FIBONACCI-LUCAS INFINITE SERIES — RESEARCH TOPIC

BROTHER ALFRED BROUSSEAU
St. Mary's College, California

It is almostan understatement to saythat the Fibonacci Quarterlybristles

with formulas.. A review of this publication, however, reveals that there are
very few that involve summations with Fibonacci or Lucas numbers in the de-
nominator. Five problems in all seem to summarize the extent of what has
been done along these lines in the Quarterly to February, 1966 (see references
1 to 9 inclusive). The purpose of this paper is to begin the process of fillingin
this gap by capitalizing on a well-known and favorite methodin series summa-
tion and to provide an initial set of formulas which may form the groundwork
for more extensive developments by other researchers.

The method to be employed may be illustrated by the case of
%‘3 1
n=1 o +1)

This can be written in the alternate form
o0
> [/n-1/@+1D)].
n=1

Let Sn be the sum of the first n terms of either the original series or of the
corresponding n parentheses in the remodeled series. It follows that

S, = (1-1/2)+1/2-1/3)+ 1/3-1/4) +--+ + I/ -1) - 1/n].
Intermediate terms add up to zero in pairs with the result that:

Sn=1—1/n.

Now by definition, the sum of an infinite series is givenby thelimit of the par-
tial sums, Sn’ as n goes to infinity.

Hence

2]
3 1/n@+1) =8 = =1.

n=1
This method with some interesting variations will be employed in working out

lim S
n=>o0 'n

formulas which will provide in closed form the sums of various Fibonacci-

Lucas series.
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Case 1. (1) Sn contains two terms. (2) The terms of the revised series go
to zero as n goes to infinity.

The example given above would correspond to this type. As an illustra-
tion, consider the summation:

> [vF - VF ] -

n=1
The sum of the first n parenthesis is:

S, = (1/Fy- 1/F3) + (1/F5 - 1/Fg) +--- + [1/Fn+1 - 1/Fn+2]

or
Sn =1-1/ Fn +2
S = nl_lgnwsn = nlgnoo(l - 1/Fn+2) =1,
But
e aw - m2 Ten T
o+l n+2 Foo1 Frep Fre1 Pz
Accordingly
) —_— = 1.
=1 Fn+1 Fn+2

Case 2. (1) Sn contains more than two terms. (2) The terms of the revised

series to to zero as n goes to infinity.

Examgle.
Q0
ngl [l/Fn - l/Fn+3]

S, = (U/Fy{-1/Fy) + (1/F; - 1/F5) + (1/F3 - 1/Fg)
+ (1/Fy - 1/Fq) + o0 + (1/].«‘][1 - 1/Fn+3)

8, = 1/Fy+ 1/Fy + 1/Fy - 1/F . -1/F - 1/F o .
Hence S = = 1+1+1/2 = 5/2.

But

i, 5,
1/Fn - 1/Fn+3 = (Fn+3 - Fn )/Fn Fn+3 = 2Fn+1/Fn Fn+3 *
Hence

@ T r .,
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Case 3. (1) Sn contains two terms. (2) The terms of the revised series
approach a limit other than zero.
Example.
@
[F /L 4 - Fq/L]

=1 n+l / n

8y = (F1/Lg - Fy /Ly) + (Fp /Ly - Fy /Lp) 4+ +(F /L _-F /L)

8, = Fy/Ly - Foi /Ln.

fi

« . _ _ o F
3 nhénw 1/2-F +1/L ) 1/2 nl_l__gle T%
/ F n-1 n+l
n+1

1/2 - lim ——ﬁ———-— .
n>Swl+F N+l Fn 1

If r be the Golden Section ratio
1+ NB
2 2

= 2
o8 Fry Ty =7 -

wn
11

Hence
S = 1/2 - v2 /(L + %) = (1-r2)/2(1 + r?).
On the other hand,

F_/L F_./L_ = e Sl X7 b 5 R
n’ p-1" "n+tl’n L L . . L
n-1"n n-1"n
Therefore
o0 n-1
(-1) _ -1 _ F
) 2 T~ ~ 5

=1 by 2(r? + 1)
Case 4. Sn contains more than two terms. (2) The terms of the revised

series approach a limit not zero.

Example.
A‘ (Fpq /F = Fore /Fn+3)
=1
s, = (Fo /Fy-F3 /F;) + (F{ /Fy - Fy /F5) + (Fy /F3 - Fy /Tg)
+ (F3 /Fy - Fg /Fyq) *=* F 3 /Fn—Z -F, /Fn+1)
+ (Fn—z /Fn—l - Fn+1 /¥ n+2) * (Fn—l/ - Fn+2 /Fn+3)
Sn=FO/FI.FFI/FZ_I-FZ/F?’_Fn/Fn+1 n+1/F n+2/F +3

S= lim§ =0+1+1/2-8¢ "+ =3=-6_ 9 - 6r
n>g n 2r 2
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Now

F F -F F

_ "n-1"n+3 n nt2 _ n
Fo-1 /Fn - Fn+2 /Fn+3 - ¥ I = 2(1) /FnFn+3 :
n nt+3
Therefore
@ 2 ™l er-9
F F 4

n=1 “n “n+3
ANOTHER FAMILY OF SUMMATIONS
Additional formulas canbe developed byhaving sums of two terms in each

parenthesis with the signs before the parentheses alternating.

