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1. INTRODUCTION

Let a#0, B =0, || > |B|, be any two complex numbers, such that
a+p and of are two relatively prime integers. Then the numbers

M- 611 n-i n-2 n-i n n
S c—— + 4 e 4 = +
D — o o B B, S o B

are integers, since they are expressed as rational integral symmetric func-

tions of the roots «,B of an algebraic equation
z: - (@ +B)z +of =0

with integral coefficients with leading coefficient unity. One may readily ver-
ify that {Dn} and {Sn} are second-order recurring sequences satisfyingthe

common recursion relation
X = (@ + B)X - ofX R
n ( B) n-1i 3 n-2

(Since Dy =0, Dy =1; Sy =2, S;=a+pB, the recursion relation again
shows that the numbers Dn’ Sn are integers.) One may also easily verify
that Dgy = DpSp .

Adivisor >1 of Dn’ n > 1, is said tobe primitive (or: characteristic)
if it is relatively prime to any Di with 1 < i < n. The greatest primitive
divisor of Dn is denoted by D;l. A divisor >1 of Sn’ n > 1, is said to be
primitive (or: characteristic) if it is relatively prime to any 8 with 0 < i <
n. The greatest primitive divisor of Sn is denoted by S;l. From Dy, =
Dnsn one may easily deduce that

(1) Din = Sh .
(Received Nov. 1966--revised 1967)
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¥or auy prime p dividing a certain Di with i > 1, a (p) denotes the
smallestpositive subscript n, suchthat pan. Thus p is a primitive divisor
of D

a(p)”
By Fn we denote the product

2) F =11D

where w is the Moebius function.
R. D. Carmichael showed in [1] that for any n # 4, 6, 12 there is

P =
(3) D! = F
except when n = a(p)p*, p being a primefactor of Dn’ A Z 1, in which case

1
P =
4) Dn 5 F .

He showed furthermore that if n = a(p)p*, A > 1, then p is the greatest di-
visor of n, except when p = 2, and alp) = 3.
Furthermore Carmichael showed, for o, real, the following inequalities

wln)-1 (n)-1
)2 <F, < V2

where ¢ is Euler's totient function, and w({n) is the number of distinct prime
factors of n.

The main result achieved by Carmichael is the following

Theorem XXII. If o and B are real and n # 1,3,6, then Dn con-
tains at least one characteristic factor, except when n = 12, a+8 = %1, off
= -1,

In the present paper the above Carmichael's results are generalized for
any two complex numbers ¢ # 0, 8 £ 0, ]al > ] B such that a+8 and of
are two relatively prime integers. (However, the exact value of n beginning

with which any Dn contains at least one characteristic factor, i%not calculated
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here.) Furthermore, starting from (2), we deduce an asymptotic formula (6)
for Fn which is stronger than the inequalities given by Carmichael. Finally,
the method of proof used here is slightly simpler than the one used by
Carmichael. The main results proved here are the existence of an infinitude
of composite D;l for any a,B; of composite D, for of #(} and of com-
posite D4y for @-8)% # 1, or @-B)% =[] and of #-LL

2. ASYMPTOTIC FORMULA FOR D]'a

By (2)
d
log F, =) i [g) logDy = ) () loe5f = loga) | k(§) a
d|n djn d|n
+Z u(%) log {1 - (%)d - log(a-ﬂ)zu(g).
djn d|n
Noting that

and

forany n > 1, we get

d
(5) logF = loga-¢(n)+2u(%)‘ log 1-(%) , forany n> 1.
d/n
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Let us evaluate

5 u(3) 11 - (E).

d|n

325

Note that for any 0 <q =< 1 there exists a positive constant A, such that, for

any complex z, for which | z' =q, thereis
|log (1 +z)[ = A|z|,
where by log (1 + z) the principal value of log is understood. Indeed,

log(1+2) _ , _z_ 2 |
z 2% 3

is an analytic function inthe circle |z - 1| <qg <1, hence it isbounded there.

d
Now, putting g =| %i’ we have, for any d > 1, 'gl =q. Hence

g s 121" 1= st (2151 5 s s-(2

d|n d|n

o0
<AZ|g|d=Al§7| 1/3
d=1 1“'5]

where B is a positive constant.
Hence, by (5) it follows that

(6) log F, = loga -« ¢ +0(1).

