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1. INTRODUCTION

A set of polynomials Bn(x) and bn(x) were first defined by Morgan-
Voyce [ 1] as,

) b (®) = xB _ () +b _ (X @= 1)
(2) Bn(X) = (x+ 1)Bn—1(X) + bn—i(X) n= 1)
with

(3) by(x) = By(x) = L

In an earlier article [ 2], a number of properties of these polynomials Bn(x)
and bn(x) were derived and these were used in a later article to establish
some interesting Fibonacci identities [ 3]. We shall now consider some fur-
ther properties of these polynomials and establish their relations with the

Fibonaceci polynomials fn (x).

2. GENERATING MATRIX

The matrix Q defined by,

- | &+2) -1

may be called as the generating matrix, since we may establish by induction
that,

) Q" = 5" B

(Recelved February 1967)
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Hence,
P Pn-t _ By = Bpy) ~Bpoy ~ Bpoy) - Q" -t
b by, Byt~ Bpy) “Byp " Byy)
(6) ="t Q-1
Since the determinant of Q = 1, we have
-B2 = -
(7) Bn+1 Bn—i Bn 1
and
- x+1 -1
n n-1i ! I
_ = Q - I = = X
bn—i bn—z 1 -1
or
-h2 =
®) bn+1bn—1 bn x

3. Bn AND bn AS TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS

Letting cos@ = (x + 2)/2 in the identity

sin(m+1) 6+ sin (n - 1) = 2 sin (ng) cos o

we have
sin (n + 1)8 sin (n - 1)6 _ sin nf _
sing " sin @ x+2) sin 6 (4=x=0,
with
sin@+ DO _ 4 for m = 0
sin 8

n

(x+2) forn

11
=
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Thus,

sin (n + 1)6

sin 6
satisfies the difference equation for Bn' Hence,

9) B () = SOl (-4 < x = 0)

sin ¢

Similarly, if cosh¢ = (x +2)/2, then

_ sinh n+1)¢
(10) B (x) S h (x = 0)
Since b. = B_ -B_ ., we have
n n~ T n-i
_ cos (2n+1)0/2
(11a) b (%) = W (-4 < x <0)
and

cosh (2n + 1)¢/2
cosh @/2

(11b) b (®) = (x = 0)

4, DIFFERENTIAL EQUATIONS FOR Bn(x) AND bn(X)

It has been shown earlier [2] that
n n
i _ n+k-1 k _ k _k
(12) Bn(x) = E ( n-k ) X = E c, X
=0 k=0

and

n n
(13) b (%) = E (gfi)%‘ = E df

169
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Hence
ck+1 (n+"k+2)
n _\n- -1/ _ m-Kmn+k+2)
k n+k+1 (2k + 3)(2k + 2)
®n n-k

k+i

Thus, the coefficients of xk and x of Bn(x) are related by

k

14 Kk - 1)c§ + 40k + 1k cﬁﬂ + 3k o

+6(k + 1)cﬁ+1 -n@ + 2)c§ =0---
But the coefficient of Xk in the expansion of

x*B"+4xB' +3xB' +6B' -nn+2)B
n n n n n

is the same as the left-hand side expression of (14). Hence, Bn(x) satisfies

the differential equation
(15) x(x +4)y" +3(x+2)y' —nmn+2)y = 0

Similarly, starting with (13) we can show that bn(x) satisfies the differential

equation
(16) X(x+4)y"+2x+ 1)y -nn+ 1)y =0

Using (15) and (16) we shall now derive some identities for Bn(x) and
bn(x). We have from (15)

X(x+ 4)(B) - B ) +3(x+ (B - B} _) -n(a+ B+ F D - VB -

or,

x(x+4)bﬁ + 3(x + Z)b;1 - nn + 1)]3][1 - an -+ 1)Bn_1 =0 .
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Using (16) this may be reduced to
(eX)) (x+4b! (x) = 1B (x) + M+ B _ (9 .
Hence,

(18) (x+4(!, -bl) = @+ DB, +@+2B -nB - @+ B

~Differentiating (1) we get,
1 _ R = 1
(19) b, -b = xBl +B
Substituting (19) in (18) and simplifying we have

(20) x(x + 4)B;1(X) = an_H(x) -n+2)B__ (%)

n-4
From (20) we may derive that
(21) X(x+4)b (x) = mnb (¥ +b (x)-m+Db (¥ .

5, INTEGRAL PROPERTIES

It has been shown earlier [2] that,

B . ® -B _(®
(22) f b (9dx = -t 17’

¢ being an arbitrary constant. We also know that,

-)'m + 1)

B (0) = m+1); B_(-4)
23) n n

R _ n
b (0) = 1 ;b (-4) = (-1)"(2n +1)

Hence, from (22) and (23) we have the two special integrals,

0
(24a) f Byp(x) dx = 4/(2n + 1)

!
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and
0
(24D) f Bon+(x) dx = 0
4
Since
n
B2(x) = > Bm
0
we have
0 n
(25) SR ax =Y 4/(2m+ 1)
4

0

Similarly, the following integrals may be established:
0 0

fbf1 ® dx = = [ by (0 dx = 4/(2n + 1)
-4 T -4

0

f B (B, (®dx = 0
-4
0 0 n
_{ b (®) B () dx = - __4[ b, (B (Hdx = -4 37 1/(2m + 1)

0

n

0
_! b (b (x) dx = -4 - 8 1(2m + 1)
1

[Apr.
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0 n
_!Bn_,_i (®) B, (x) dx = 4 21: 1/@2m + 1)

0 n-i

: b @b _(x)dx = 823 1/@m+1)+4/@n+1) -8
- 1

0 n-1

f b2 (x) dx = 8 > 1/@m+1) + 4/(2n + 1) ,
_4 1

6. ZEROSOF B (x) AND b ()

173

From (9) we see that the zeros of Bn(x) are given by sin (n + 1)@ = 0.

Hence,
6= (rm/@+1), r=12-+,1n,
Therefore,
- r
x+2) = 2¢osn+l'n'
or,

r
n+1

IME]

x=—4sin2{ } r=1,2,""*, n.

Similarly, the zeros of bn(x) are given by

11

1’2’..., n.

—4sin2{zr_l-7—7} , T

2r +1 2

Thus the zeros of Bn(x) and bn(x) are real, negative and distinct.
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7. Bn(x), bn(x) AND fn(x)

The Fibonacci polynomials fn(x) are defined by

(26) £ = xfn(x) + fn_i(x) n=2)
with
fix) = 1 and fHix) = x .

It is also known {4] that

[(n-1)/2] (

27) f® = 2

n-j- 1) xn-zj-—i ,
j=o

]

where [n/2] is the greatest integer in (n/2). Hence

n , n
fnr(®) = 2:(2;13_3)§c2n_ZJ = 2 (Efi)(xz)r

j=0 =0

I

b, ()
from (13). Hence,

(28) b (%) = fpax) .
Now

fon+3®) - fpr(®) = xfhn4a(x)

or

b &) = b ) = xfyp(x)

Hence from (1) we have
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xX* B (x) = x iy (%)

or

(29) B () = < fnig (%)

Thus, Bn(x), bn(x) and fn(x) are interrelated,

(See also H-73 Oct. 1967 pp 255-56)
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* Kk ok & K

(Continued from p. 161,)

(Compare this problem with H-65 and above solution formula with the

formula

e o)
2X _ Z Fan e
1-4x - x2 n=0

in the Fibonacci Quarterly, Vol. 2, No. 3, p. 208.)
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