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INTRODUCTION
| fp, 1 ;
The Lucas numbers, !Lnfo , are defined by
Ly = 2, Ly = 1
and
Ln+2 = Ln+1 +Ln
for n > 0. Then,

for n > 0, where

and
F =F +F =1

define the Fibonacci numbers. It is well-known that the Lucas numbers are
"'complete!! [1] in the sense that every positive integer can be expressed as a
sum of distinct Lucas numbers. In general, such representations are not

unique; for example,
4=L3=L1+L2, 12=L1+L3+L4 = L0+L2+L4,

etc. Our purpose in this paper is to show, by introducing constraints analo-

gous to those used in obtaining unique expansions of integers in Fibonacci
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numbers, that unique representations interms of Lucas numbers are also pos-
sible. We show, as one example, that every positive integer n has a unique
representation of the form

[o o]
Q) n = Z"’i L,
0

where o, = ai(n) is a binary digit (zero or one) for each i 2 0 and the @

satisfy the following constraints:

(2) a.a, ., =0 foriZ20
i'i

(3) Qg Qy = 0 .

We recall that the constraint oo, = 0, which precludes the use of two suc-
cessive Lucas numbers in the representation, is essentially the same require-
ment that gives unique representations in Zeckendorf's theorem for Fibonacci
expansions ([2] ’ [3]). The additional condition opay = 0 reflects the par-
ticularity of the Lucas sequence.

REPRESENTATION THEOREMS

Before stating the main theorems, certain preliminary lemmas will
prove useful.
Lemma 1.
L -1=1L +Ln +eee +L1’2(n)

for n 2 2,

where

2Ly if n is even
Lg,m) =

Ly, if n isodd.
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Proof. By induction, one easily proves

- = so0 >
Loptr = 1 = Ligy # Loy o+ *Latly (02 1)

L, -1 =1L +L toeee + g+ 2Ly (02 1),

2n 2n-1 2n-3

The Lemma statement combines these two identities.

Lemma 2.

n

= E >
Ln+2 1+ Li for n=2 0.
i=

Proof. Induction.

Lemma 3. Let

0

n = a L, ,
2311

0
where each o is a binary digit such that

o = . >
i) @ 0 fori=20

ii) Aylg = 0

Such a representation for n is unique.

Proof. Assume n has a competing representation,

o0
n = E ‘)’iLi
0

245

with 'Yi binary, ‘Yi‘yi+1 =0 for i 20 and Y% = 0. Assume, for a proof

by contradiction, that the two representations are not identical, that is,
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w )
Zlyi""il’é 0.
0

[Oct.

Then, let k bethelargest value of i such that @ # “/i. Clearly k 2 2, and

since o # Y ., we may assume without loss of generality that «

& = 1’ 'yk =
0. It follows that, for some m < n,
k k-1
m = oL, = Y.L. ,
2 : i z: i
0 0
with ak = 1. Then
k
E >
ozi Li > Lk ’
0
while from the coefficient constraints on the {}'i } R
k-1
E < = -
)i Li < Lk-1+Lk—3 + + Ll,z(k) Lk 1,
0

the last equality from Lemma 1. Thus m > L

K while m< L, -1, a
contradiction.

k

Lemma 4. Let

where each ,Bi is a binary digit such that

i) ﬁi+ﬁi+17£0 for 0 <i<k-2
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ii) Bo + By # 0
iii) B =1.

Such a representation for n is unique.

Proof. Assume n has two representations in the given form; that is,

k m
) n =ZﬁiLi =Z Y%L

i=0 i=0

where ﬁi and Yi are binary digits satisfying

By = Y =1 B+By £ 0

for 0<i<k-2,

Bot By #£0, %+,  # 0

for 0< i

IN

m - 2,

Yo+ Y # 0.

Without loss of generality, we take m > k 2 2. If m >k, then the right-

hand representation in (4), together with the coefficient constraints, implies

. Lm+Lm_2+---+L2+L1 = Lm+12 Lyso (m even)
Lm+Lm_2+---+L3+L1+L0=Lm+12 Lo (m odd) .
But
k k
n =ZBiLi < ZLi = Lyyp -1
i=0 i=0

a contradiction. Hence m = k in (4); thatis,
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K K
n = E:BiLi = ZViLi ,
0 0

or equivalently,

K K
2(1 - BL, =Z a- %L, .
0 0

If we nowdefine ozi=1—,6’i and 8i=1— 71 for 0 i<k and o, =8, =0
for i 2 k, then

o0 o0

E oL, = E 5.L. ,
11 11

0 0

with @ 61 binary digits satisfying
% %41 = 884y 0
forall i 2 0 and
agay = &gby = 0.
By Lemma 3, o = § for i 20 and thus B, =%, for 0 <i £k, imply-
ing uniqueness of the representation.