Example 1.

_ n k-1
8, = 2. U [V(F Lyy) + 1/ EF L )]

k=1
Then
_ n-1
S, = VFdy) + )7 1/(F L )
§ = nly?noo Sn = 1/3
On the other hand,
VEL )+ Y@ L) = E w2 Tt o
n n+l nt+l n+2 Fn Fn +1Ln +1Ln +2 Fn Fn +1 Ln +1 Ln +2
Accordingly
® (‘1)n—11‘2n+2
) LF T T T = - V3
n=l"n n+l “n+l Tpn+2
Example 2. o
n-1 2 9
né?fw (-1 [V/F2,. +1/F: ]
- 2 172y _ 1/ 2} 4 ees 4 L1 /2 2
8, (1/F2r+2+1/F1) (1/F% g+ 1/F2) + e +(-1) (U/F2 o 1t V/FR)
2r+l i_1 n+2r-1 :
s, = 2 ! /F%+ 3 (_1)J/F?
=1 Ut | J
_ . _ 2r+1 .
S = nl_]t_gloosn-— Z (—1)31/1?‘]? .

=1

But
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2 2
+ 1/F2 _ Fn—r—l + Fn+r _ F2r+1 an_l

2
1/F n-r-1

n+r

2 2 2 2
Fn+:t' Fn--r—l Fn+r Fn-r—l

Allowing for the fact that F2 1 is a constant factor in all terms, it then fol-
lows that:

n-1
00 (-1) F 2r+1 .
2n-1 1
(6) D al oo > 1/
n=r+2 F2 F2 2r+1 j=1 ]
n+tr “n-r-1

SOME ADDITIONAL FORMULAS
Additional formulas together with an indication of the breakdown sums

from which they were derived are given below.

= 1 Foneo
@) 2 ot ———-———22“2 = 8/45
n=1 Ln Ln +2
Derived from o
2 2 _ w2 2
nzgl (Fn / Ln Fn+2 / Ln+2)
= 1

n=l "n Fn+2 n+3

derived from

§ 1 1
1/2 -
n=1 [ FnFn+1Fn+2 Fn+1Fn+2Fn+3:I

o F

+3

(9) > 2 = 17/480

n=1 Fn Fn+2 Fn+4 Fn+6
derived from

n=1 Fn Fn+2 Fn+4 Fn+2 Fn+4 Fn+6
o) F

(10) > snt3 = 1/2

n=1 FZn F2n+1 F211+2 F2n+3

derived from

Q0

3;1 [1/ (F2nF2n+1) -V (F2n+2F2n+3)]
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(11)

derived from

(12)

derived from

(13)

derived from

(14)

derived from

(15)

derived from

(16)

derived from

>

n=1

oo
~ -
I"n+2 / (Fn Fn+4) = 17/6

)

€
gl (1/Fn - 1/Fn+4)

w DMy,
—_— A - g

e 2 w2
n=1 FnFn+l

o o}
2 2 _ 12 2
E;:]L (Ln /Fn Ln+1 /Fn+1)
n-1 ‘
© (-1) Ln A .
n:l Fn Fn+1 Fn+2
n-1
-1 [1/ FpFper) * AU )]
— (_1)11-'1 = 3 -1
=1 L?’I1 L3n+3 4071 + 1)

o0
2;«1 (Lgp_g /Lan = Lan /Tonss)

-1
(85 e
_____GI_lié = 1/8

- 2 2
n=1 FSn F3n+3

= n-1
£ cant /e, s 1/

n=1

R e L E

1_g3

n=1 Fn Fn+5

B 150

o0
Z (Fn—l /Fn - Fn+4 /Fn+5)

n=1

[Apr.
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n-1 :
© (-1 F
{17 > _—F_—F_&lig- = 1/16
=1 6n"~ 6n+6
o0 F
2n+5
(18) > = 1/15
n=1 Fo Foet Freo Fras Fpa Fras
derived from i [ 1 1
n=1 Fn Fn+1 Fn+2 Fn+3 Fn+2 Fn+3 Fn+4 Fn+5 ]
00 n-1
(19) (-1) = 1/6

n=1 Fop-1 Fonses

i (__1)11—1 1 + 1
= F F F F
n=1 2n-1" 2n+1 2n+1" 2n+3

derived from

X F2n
(20) 2. Jr—pr— = 85/108
n=1l "n+2 " n-2
derived from ©
) 2 2
E::Jl [l/Fn—Z 1/Fn+2]

CONCLUSION

Two main lines of development are open for continuing this research:
(1) Building up a collection of formulas; (2) Finding additional methods for
arriving at the summation of infinite Fibonacci-Lucas series.

Results, whether in the form of isolated formulas (with proof), or other

more extensive developments should be reported to the Editor of the Fibonacci

Quarterly.
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