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For the Fibonacci sequence defined by
F, =1, Fp=0
F =F +F

n n-1 n-2’

it is well known that for all n

(2) Fo1Fonn ~ Fp
We consider the converse problem, i.e., whether or not (1) can be derived
from (2).

It is quite easy to prove by induction that if

n-1 ntH Xr21 = ("
and
Xy T X = 1,
then

Suppose, however, that x; and x, are chosen as arbitrarybut fixed integers,
In this case it will be shown that we cannot conclude (1) from (2), but we do find
some interesting results,

Consider the generalized sequence { Hn} defined by
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Hn = Hn—1 +Hn_

&)
Hy = Hy = p, p and g are integers.

2

Under this definition it can be proved that

- Z 12 = (12 - an -2
4) H-n_1Hn+1 Hn (-1) " (p*-ap-g-),

and conversely, given equation (4) then (3) must follow. If p? - pq-q? = 1,

then (4) is the same as (2).
Therefore let us consider the integral solutions of an equation of the form

yz_xy—xz:tlz()

First of all it can be shown by induction that the Fibonacci numbers do satisfy

this equation. If (2) is to characterize the Fibonacci numbers then we must

show that the Fibonacci numbers are the only integral solutions to this equa-

tion, and then the sequence {Hn%, with p,q chosen to satisfy

(5) V-oxy-x-1=0

would be the sequence {Fn} However, given examples such as:

y = -1, x=0 y=-2, x=23 and y = -5 x = 8

it is seen that (2) and (5) do not characterize the Fibonacci sequence.

The characterizing theorem which can be proved is:
If x and y are integers such that y* -xy — x24+1 = 0 and

Theorem,
, Y = Fn for some n,

(1) if x and y are positive, then x = Fn_1
= _Fn for some n,

(2) if x ‘and y are negative, then x = —Fn—i’ y
=F

(3) if either x or y is negative and the other is positive, then x -1’

v =—Fn or x = -F y = +Fn for some n.

n-1’
Proof:
(1) Wasteels proved that if x and y are positive integers such that

V-xy-xtl =0, (y=x

then x and y are consecutive Fibonacci numbers [1]
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(2) If x and y are negative, then -x and -y are positive and from

the first result we know that -x = Fn— -y = Fn for some n,

1’
Therefore,

for some n.
(3) If either x or y is negative and the other positive then: y? - xy -

x*+1 = 0 may be written
(6) v =lxllyl -x22+1 =0, |x[=]y]

Let |y|> 1. Then from Eg. (6) we find that
if 1x]= 2}y| then

x|>|y| and [x|<2y]. For

(7 2 - [x|y| -y F1 =0
and

Ix(xi-iy) - y¥F1=2ylyl - y¥*F1=5271>0.

Thus
/2 <|y|<Ix|

Let
x| -1yl =1zl

Then

0=<lz|< |x/2| <|y|

and substituting for |x| in (7)
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(lz| + Iyh? - (2| + [yhly| - 27 1=0
or
22+ Jylle] -y £ 1=,

S0 that Izl and |y| satisfy Eq. (6) and |z| is smaller than }xl or lyl If
'zl= 1 then ]y‘ =1 or 2 so that the theorem is true for iz| and |y] and
therefore for ly| and (|y| + |z|) or lx'

If ’zl = 1 we can repeat the above argument and find z; such that

24l = Iyl - Il

which satisfies Eq. (6) and is less than |z!

If |21| = 1 we can continue this process until eventually we find a |Zi|
such that ]zi| = 1. Otherwise we would find an infinite sequence of distinct
integers less than x and greater than 1.

If izi| = 1, then the theorem is true for |z| and |z | and also for

i-1

Izi_1| and (Izi_J + lzif) = |zi » and similarly for |Zi| and (|zi‘+ iz2|) = lzl

N

and finally for lx| and |y
We return to the original problem and consider Eq. (4). If

pP-pa-¢i-1=0
and p and q are positive, then this identity does indeed characterize the
Fibonacci sequence. If, however, p and g are both negative then this iden-
tity characterizes the negative of the Fibonacci sequence, and if either p or
q is negative while the other is positive then this identity may characterize
either the Fibonacci sequence or its negative. There is no way in this case to

determine which it will be.
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