A THEOREM ON POWER SUMS

STEPHEN R. CAVIOR
State University of New York at Buffalo

Allison [1, p. 272] showed that the identity

n p n q
(1) z <" = E x° Mm = 1,2,3,:++)
X=1 x=1

holds ifandonly if r =1, p =2, s =3, and q = 1. In this paper we con-
sider the more general problem of finding polynomials

s
fx) = Z aixi' and gx = Z bixi
i=0 i=0
over the real field which satisfy
) {ta) + - +ifP = fg) +-o rem}? m=1,2,3"),

where r, p, s and q are positive integers,

First we note that

n r
E fx) = E aiSi ,
x=1 i=0
where
n
Sk = E xk, k =0,1,2,-
x=1

Thus the left member of (2) becomes
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a

nr+1 p
+ e
r r+1 € ’

since Sr is a polynomial in n having degree r + 1 and leading coefficient

1
r+1

Similarly the right member of (2) becomes

so (2) can be written

nr+1 'p ns+1
(3) gar -:F-__i_—1+...‘ =3bs +...§

For (3) to hold we must have

(4) (r+1p = (s+1)q

and

lar p
) (r+1> B

Case 1, Suppose p = d. From (2) we find f(n) = gm), n = 1,2,3,*++,

b q
s
(s+1> °

so f(x) = g(x).

Case 2. Suppose p # q. We may assume without loss of generality that
p>q and (p,q) = 1. We will also assume that a, = bS = 1. Following
Allison [op. cit.] we see that for (3) to hold we must have r =1, p =2, s
=3, and q = 1. Specifically,
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(6) (S1+2950)% = S5+ bySy +bySy + Sy .

Using well-known formulas for Sk’ k =0,1,2,3, we write (6) as

™ {n(n2+ 1) , a n}‘l _ {n(n; 1) }2 + b2{n(n + 1}6(2n + 1)} + by n(r;+ 1) + by,

Rewriting (7) in powers of n, we find

n4 1 \3 1 22_114 1b2 3
. z+avn+ gra) =gt
by by
2 — e
+ 6+6+b0n_

bZ
2 = 3
’ 2 b b
1 1, 2.1
) <§+a9 TiTEhE
b2 bl
0= F T3 *h

(10) Zaij b= ¢ (=012

Since the determinant !ai].\ # 0, we can solve for by, by, by in terms of a,.

Eagy calculations show

(11) bo = —32, ) b1 = 232"'3., b2 = 3a 3
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where a, is replaced by a for simplicity. Thus
(12) fix) = x+a, gx = x +3ax®+ (2% - a)x - a?

When a = 0, (12) yields the result of Allison,
If we do not require a, = bS = 1, itis interesting to note that for arbi-
trary p,q one can always find non-monic polynomials f(x), g(x) to satisfy

(2). Specifically f(x) and g(x) are chosen to satisfy

n n
(13) }:g(x) = n9, Zg(x) = 1P,
X=1 x=1

If (13) holds, obviously (2) does.

In general the construction of a function ft(x) satisfying

(14) St = a' ¢ = 1,2,3)

is recursive. First note that fj(x) = 1. We find ft+1(x) as follows., Recall
that

n
t+1

E xt=?T1+stnt+ + s

x=1
Thus

n

T 1
(15) t+1) 2 {xt -8 0 - - sifi(x)} = ™,

x=1
SO

t
_ t

(16) £, = E+1]x - E 818y (%)

k=1
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We summarize these results in the following,

Theorem, The solutions of (2) are as follows, If p = q, f(x) is arbi-
trary and g(x) = f(x). If p # q, the only monic solutions occur when p = 2
and q =1, in which case f(x) and g(x) are defined by (12), where a is an
arbitrary real constant, Non-monic solutions for that case can be found using
(13).

As an example of these results. suppose that p = 3 and q = 4. By (14)

and (17) we have

n 3 n / 4
E (4= - 6x2 +4x - 1)) = E Bx2-3x+1)) , (Mm=1,2,3,-%-).
x=1 | x=1
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A NUMBER PROBLEM

J. Wlodarski
Porz-Westhoven, Federal Republic of Germany

There are infinite many numbers with the property: if units digit of a
positive integer, M, is 6 and this is taken from its place and put on the left
of the remaining digits of M, then a new integer, N, will be formed, such
that N = 6M. The smallest M for which this is possible is a number with
58 digits (1016949 - -+ 677966).

Solution: Using formula

6x &
= 3 Z an X Py
1-4x - x2 n=0

with x = 0,1 we have 1,01016949 --+ 677966, where the period number (be-

hind the first zero) is M.*
*1016949152542372881355932203389830508474576271186440677966,

(Continued on p. 175.)




