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1.) Let d(n) denote the number of divisors of n9 log.n the k-fold 
iterated logarithm. It was shown by Wigert [1] that (exp z = ez) 

d W < « p ( ( l + 6 ) l o g » ] ^ B ) 

for all positive values of € and all sufficiently large values of n, and that 

d ( n ) > e x p ( ( l - e ) l o g 2 I ^ ) 

for an infinity of values of n. 
Let d, (n) denote the k-fold iterated d(n) (i. e. , 

di(n) = d(n), (dk(n) = d(dk_1(n))? k > 2 ). 

S. Ramanujan remarked in his paper [2] that 

d2(n) > 4 7 2 l ° g n 
* log log n 

and that 

d3(n)> ( l o g n ) l og log log logn 

for an infinity of values of n. 
Let ^. denote the k element of the Fibonacci sequence (i. e. 

* - l = °> l 0 = 1> *k=Vl + V2 ^ k>l ) . 

We prove the following: 
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Theorem 1. We have 

(1.1) dk(n) < exp ( logn) K 

for all fixed k, all positive e and all sufficiently large values of n, further 
for every e > 0 

(1.2) dk(n) > exp ydog n) J 

for an infinity of values of n. 

It is obvious that d(n) < n, if n > 2. For a general n > 1, let k(n) 
denote the smallest k for which d, (n) = 2. We shall prove 

Theorem 2. 

(1.3) 0 < lim sup 1 *? ( n ) , < °° . 
^ log log log n 

2.) The letters c, c l 9 c 2 , ' * ' denote positive constants, not the same 
•H-v-

in every occurrence. The p.fs denote the i prime number. 
3.) Firs t , we prove (1.2). Let r be large. Put Nj = 2-3 ••• p , 

where the pTs are the consecutive primes. We define N2,* *' ,N, by induc-
tion. Assume 

S3 r2 

(3.D N = n P. , 
J i= l 1 

then 
. P i - 1 / \P2-1 / \ P i - x / \P2-J- / 

(3.2); N J + 1 = ( P l . . . p r i j ( P r i + 1 ' " P r i + r 2 ) - ( P r j L + . . . +3?s ^+1 

3 
PS.-1 

ri+* • • +rg 
) J 

From (3.2) d(N.+1) = N., and thus 
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(3.3) dk (Nk) = 2 r . 

Let S. and F. denote the number of different and all prime factors of 
N., respectively. We have 

(3.4) Sj = Tj = r , S . + 1 = r\ • 

Furthermore 

S. S. 
3 J 

(3.5) sj+2 = rJ+1 = E / > „ -1) < PS E y„ < ^r.s. i o g s . , 
V:=l * *>=1 

Since p^ < cj£ log £ for 4 > 2. Hence by (3.4) 

(3.6) S j + 2 < c S j + 1 S. log S. (j > 1) , 

follows. 
Using the elementary fact that 

X) log p. < cp^ < ci log l , 
i=l 

we obtain from (3.2), 

(3, 7) log N ] + 1 < ps E log P. < c s. r.aog r. )2 = cs.sj+1aog sj+1 )2 

J 1=1 

From (3.3), (3.4) we easily deduce by induction that for every £ > 0 
and sufficiently large r 

G r c r < 2 + € a , 2+€ r 3+€ 
SA = r , r4 = r , S2 = r , r2 ^ r , S3 < r , I s < r 

S k < r 1 ^ 1 , I k < r k . 
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Using (3.7), we obtain that 

log Nk < r 

whence 

/ l / i . -€\ 
dk(Nk) = 2 r > exp^( logN k ) K ) , 

which proves (1.2). 
4.) Now we prove (1.1). Let NOJNJ,* • • ,N, be an arbitrary sequence of 

natural numbers, such that 

d(Nj+1) = N. 

for j = 0 , V , k - 1. 
Let B denote an arbitrary quantity in the interval 

(log log Nfe) ° < B < ( loglogNk)C 

not necessarily the same at every occurrence 
We prove 

i 
(4.1) logN, > B ( l o g N 0 ) k , 

whence (1.1) immediately follows. 
In the proof of (4.1) we may assume that log N0 ^ (logNj) , with a 

positive constant 6 < 1/fL. . 
Let 

S l a.-l 
Ni = n q * . 

i=4 1 

Then 
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Since 

we have 

Hence 

i. e. 

