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The Fibonacci numbers F and Lucas numbers L may be defined by 
n n J J 

(1) F = (cP- - Pn)/(a -p) and L = a11 + /3n 

where n is any integer, a =-£(1 + V§) and f}= -|(1 - Vo), so that 

(2) a -p = V5 and a@= -1 . 

Recently Brother Alfred Brousseau asked for generalizations of the 
identity 

F2k% = F ^ - 4_ £ 

proved by I. D. Ruggles in [ 1 ] , and as a result V. E. Hoggatt, -D. Lind, 
C. R. Wall [ 2 ] , and Sheryl B. Tadlock [3] between them gave seven further 
identities. In this note we point out that these eight identities belong to the 
family of sixteen identities given in Theorem 1 below. Furthermore, we show 
that this theorem can be proved by a very simple method which can be used to 
generate identities for arbitrary products of Fibonacci and Lucas numbers. 

Theorem 1. If i, j , ss and t are integers such that i + j = 2s and 
i - j = 2t, then 

(3) (5F.F. or L.L.) = (5F2 or L2 ) ± (5F2 or L2) ± (0 or 4(-l) t ) . 
i j -^3 s s t t 

where either term may be chosen at will in the first three brackets; in addition 
i$ j may be chosen as being either both even or both odd. The choice of term 
in the last bracket and the sign preceding it depend on the combination of the 
previously mentioned four choices, but the choice of the first + sign depends 
only on the parity of i and on the term chosen from the first bracket If we 
fix the two choices to be made on the left side of the identity, then the four 
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ident i t ies obtained by varying the choices made on the r ight side a r e deducible 

f rom each o ther by application of the well-known identity 

5 F 2 = L2 _ 4 ( . 1 } n 
n n x ' 

This fact was used by Sheryl B. Tadlock in [ 3 ] , 

To obtain fur ther ident i t ies such a s those of T h e o r e m 1, we cons ider an 

a r b i t r a r y product of Fibonacci and Lucas number s . In o ther words we le t 

m, n, i0, il3' • • , j l 3 j 2 , " •8 be any in t ege r s with m, n > 0 and put 

(4) P = 5 m F . F . • • • F . L. L. • • • L. , 
1i h hm h h Jn 

(5) Q = 5 m F . F . • • • F . L. L. • • • L. . 
1o 1 i ^ m h h 3n 

Notice that P contains an even and Q an odd number of Fibonacci number s 

F . . i 
F i r s t we d i scuss P„ By (2) we have 5 = (a - p)2m-! so substi tuting 

f rom (1) in (4) and expanding we see that P i s s y m m e t r i c in a,/3 and i s 

the re fore a sum of 2 2 m + n " 1 t e r m s of the form ±(or p* + crfi ) , But by (1), 

(2) we have 

(6) a p 0 q + a V = (a(3)q(ap-q + fi^) = ( - l ) q L p _ q . 

H e n c e P can be exp res sed as the difference of two sums of Lucas number s . 

Now suppose that the sum of the subsc r ip t s occur r ing in (4) i s even, so 

that we have 

(7) i j + i2 + • - • + i 2 m + J! + J2 + • ' e + J n
 = 2 s 

for some in teger s. Then for each of the t e r m s in the e x p a n -

sion of (4) we have p + q = 2s , and so p - q i s a lso even. Putt ing p - q = 

2t in (6) and noting that 

a P - q + ^ P - q = azt + £2t = (Q{t „ i g t ) 2 - + 2(a^)t = SF2 + 2 ( - l ) t 

= (a* + /31)2 - 2(a/3)t = L* - 2 ( - l ) t , 
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we see that our genera l t e r m i s of the form 

±(a p j8 q + a q / 3 P ) = ± ( - l ) q L 2 t = ± ( - l ) q [5F2 + 2 ( - l ) t ] 

= ± ( - l ) q [L2 - 2 ( - l ) t ] 6 " 

Thus we have shown that the product P given by (4) can be expressed , in a 

l a rge number of ways , a s a sum 

an example we give the identity 

l a rge number of ways , a s a sum of t e r m s ±(5F^ or 1?) and t e r m s ±2. As 

5 F 2 i F 2 J L 2 k L 2 h = 5 F 2 + j + k + h + L ^ ^ + 5 F 2 + j _ k + h + ^ _ f c _ h 

-5F? ._,, . - 5F? . , , - L? . T , - L? . , , , 1-3+k+h l- j+k-h i- j -k+h 1-3-k-h 

The r igh t -hand side of this identi ty i s of c o u r s e only one of the 28 poss ib le 

exp res s ions of this form* though many of these would involve a fur ther t e r m 

4C, where C i s an in teger in the range -4 < C < 4S 

Final ly we d i scuss the product Q given by (5), Substituting f rom (1) and 

expanding we see that Q i s a sum of 2 2 m + n t e r m s of the form 

±(aV(f - aqpP)/(a -p) = ±(-l)qFp_q , 

so that Q can be exp re s sed in t e r m s of Fibonacci number s F . The re i s no 

immedia te analogue for Q to the r e s u l t s obtained by (7) for P0 However s if 

each of i0s i i , •ffl e ? 3i>-fe> •'*B is divis ible Joy 3? then in our genera l t e r m we have 

p - q = 3 r and 

F p - q = {adT " @3T)/{a ' & = f5Fr + 3 ( - 1 ) r F
r ] ° 

In th i s way one can obtain Q a s a sum of t e r m s ±[ 5F3 + 3( - l ) F ] , for e x -

ample (after some r e - a r r a n g i n g of t e rms) we have 

F 3 i L 3 j L 3 k = 5 [ F 3 + j + k + ( - l ) k
F i ? + j _ k + ( - D J F 3 _ . + k - M ) V i + j + k ] + 
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To the E d i t o r : 
The lemma proven by M. Bieknell and V- E. Hoggatt,Jr. 

in 'Fibonacci Matrices and Lambda Functionsf,The Fibonacci 

Quarterly, Vol. 1 (April 1963),page *+9 was essentially 

established in my note 'Theorem on Determinants1, Mathemat-

ics Magazine Vol. 3*+ (September 1961), page 328. Namely, 
rIf the difference of each pair of corresponding elements 

of any two columns (rows) of a determinant are equal, then 

any quantity may be added to each element of the determin-

ant without changing its value.l 

Charles W. Trigg 


