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INTRODUCTION

Throughout this paper we shall use the following notations

by by by,
o) by by b,

z: Z: E:zz(’sia’s2a"”na
1 2 n

S{Fay  SyTap Sn=an

Let Fp, Fy, Fy, =, F , - be the sequence of Fibonacei numbers,
i.e,0,1, 1, 2, 3, 5, 8, **+ ., According to[1] we define mn, m, k = 0,

n n

®  QE1,-F,n) = n(xkn) = [ 1-xF )= ¥, Ak, n,8)x° ,

m=1 $=0
(2) nx,k,00 = 1 ,

n
3) < = E B(k, 1, m)n (x,k, m)

m=9
(4) 1 = BKk,0,0m(xk,0) ,
(5) Ak,n,s), Bk,n,m) = 0 for n<m, n<0, m<o0,

The A and B numbers are quasi-orthogonal, (For a set of comprehensive

definitions of orthogonality and quasi-orthogonality cf, [3] .) Thus
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n

(© D Benoamsm = 8
(

s=m
where 611:1 is the Kronecker Delta,
Still according to [1] the A and B numbers satisfy the difference
equations
) Ak,n,m) = Ak,n - 1, m) - Fn+kA(k,n -1,m-1)
-1 -1
(8) B(k:n: m) = (Fm+1+k) B(kﬁn -1, m) - (Fm+k) B(k’n -1, m - 1) ’

where the error in Egs, (10) and (12) of [1] has been corrected,

2. BASIC RELATIONS

According to the preceding definitions we can write

n p n
nx,k,n = II (1- XFk+m) = I (1- ka+m) m a- XFk+m)
m=1 m=1 m=p+1

h
= Nx, k, p) 11 a- XFk+m) .
m=p+i

In the last product we take m -p = s, m = s +p, so that for m = p

+1, s =1, andfor m =n, s =n - p, thus

n n-p
n q-zr_, )=1 @-xF ) = 7%,k +p,n-p),
m=p+1 ktm® o ktps

9) nx,k,n) = nxkpnxk+p, n-p ,
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or,
(10) Nxk,n+p) = nxk,pmx,k +p,n) .

By substitution into (10) of the polynomial form for the 7n's we obtain

n p n
E : m _ 2 : s 2 : t
(11) Ak,n +p,mx = Ak, p, 8)x Ak +p,n,tx |,
m=0 s=0 t=0

so that equating the coefficients of same powers of x wehave with s +t = m,

m

(12) A(k,n +p,m) = 2 Ak, p,s)A(k + p,n, m - s)

“S=0

which is a convolution formula for the A numbers, Also

n p
& = E Bk,n,m)n(x,k,m) , x =Y Bk +p,p,s)nxk+p,s),

m=0 S=0

hence,

n+p
Ly Z B(k,n + p, )n(x, k, 1)

t=e

n P
D "B n, myns, k, m) > B+ pp, 905k + 1)

m=0 S=0

= (Z(Z)’ m

n

0> S

E)B(k, n, m)B(k + p, p, s)n(x, k, m)n(x,k + p, s) .
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By comparing the coefficients of n(x,k,t) and using (10) with m+s =t we
obtain

t

(13) Bk,n +p,t) = E Bk,n, m)Bk +p,p,t -m) ,

m=0
which is a convolution formula for the B numbers.

3. LAH TYPE RELATIONS

According to [2] we have for k # h

n
(14) E Ak, n,s)Bt,s,m) = L(,h,n, m)
s=m
n
(15) E A(,n,s)Bk,s,m) = L(h,k,n, m)
s=m
n
(16) (X, j,n) = E n(x, i, mL{j,i,n,m) ,
m=0

where k,h = i,j, with i # j. Again according to [2] there is a quasi-
orthogonality relation between the Lah numbers:

n

(17) ZL(i,j,n, S)LG,1,8,m) = 8"

S=m
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Still according to [ 2] the recurrence relation for Lah numbers is

(18) Lajonm) = [1- @, /Fyn) 0 - 1,m)

+ (Fj+n/Fi+m)L(i,j,n -1,m-1) .

4, GENERALIZATION TO THREE VARIABLES

Although we could generalize to p variables we prefer to limit ourselves
to p = 3 for the sake of simplicity, Let

. n
NX,y,2; k,h,jsmn) = 13- ka+m - th+m - sz+m)
m=1
(19) = <Z(3),r|g , SIB1 N tlg)A(k,h,j;n,n,n;r, S, 1)-
-xryszt, r+s+t=<n,
(20) ‘ n(x,y, 2 k,h,js 0) = 1.

