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For the Fibonacci sequence defined by 

Fj = 1, F0 = 0 
(1) 

F = F + F „, n > 2S n n-i n-2' * 

it is well known that for all n 

(2) F F - F 2 = ( - l ) n 

1 ; n-i n+1 n l ; 

We consider the converse problem, i. e. , whether or not (1) can be derived 
from (2). 

It is quite easy to prove by induction that if 

X X , . - X^ = (-1) 
n-i n+i n x ' 

and 

Xj - Xo — 1 , 

then 

X = X J + X . 
n n-i n-2 

Suppose, however, that x1 and x2 are chosen as arbitrary but fixed integers. 
In this case it will be shown that we cannot conclude (1) from (2), but we do find 
some interesting results, 

Consider the generalized sequence \H } defined by 
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H = H + H n ,<^ n n - i n-2 

H0 = Hj = p , p and q a r e i n t ege r s . 

Under this definition i t can be proved that 

(4) H n - i H n + i " H n = ( ~ 1 ) V "OP ~ q 2 ) , 

and converse ly , given equation (4) then (3) mus t follow. If p2 - pq - q2 = 1, 
then (4) i s the s ame as (2). 

There fore let us cons ider the in tegra l solutions of an equation of the form 

y 2 - x y - x 2 ± 1 = 0 

F i r s t of a l l it can be shown by induction that the Fibonacci n u m b e r s do satisfy 

th is equation. If (2) i s to c h a r a c t e r i z e the Fibonacci n u m b e r s then we m u s t 

show that the Fibonacci numbers a r e the only in tegra l solutions to this equa-

tion, and then the sequence { H }, with p , q chosen to satisfy 

(5) y2 - xy - x2 - 1 = 0 

would be the sequence | F }. However, given examples such a s : 

y = - 1 , x = 0; y = - 2 , x = 3; and y = - 5 , x = 8 

i t i s seen that (2) and (5) do not c h a r a c t e r i z e the Fibonacci sequence. 

The cha rac t e r i z ing t heo rem which can be proved i s : 

Theorem. If x and y a r e in t ege r s such that y 2 - x y - x 2 ± l = 0 and 
(1) if x and y a r e posi t ive , then x = F _ , y = F for some n, 

(2) if x and y a r e negat ive, then x = - F , y = - F for some n, 

(3) if e i ther x o r y i s negat ive and the o ther i s posi t ive , then x = F _ , 
y =-Fv, o r x = - F . y = + F for some n. J n n-r J n 

Proof: 

(1) Wasteels proved that if x and y a r e posi t ive in t ege r s such that 

y2 - xy - x2 ± 1 = 0, (y > x) 

then x and y a r e consecut ive Fibonacci n u m b e r s [ l ] . 
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(2) If x and y a r e negative ? then -x and -y a r e posi t ive and from 

the f i r s t r e su l t we know that - x = F . -y = F for some n8 
n - r J n 

There fo re , 

x = - F , y = - F n - i J n 

for some n. 
(3) If e i ther x o r y i s negative and the o ther posi t ive then: y2 - xy -

x2 ± 1 = 0 may be wri t ten 

(6) y2 = Ixllyl - x 2 ± l = 0, | x | > | y | 

Let | y | > 1. Then from Eq. (6) we find that | x | > | y | and | x | < 2|y| . F o r 

if | x l > 2 |y | then 

(7) x2 - (x [|y | - y2 •+ 1 = 0 

and 

| x | ( | x | - i yI) - y2*• 1 > 2 |y | | y | - y2 T 1 - y2 * 1 > 0. 

Thus 

|x/2l < | y | < | x | 

Le t 

| x | - | y | = | z l 

Then 

0 < | z | < |x/2 | < | y | 

and substi tut ing for [x| in (7) 
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(|z| + |y|)2 - (|z| + |y|)jy| - y2 * 1 = 0 

or 

z2 + |y| |z| - y2 ± 1 = 0, 

so that |z| and |y| satisfy Eq. (6) and |z| is smaller than |x| or |y|. If 
|z I = 1 then |y| = 1 or 2 so that the theorem is true for |z| and |y| and 
therefore for |y| and (|y| + |z|) or |x|. 

If |z| > 1 we can repeat the above argument and find zt such that 

kl = |y| - lzl 
which satisfies Eq. (6) and is less than |z|. 

If [Zil > 1 we can continue this process until eventually we find a |z.| 
such that IzJ = 1. Otherwise we would find an infinite sequence of distinct 
integers less than x and greater than L 

If |z. I = 1, then the theorem is true for z. | and z. and also for 
I I I I I I I I 1i i 1~I1 i l l I I 
' z i - i ' a n d ^ ' z i - i ' + izil) = I2!-? '5 a n d s i m i l a r l y f o r | zil a n d ( | z i l + |z2l) = lz | 
and finally for |x| and |y|. 

We return to the original problem and consider Eq. (4). If 

p2 - pq - q2 - 1 = 0 

and p and q are positive, then this identity does indeed characterize the 
Fibonacci sequence. If, however, p and q are both negative then this iden-
tity characterizes the negative of the Fibonacci sequence, and if either p or 
q is negative while the other is positive then this identity may characterize 
either the Fibonacci sequence or its negative. There is no way in this case to 
determine which it will be. 
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