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Star t ing with the fami l ia r formulas 

(1) F a_, = F + F 
n+i n n - i 

(2) F 2 = 2F 2 + 2F 2 - F 2 

n+l n n - l n-2 

in which a power of a Fibonacci number is exp res sed as a l inea r combination 

of the s a m e power of success ive Fibonacci number s one is led to seek additional 

fo rmulas of th is type. 

F o r the th i rd degree one can s t a r t with 

F 3 = F 3 + 3 F 2 Y ' + 3F F 2 + F 3 

n+l n n n - l n n - l n - l 

F 3 .= F 3 - 3F2 F + 3F F 2 - F 3 
n-2 n n n - i n n - l n - l 

F 3 = - F 3 + 6F 2 F - 12F F 2 + 8F3 
n-3 n n n - l n n - i n - l 

which r e su l t f rom cubing fami l ia r l inea r relations,, To a r r i v e at the de s i r ed 

power re la t ion , it i s n e c e s s a r y to e l iminate the t e r m s that a r e not s imple 

powers . Multiplying the f i r s t re la t ion by a9 the second by b and adding the 

r e s u l t to the th i rd yields the following re la t ions for th is el imination. 

a - b + 2 = 0 

a + b - 4 = 0 

f rom which b = 3 and a = 1. This gives the de s i r ed re la t ion of the th i rd 

deg ree : 

(3) F 3 = 3F 3 + 6F 3 - 3F3 - F 3 

n+l n n - i n-2 n-3 
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This method can be pursued making use of coefficients without wri t ing 

out complete express ions . F o r the fourth degree this gives a table : 

F 4 1 4 6 4 1 
n+1 

F 4 1 - 4 6 - 4 1 
n-2 F 4
 n 1 - 8 24 -32 16 n-3 

F 4 16 -96 216 -216 81 
n-4 

This table leads to the following equations for el iminating the middle t e r m s . 

a + b - 2 c - 2 4 = 0 

a + b + 4c + 36 = 0 

a - b - 8c - 54 = 0 

f rom which a = 1, b = 15, c = 5, and d = - 1 . This leads to the re la t ion: 

(4) F 4 , = 5F 4 + 15F4 - 15F4 - 5F4 - F 4 

n+i n n - i n-2 n-3 n-4 

Fifth and sixth deg ree re la t ions a r e : 

(5) F 5 = 8F 5 + 40F 5 - 60F 5 - 40F 5 + 8F 5 + F 5 

n+l n n-l n-2 n-3 n-4 n-5 
(6) F 6 , = 13F6 + 104F6 - 260F6 - 260F6 + 104F6 + 13F6 - F 6 

n+l n n - l n-2 n-3 n-4 n-5 n-6 

Since the a lgebra at th is point was becoming labor ious , the coefficients 

w e r e s e t u p in tabular form for the purpose of d iscover ing a pa t te rn . The 

heading i s the degree ; the number s below a r e the success ive coefficients of the 

t e r m s on the r ight-hand s ide of the re la t ion. 
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It was observed that one column can be obtained from the previous column by 
multiplying by a Fibonacci number and dividing successive products by certain 
Fibonacci numbers in reverse order* Thus to go from the column headed 4 
to the column headed 53 multiply each quantity in the 4 column by 8 and di-
vide successive products by 5, 3, 2, 1, 1 respectively. To go from column 
5 to column 63 multiply each quantity in column 5 by 13 and divide by 8, 
55 3, 2, ls 1 respectively. The new elements in each column at the end are 
all l f s with a plus or minus sign, the order being two minuses, two 
etc. 

With the aid of this empirical result, the table was continued to higher 
powers, 
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In each instance the coefficients were checked by applying the formula to one 
particular value of n. 
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