To find an inversion formula for (19) we use (3), i.e.,

r

x* Z Bk, r, m)n(x, k, m)

m=0

]

s E B(h,s,p)’?(y,hsp)‘

p=0

B
I

t

2t :ZB(j,t,q)n(z,j,q) s

q=0

so that
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t .
x%%t=<2@%mw,pﬁ,q%)ﬂhnmmm»mmmuw-

(X, k, m)n(y, h, p)n(z,J, Q)

(21)
3 t .
= ( > ),mlg, plz > g lo )B(k,h,J; r, s, m,p,q)-
n(x, kK, m)n(y, h, p)n(z,j,ad) »
where
(22)

B(k,h,j; r,s,t; m,p,q) = Bk, r, m)B(h,s,p)B(,t, q).

5, QUASI-ORTHOGONALITY RELATIONS

If in the second form of (21) we substitute according to (1) we obtain

m
x"y%2t = (Z(g). mlg, plg ’ qlf) )B(k:h,j; r, s, t; m,p, q) E Ak, m,a)x" -
a=0
P q
b . c
A(h, p, b)y AG,q,0)z" ,
=0 c=0

=<Z(6’)m|3, plg - al5 - 2y b|g,‘c|g>B(k,h,j;r,s,t;m,p,q)

Ak, m, 2)Ah, Py D)AG, 4, )52y 28

Sincethe A and B numbers are zero under the conditions stated in the intro-

duction we can extend the limits m,p,q of the summation to n, change the
order of summations, and obtain after taking out the zero coefficients

(23)

t .
<Z<3), m|> p|p qIC)B(k,h,J;r, s, t; m, p, QA (k, m, a)A(h, p, b) -

+ A(,q,2) = 8;8;82 .
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This relation is actually nothing but the product of three relations of the form
given by (6).

6, RECURRENCE RELATIONS
By writing
nxy 2z khijin+1)=(3- kaJrn_H “YF T sz_,_nH)n(x,y,z;k,h,j,n)
and substituting according to (19) and equating the coefficients of the same
monomials we obtain
Ak,h,jsn+1,n+1,n + Lr,s,t) = 3Ak,h,j; n,n,n; r,s,t)
(25) - Fk+n+1A(k’ h,jn,n,nsr-1,s,t) - Fh+n+1A(k’ h,j; n,n,n; r,s-1,1t)

- Fj_mﬂA(k,h,j; n,n,n; r,s,t -1) ,

which is a recurrence realtion satisfied by the A numbers.

To find a recurrence relation satisfied by the B numbers we use (8) and
obtain

-1 -1
Bk, r,m) = (Fm+1+k) Bk, r - 1,m) - (Fm+k) Bk, r-1,m-1)
_1 -—
B(h,s,p) = (F ) Bls - 1,p) - (F ) 'Bhs-1Lp-1)
. _ o _ S P _
B(J:'%Q) - (Fq+1+j) B(J,t 1sq) (Fq+j) B(]’t ‘19(1 1),

and by multiplying these three relations by each other and using (22) we have
the following recurrence relation for the B numbers:

. L = —t
B(k: h’ .]9 r-Q S’ t5 m’ p! q) - (Fm+1+ka+1+th+1+j )
B(kshs.]; r- 1=S - lst - 1; mspsq)

-1 .
'(Fm+1+ka+1+th+j) Bk,h,jsr-1,s -1,t - 1; m,p,q - 1)

-1 .. . _
~(F gt pin Frag) BOSBBT = 1,5 = 1,6 - 13 m,p - 1,9)

-1 oo _ g
'(Fm+ka+1+th+1+j) Bk,h,js5r-1,s-1,t-1; m~1,p,q)
-1 .
+(Fm+1+ka+th+j) Bk,h,j5 r-1,s -1,t - 15 m,p -1,q-1)
-1 .. g B
+(Fm+ka+1+th+j) Bk,h,jsr-1,s-1,t-1;m~-1,p,q~1)

-1 .. _ _ _ _ _
+(Fm+k]?p+th+1+j) B&k,h,j5r-1,8s-1,t-1,m~-1,p-1,q)

—(Fm+ka+th+j)‘1B(k,h,j; r-1,s-1,t-1;m-1,p-1,q-1).
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7. CONCLUDING REMARKS

(i) Equations (7), (8), (12), (13), (18), (25), and (26) indicate that the co-
efficients A and B involved are particular solutions of corresponding par-

tial difference equations which may be of interest,

(ii) Although in this paper we have assumed that the numbers Fk are
Fibonacci numbers the same relations would hold for any sequence that is de-

fined for k being a positive integer or zero,

(iii) We have not attempted to define Lah numbers corresponding to the

A and B numbers inthe case of several variables although this seems possible,
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