are distinct, that all but one
of them lie within the unit circle in the complex plane, and that the remaining
root is real and lies between 1 and 2. Hence with a suitable choice of sub-

scripts we may write
(7 'ri,kl <1 @<gick-1 ,
(18) 1< r <2 .

k,k —

Since the roots are distinct, the Vandermond determinant

k-1
2 co e
1 ri,k rl,k Tk
k-1
1 rz,k rg,k Iy k
(19) 40
9 . k-1
T T Tk ° Tk

and Jeske [4] has shown that the general solution can be written

k

_ j
ik 1; byri

(20) u

To evaluate the constants 1bi, we use the initial conditions

k
m = = DY _
i};{ blri?k =0 (m=0,1,"*,k-2),

(21)

This system has a unique solution by (19) which can be found using Cramer's

rule. This yields
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k
- -1
(22) by = I Gy -1y )
=1
ol
so that (20) becomes
k [/ k S\
(23) LD Y | R
i=14 o=t
a#i

Recalling (17) and (18), we remark that as j becomes large ri{ K becomes
the dominant term in (23), sothat as before there exists an N such that for

all j >N, uj Kk is the nearest integer to bkrf{ K We may therefore write

b, 1) G >N

(24) Uk® Ptk

It follows from (24) that
(25) lim

and more generally

u.
(26) lim .J{&E = rkmk
j—>0o ik ?
APPROXIMATIONS

We first note that as k—>ow the sequence uj—k K approaches the geo-

metric progression of powers of two,
1, 2, 4, 8, 16, 32, 64, ° -,

as can be seen from Table 1. It follows that
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27 lim rk,k = 2
k—>00

See Table 2 for calculated values of the principal root Tk for k = 2 to 19,

which gives striking verification of (27).

Table 2
Fibonacci Roots

k re
2 1.6180340
3 1.8392868
4 1,9275621
5 1.,9659483
6 1.9835829
7 1.9919642
8 1.9960312
9 1.9980295
10 1.9990187
11 1.,9995105
12 1.9997556
13 1.9998779
14 1.9999390
15 1.9999695
16 1.9999845
17 1.9999925
18 1.9999962
19 1.9999981
From (25) we get then
(28) 1ivm lim M =2,

k—>o j—>o uj,k

which was stated in an equivalent form by P. F. Byrd [1] We shall now show

that bk is approximately I‘kkk in the sense that
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. -k
(29) lim b / T =1 .
k>0 k/ k,k

To prove (29), first recall that

b, = L
O U
Since
k k-1
X - X —---—x—lr(x—ri,k)---(x—rk’k),
and
fx) = x- DeE o E o ok = ST K
= - DE-Typ)es -1y ),
we find Kk ket
£y ) = G Dry - 2k y = (g y = Do g = ry e (o =Ty
Hence
_— rk,k -1
k k k-1 ’
(k + 1)1‘1(,k - 2krk,k
- . k+1 k ..
from which (29) follows, since T T Zrk Kk = -1. Thenfor sufficiently large
j and k we may write
(30) uj,k P rk,k

Call the approximation for uj K in (24) u; K Then using (20), the error

committed by this approximation is

= - ] =
(31) Wik = %k T Wl

By (17) Iri kl <1 for 1 £1i4 k-1, sothe triangle inequality shows
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k-1 j k-1
(32) W £ 1:21 Ibillri,k' < 1‘:[; ,bil .

Note that the first inequality in (32) shows that

(33) .hm Wj,k =0,
j—>o0
so that for fixed k the error tends to zero as j becomes large, giving for-

mal justification to (24).
EXTENSION

In the near future tables of bk will be prepared by computers. These,
together with Iy will provide an excellent approximation fOIT uj,k using an
analytic procedure.

The author expresses his appreciation to Da A. Lind and V. E. Hoggait,

Jr., for helping in preparing this paper.
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