Theorem 1. Let n be a nonnegative integer satisfying 0 < n < Lk for
some k 2 1. Then

5) n = Z o L,

with @ binary digits satisfying
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2 = i >
i) 4o 0 for i >0

ii) apay = 0

Further, the representation of n in this form is unique. [If k-1< 2 in
(5), we define @y = 0 so that ii) is automatically satisfied.]

Proof. Uniqueness follows from Lemma 3. It remains to show such a
representation exists. For a proof by induction on the index k, we verify
directly that the theorem holds for k = 1 and k = 2. Now, assume as an
induction hypothesis that the theoremholds for all k < k; where ky > 2. To
show the theoremholds for kj+ 1, itsufficesto consider an arbitrary integer

n satisfying

L <n

<
o S 0 S D1

Then

0<n-L L

koS Vgt~ ey = Lip-1
By the induction hypothesis, there exist binary coefficients A such that

ko-2

n-Ly = Z"i Ly
0

with
Y, Y41 = 0 for i 20, %% =0.
Then
ko
" =Z"1Li
0

where
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‘yko__l = 0’ ‘yko = 1 ki

sothat n is representable inthe required form with the given coefficient con-

straints. d.e.d.

Theorem 2. Let n be a positive integer satisfying

k-1 k

E L.<n§§ L,
1 1

0 0

for some k > 2. Then

k
n = E Bi Li

0
with Bi binary coefficients satisfying
. <ji<k-
i) ,Bi+ﬁi+17£0for0_1_k 2
ii) By + By # 0O
iii) Bk =1

Further, the representation of n in this form is unique.
Proof. Again, uniqueness is a consequence of Lemma 4. To establish
the representation, note that

k-1 k
E L.<n SZLI
0 0

implies
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By Theorem 1, the integer

k
L, - n
z : i
0
has a representation
k k-1
Z L.,-n = a. L, ,
i Z : i7i
0 0
where the binary coefficients @ satisfy Qe = 0 for
Oé’.iék—z, QyQy = 0.
Then
k-1 k
n = Lk+ E (1—cei)Li = E (1—ozi)Li ,
0 0

where o = 0, and the theorem follows on recognizing /31 =1- o 0cic

k) as binary coefficients satisfying

B+ Byq * O

1

for 0 <i<k-2, Bp+B; # 0 and ‘Bk =1, d.e.d.
Theorem 2 thus guarantees the representation for all positive integers

>4, Representations forthe positive integers 1,2,3 are immediate, namely

1=0-Lyg+1+Ly, 2=1+Lj 3 =1eLy+1:Ly.

The constraint By + By # 0 is assumed not to be enforcedin thesethree cases

where thelargest Lucas number appearing inthe expansion islessthan L, = 3.
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Theorem 2 is a dual to Theorem 1 and corresponds to the dual of the

Oct. 1969

Zeckendorf theorem for Fibonacci numbers [4]
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=== ASSOCIATION MEETING ==

The Fibonacci Association held its Fall Meeting on October 18th at San

Jose State College. Following was the Program:

MORNING SESSION

9:30 a.m. SOCIAL GATHERING

10:00 — 10:45 TEST FOR THE PRIMALITY OF MERSENNE NUMBERS
Douglas Lind, Stanford University

10:45 — 11:30 WEB SEQUENCES
George Ledin, Jr., University of San Francisco

11:30 — 12 Noon OPPORTUNITY FOR GENERAL DISCUSSION

AFTERNOON SESSION

1:15 — 2:00 FIBONACCI AND RELATED SERIES IN COMBINATORICS
Prof. D. H. Lehmer, University of Calif. , Berkeley

2:00 — 2:45 MARKOV-FIBONACCI RELATIONS
Prof. Gene Gale, San Jose State College

2:45 — 3:30 IT'S GENERALIZED! WHAT'S NEXT?
Prof. V. C. Harris, San Diego State College
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