N0 = n a . 
i= l 1 

a.-l a.-l 
21 < - 1 N i > 

a. < c log Nj_ 

(log 2)Si < log N0 = S l o g or < (log log Ni + c)Si 

log N0 = BSi 

We need the following: 

L e m m a . Suppose that for some in teger j , 1 < j < k - 1 , 

(4.2) Q: 
y i - 1 r A - i 

N. 

where Q l 9 • • • , Q* a r e different p r i m e numbers and 

I I I 
(4.3) A > B S i J ; Q. > BSi 3 " 1 , y. > BSj3*2 (i = ! , • • • , A) 

Then e i ther 

(4.4) 

o r 
(4.5) 

l o g N j + 1 > (log N0) 

Pr-1\ 
N. , xc r > i > 

where r1 ? • • • , r c a r e different p r i m e s and 

(4.6) C > B S ^ r . > BSx3, p.> BSi3 (i = 1 , - - - , C ) 

To prove the l e m m a , l e t 

N . ^ 
3+1 

3 + 1 8 . -1 
n t . 1 , t . p r i m e s 

Since d ( N . + 1 ) = N j t by (4.2), 
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A y . - l 
(4.7) n Q.1 

i=l x 
n 8. = N. 

i 3 

Assume first that there is a 5. which has at least 21 (not necessarily 
distinct) prime divisors amongst the Q.. We then have 

^k 
log N > \8. log t. > ISp- 8. HfeSiM J > 

2£, L 
> (BSi) K ^ (log N0) K , 

if N0 is sufficiently large, i .e . (4.4) holds. Then by (4.2), the number D of 
6Ts, each of which contains a prime divisor amongst the Qfs satisfies the 
inequality 

(4.8) D> A £ (y. - 1) > A - miny2 > A B S ^ 2 > BS^"2 J"1 = BSt
J 

Z k . - * * k 
i= l 

Without loss of generality, we assume that these 8?s are S i , * " , 8 and tA 

> t2 > • • • > tp in (4.7). Since at least one Q divides S^i < D), by (4.3), 
we have 

I. -
8. >BS1

J . 

Furthermore it is obvious that tp D i^-s > D. By choosing 

C = D - \ , r. = t., £. = 8. (i = 1,---,C) , 

we obtain (4.5) and (4.6). 
This completes the proof of the Lemma. 
Now (4.1) rapidly follows. Indeed, the validity of (4.4) for some j , 1 < 

j < k - 1, immediately implies (4.1). So we may assume that (4.4) does not 
hold for j = ! ,• • • ,k - 1. Now we use the Lemma for j = 1, • • • ,k - 1. Since 
Ni has St different prime divisors ([1/2 Si ] of these is greater than SA) 
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the conditions (4.2), (4.3) a re satisfied for j = 1. Hence (4.5)-(4.6) holds, 
L e. , the conditions (4.2)-(4.3) hold for j = 2. By induction we obtain that N. 
has at least 

BSj 1 

distinct prime factors each with the exponent greater than BSj . Let 

Nk H n V . 

Since 

log % > | E P i 

we have 

logN k > B S ^ " 1 k " 2 = BttogNo) k 

Consequently (4.1) holds. 
5.) Proof of Theorem 2. Using (1.1) in the form 

d2(n) < exp I (log n ) 2 / 3 ) 

for n > c, and applying this k times, we have 

(5.1) log d2k(n) < ( logn) ( 2 / 3 ) , when d2 k_2(n)> c. 

Equation (5.1) implies the upper bound in (1.3) by a simple computation. 
For the proof of the lower bound we use the construction as in 3). Let r 

be so large that 

cSJ + 10ogSJ + 1)»<j£j 

in (3.6). Using that 
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l o g N . + 1 < ( logN. ) 2 +€ . 

Thus 

k 
l b g N k < a o g N i ) ( 2 +€) , 

hence by taking logarithms twice, 

K(Nk) > k > C l l og3N k , 

which completes the proof of (1.3). 
Denote by L(n) the smallest integer for which log nT , x < 1. We con-

Li\ll) 
jecture that 

i E K(m) 
n 

m=l 

increases about like L(n), but we have not been able to prove this. 
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CORRECTION 

On p. 113 of Volume 7, No. 2, April, 1969, please make the following 
changes: 

Change the author's name to read George E. Andrews. Also, change the 
name "Einstein," fourth line from the bottom of p. 113, to "Eisenstein. " 

• • • • * • 