Now, by (3), (4), we have the following
Theorem 1. There is

(7) logD! = loga - ¢m) +0(1),
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exceptwhen n = a(p)p*, A =1, p being a prime factor of D‘I"l, in which case
it is

(8) log D! = loga - ¢() - log p + 0(1) .
Now, by assumption, of is an integer, and |a| > [B|, therefore
1% > el 1B =laB| =1,
hence
lel > 1, llogel =loglai >0.
By a theorem in [2], p. 114, there exists a positive constant C, such that

Con

o) > log logn

for n > 3 .

On the other hand p|n, hence log p = log n. Hence, by Theorem 1,

Cen
(9 logD! > |log @| + ¢@) - logp - B > log|al TogTogn logn-Bmw,

which means that:

Theorem 2. Beginning with a certain positive n, Dn has at least one
primitive factor.

Remark. The error term 0(1) in (7) cannot be refined, since if n is a
prime, then

QI™®

Z}L(%) log 1—(%)(1 = -log l—g- + log 1-(
dn

a

2 )
) —>-log 1-B
n-yo

#
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Theorem 3.
co
1
DT
n=1 ©°

converges.
Proof. From (9) it follows that there is a positive constant D such that,
forall n =1,

Cen
log log n
D = Iﬂ_i_gz D-n?
n
e .n

Hence

3. MAIN RESULTS

Lemma 1. Be N the sequence of natural numbers, S a subsequence of
N, and A a reduced arithmetic progression. Then, an infinitude of Dh is

composite for

D neE s or I) nE N-S

according as
1) any or ) no

prime member of A is a factor of a certain D;a’ n €8S.

Proof. 1) Suppose any prime member of A is afactor of a certain D;l.
n €8, and that there is a positive integer n; such that any Dl'l’ where n €
S, n = ny isaprime. Let g be the greatest prime factor of D;l, n =n,.
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Then, by Theorem 3, and noting that
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whence o > o, which is absurd. Thus, I) is proved.

II) Suppose no prime member of A is a factor of a certain D;l, n € S.
Then, noting that any prime p [ 2( - 8)%B is a factor of a certain D;l ([1] p.
45, Theorem XII), any prime member of A not afactorof 2(e-B)%p ia a fac-
tor of a certain D, n EN- S, and 1) follows as above.

Theorem 4. There is an infinitude of composite D;l.

Proof. The theorem is an immediate consequence of Lemma 1, noting
that any prime p ]’ 2(@ - B)%aB is a factor of a certain D;l.

Lemma 2. If b is an integer, and b # [, then there exists an odd
prime p, such that ( 1;- = -1, where g is Legendre's symbol. Inparticular,

) I b = im?py,+++,pr, where'r =1 and py, .-+, p, are distinct
primes, then there exists an integer u = 1 (mod 4), where (u, 4py,***,pr) =
1, such that, for any prime p = u (mod 4py,***,pr), itis

()=
p

II) If b = -m?, then for any prime p = -1 (mod 4) it is

OFEY

Proof. [ 2], p. 75.
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Lemma 3. Let p be an odd prime. If pla.x2 + by? for some integers
a, b, x, y, and pf (x,y), then

()

Proof. Since p']’ (x,5), p cannot divide both x and y. Thus, without
loss of generality, we may assume that p,K/. Thenthere exists an integer z,
such that yz = 1 (mod p). Hence, from ax?+by? = 0 (mod p) it follows that

(axz)? = -ab (mod p),

whence

Lemmas 2, 3 imply the following:

Lemma 4. I) If b = #m?%y,+**,pp, where r =1 and py,***,pr are
distinct primes, then there exists an integer u = 1 (mod 4), where (u,4p;,
***,py) = 1, such that, for any prime p = u (mod 4py,***,pr), itis p j’ x2
+by? for any integers x,y, such that p} x,y).

I) I b=m? and pJ (x,y), then pf x®+by® for any prime p = -1
(mod 4).

Theorem 5. If of # [ ], then there is an infinitude of composite Djy,.

Proof. One may readily verify that
DZn'H = D%H‘l - CZBD%I .

On the other hand, (D
in Lemma 4:

e Dn) =1 ([1], p. 38, Corollary). Hence, putting

b = -o8, x =D = D

n+y’ y n ’

-of # -[_], there exists a
reduced arithmetic progression A, no prime member of which divides Dyp+r.

]

and noting that, according to the assumption, b
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Hence, no prime member of A is a factor of Dbp+s. The theorem follows by
Lemma. 1, IT).
Theorem 6. If

330 [Dec.

