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th It is well known that if F. is the i Fibonacci number^ then 
i 

y = y y + y y 
n+k+l n+i k+i n k 

for all integers n9 k* A generalization of this identity to recurrence relations 
of any order m is given here* 

Let m be a positive integer and let P I J P 2 S ° 8 0
? P (p ^ 0) be 111 ele-

ments of a field F. Furthermore^ let |y. i and | U. i be two sequences in F 
obeying the recurrence relation whose auxiliary polynomial is 

m-l 

2LJ 
P(x) = x m - > . p ^ . x ' 

j=o 

and let JU. I have the initial values 

and 

Then, 

U0 = Ui = ••• = U = 0 
u l m»2 

U = 1 . 
m-i 

m-i j 

(1) yn+k = 2^2^p^iu^-j-^ 
j=o i=o 

for all integers n and k. 
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The proof of (1) is by Induction on k* Let n be f ixed F o r 0 < k < m 
It Is c l ea r that 

^ i i r / m ~ i k 

0 If j < k 

p U = 1 if i = k 
(2) > ̂ -Vtlf^ 

i=o ( > p .U. ^ . = U. ^ . = 0 if k < j < m 
8 f <{ m~1 k+ i - j - i k+m- j - l J 

'i=o 

F r o m (2) it Immedia te ly follows that (1) holds for k = 0 5 1 , • • • , m - 1„ F r o m 

here., applicat ions of the r e c u r r e n c e re la t ion (corresponding to P(x)) for jy.J. 

and | U . | , in both the forward and backward d i rec t ions , eas i ly p rove that if 

(1) holds for k = h? h + 1,fl • *, h + m - 1? then (1) holds for k = h - 1, h, • • • •, 

h + m8 By application of finite induction, It follows that (1) holds for al l i n t e -

g e r s n, k„ 

Let P(x) = (x - r j ) (x - r2)° • ° (x - rm) in an extension G of F and sup-

pose that G is of c h a r a c t e r i s t i c zero0 F u r t h e r suppose that the r . a r e p a i r -

wise distinct,, Define D, as the de terminant produced by the p r o c e s s of sub -

sti tuting the vec to r ( r j , r 2 , • • • , r ) for the m row (rf1"" , r 2 "~ » \*-y 

r " ) in the Vandermonde determinant of r j , r2, • e s , r . It is proven in £ l j 

that for every Integer k, 

(3) U. = k 
k D , m-l 

The c a s e for repet i t ions among the r . Is handled in the following way: Start 

with the form for U, in (3) ands pre tending that the r . a r e r e a l , apply 

L?Hospi ta l f s Rule success ive ly a s rT—>rT for a l l repe t i t ions rT = r T among 

the r . . 
3 
A combination of (1) and (3) now c o m e s with ease* Still taking the r . to 

be pa i rw i se dist inct s define E, as the de terminant produced by the p r o c e s s of 

rep lac ing the element r, of the m row of D, by 

m-i j 

EV * r k + i - j - i 

j=o I=o 
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and this for h = 1, 2,» •• , m. Then combination of (1) with (3) yields: For 
every integer k, 

<4> yk = I T - • 
m-i 

The case for repeated roots is handled as with (3). In [2] identities akin to (4) 
are developed. 
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