1)) @-pB)2 # ] ,

or

m @-p% =] and o #{] ,

then there is an infinitude of composite D44 .

Proof. One may readily verify that
(9) 8 = @ - P+ 4ep)" .
I) Suppose that (@ -8)% # # . Then (@ -pB)% = +tm?py,"**,py, where

r =1 and py,***,pyr are distinct primes. Then, by Lemma 2, I), there is
an integer u, such that

(10) u =1 (mod4) ,
(11 (u, 4py,***,pp) = 1,
(12) | p = u (mod 4py,* ., Ppy)
implies

(-(a —6)2)= .
p

Consider the pair of congruences

for any prime p.

e
1]

u (mod 4py,+++,pr)
(13)
1 (mod 4aB)

o]
I
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From the identity

(@ +p) - 408 = (@ -p)?,
and from the assumption
@+B,0B) = 1 ,
it follows
1 = @B,py,-++5pr) = @B, tm’py,«++,pr) = @B, @-B)H) = 1.

Hence

1
S

(4p13 . '9pr94ﬂ'ﬁ) = 4(p1s"' Qp]:‘sa’ﬁ) =
But, by (10), 4|u - 1, hence (13) has a solution u', i.e.,
(14) u' = u (mod4py,-**,pyp), u' = 1 (mod 4eB) .

Let p be a prime satisfying p = 1 (mod 40B). If of is odd, then, accord-
ing to the properties of the Jacobi symbol

(%) - (8) - (&) -+

Zkt, where k =1 and 2 [ t.

]

If of is even, then p = 1 (mod 8), and of
Then

in both cases
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Combining the last result with (11), (12) and (14), we conclude
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(15> (u'1 4p1,"',Pr) =1 ’

(16) If p=nu' (mod 4py,+++,pr), then

- -8)2 ) _ (B -8R} _
p p ’
for any prime p.

We shall now show that if

(17) p=u (mod 4py,***,pr)

then p | Din. Indeed, if p|Dyn, then, by (1), p|Sh, hence p|Si. Hence, by
9),

pfl - B)DZ + 4@p)” .
Putting in Lemma 3:
x=D, y=2 a = @-p) b = @),

we have

-@p) (e - B2 ) -
¢ :

If n is even, then

Lo [ed)e-p2Y _ (-(a -/3>2>
P P ’

If n is odd, then
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1 = ( -@8) @ - B)z) _ (—aB(a - B)z)
p P '

Both cases contradict (16). The theorem now follows from (17), (15), and
Lemma 1, II).

II) Suppose (@ - B)?2 = m?, where m is an integer and @ # { . Then
(9) becomes

(18) $2 = (mDyp )% + 4(B8)™ .

This formula implies, by Lemma 3, if
(19) p|Din

(and hence p|S}), then

(—(aB)n) -1,
p

for any odd prime p. Consider now the three following cases.
Case 1: of = n?. 25, where k = 0. Then, if p = -1 (mod 8), then

(=55) - () -

and hence, by (19), p [ D, .
Case 2: of = n?- 2k- dg *°*Qdy, where k =0, r =1, q,°**,qy are
distinct odd primes, and t = q4,°*°*,qyr = 1 (mod 4).

Consider the pair of congruences

-1 (mod 8)
(20)

e
" w
I 1

1 (mod t)

Since (t,8) = 1, (20) has a solution u. This solution satisfies

(21) (u, 8) = 1
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If p~u (mod 8t) is a prime, then

o) QO

and hence, by (19), pJ Di, .
Czce 3: Everything as in Case 2, except that t = -1 (mod 4).
Choose a quadratic nonresidue ¢ modulo ¢y, i.e.,

CRS

Consider the system of congruences

x = -1 (mod 8)

x = ¢ (mod gy)
(23) x = 1 (mod q3)

x = 1 (mod qy)
If r =2, or the system

x = -1 (mod 8)
(24)

x = ¢ (mod qy)

if r = 1, Since q4,°*°,qyr are distinct odd primes, (23) and (24) have a solu-

tion v. v satisfies:
(25) (V, 8t) =1 ’

If p = v (mod 8t isa prime, then

(26) (ia%ﬁ) = ('—pl)(é)kn %)n - e [ (g)]n

i
!
T~

———
2o
o
—
-
v

o

H
—

Q

] I"‘
p —
=3

1l

[

[Cont. on p. 406.]



