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Sieving techniques are notoriously simple, and yet tedious, means of 
listing primes. By successively eliminating integers divisible by 2, 3, 5, 7, 
1 1 '* ' * » !^!i> o n e has left all the primes less than N. 

This paper will deal not with the list of integers which remain after each 
sieving procedure but with the differences between members of the remain-
ing list of integers. The mathematical knowledge required to follow this ma-
terial is strictly elementary (which may be one reason I continued working at 
it — if it had required more advanced mathematics, I might have drowned in a 
sea of mathematical notation). 

If N consecutive integers are listed and all the even integers eliminated, 
a series of odd integers remains: 

(A) 1, 3, 5, 7, 9, I I , - - - . 

The difference between each successive term in (A) is 2, and the number of 
integers in series (A) is N/2. 

If now all integers in series (A) which are divisible by 3 a re eliminated, 
the following series of integers remains: 

(B) 1, 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 35, • • * . 

The number of integers in this series is 2N/6 (fractions are deliberately not 
reduced since the numerators and denominators are important as we shall see). 
The differences between successive terms in series (B) is now 

4, 2, 4 , 2, 4, 2, 4 , 2, 4 , 2, 4 , • •• , 

which shows an obvious period of two terms, 4, 2. The sum of the members 
of this period is 6, or 2 x 3 . Recall that series (B) was produced by elimi-
nating integers divisible by 2 and 3, 
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El iminat ing in tege r s divis ible by 5 from s e r i e s (B) produces 

(C) 1, 7, 1 1 , 13, 17, 19, 23 , 29, 3 1 , 37, 4 1 , 4 3 , 47 , 49 , 53 , • • • . 

The number of in t ege r s in this s e r i e s is 8N/30, and the differences between 

success ive t e r m s in s e r i e s (C) a r e 

6, 4 , 2 , 4 , 2 , 4 , 6, 2 , 6, 4 , 2 , 4 , 2 , 4 , 6, 2 , 6 , ' " 

which h a s an e i g h t - t e r m per iod 

6„ 4 , 2 , @ , 2 , 4 , 6, 2 . 

(The c i rc led in teger will be explained l a t e r . ) The sum of the m e m b e r s of this 

per iod i s 30, o r 2 X 3 X 5 . 

B e a r with m e for one m o r e round and note what happens when in tege r s 

from s e r i e s (C) which a r e divis ible by 7 a r e e l iminated: 

1, 1 1 , 13 , 17, 19, 2 3 , 29, 3 1 , 37, 4 1 , 4 3 , 47 , 53 , 59, 

( D ) 6 1 , 67 , 7 1 , 73 , 79, 83 , 89, 9 7 , 1 0 1 , 1 0 3 , 1 0 7 , 1 0 9 , 1 1 3 , 1 2 1 , 

127, 131 , 137, 139, 143, 149, 151 , 157, 163, 167, 169, 173, 179, 181 , 

187, 191 , 193, 197, 199, 209, 211 , 2 2 1 , 223 , 227, 229, 233 , 239, 2 4 1 , - • • 

The number of in tegers in th is s e r i e s is 48N/210, and the difference s e r i e s 

der ived from s e r i e s (D) has 48 t e r m s in i ts period: 

10, 2 , 4 , 2 , 4 , 6, 2 , 6, 4 , 2 , 4 , 6, 6, 2 , 6, 4 , 

2 , 6, 4 , 6, 8, 4 , 2,(3), 2 , 4 , 8, 6, 4 , 6, 2 , 4 , 

6, 2 , 6, 6, 4 , 2 , 4 , 6, 2 , 6, 4 , 2 , 4 , 2 , 10, 2 . 

The sum of these 48 t e r m s i s 210, o r 2 X 3 X 5 X 7 . 
The difference s e r i e s developed above have a number of intr iguing p r o p -

e r t i e s . Reader s undoubtedly will find m o r e than I. 

The f i r s t n o n - p r i m e s to appea r in s e r i e s (A), (B), (C), and (D) a r e 9, 

2 5 , 49 , and 121 , respec t ive ly . These a r e 32. 52. 72 , and l l 2 . If success ive 
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prime divisors are p l 9 p2, p3, p4, ••• where pA = 2, then the first non-
prime in these series is pL+y If integers divisible by H a r e eliminated from 
series (D), the first non-prime will be 132, or 169 (p5 = 11, p6 = 13). 

The sum of the terms in a difference series is P1P2P3P48 e • Pn- T n e n^xt 
difference ser ies , obtained from series (D) by eliminating integers divisible 
by 11, would have a sum of 2 X 3 X 5 X 7 X 11, or 2310. The number of terms 
in the difference series can also be calculated. Note that the number of inte-
gers remaining in the four series (A), (B), (C), and (D) are determined as 
follows: 

(A): 

(B): 

(C): 

CD): 

N 
2 

N _ /N\ ill = 2N 
2 \ 2 / \ 3 l 6 

2N / 2 N \ / I \ 
6 - ^ 6 ^ 5 ; = 

8N 
30 

48N 
210 

Going on to series (E) (left for readers with patience to develop), we have 

480N 
2310 

terms remaining. Generally, the number of integers remaining from the first 
N integers after elimination of integers divisible by successive pt> p2? P3, P4* 
••• • Pn> is : 

(p2 - D(P8 " D(P4 " D " 8 ( P n - DN 
P1P2P3P4 "° Pn 

The number of terms in the resulting difference series is 

(p2 - l)(Ps - D(P4 - D - " ( P n - 1) . 
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Each difference series is derived from the first (piP2P3P4° • -p n ) + 1 integers 
in the original set of N consecutive integers. The last term in the period of 
any difference series is 2. The first term in the period of any difference se r -
ies is p n + 1 + 1. 

If d is the number of terms in a difference series (d > 2) then the 
d/2 term is of special interest. These are the circled terms in the differ-
ence series shown perviously. If we ignore the final 2, I conjecture that the 
difference series are symmetrical about the d/2 term. I also think that this 

th d/2 term will always be 4. 
Since we can calculate the number of terms in a difference ser ies , the 

point of symmetryj and the last term, we can write a complete period of any 
difference series by sieving only half as many integers. However, as we suc-
cessively eliminate integers, the work will still be rather prohibitive. Going 
to p6 = 13, the resulting difference series has 5760 terms, at p7 = 17 there 
will be 92,160 terms. Perhaps other relationships within orbetween difference 
series will be found by readers — and reduce the labor involved. 

The sum of the.terms in one period of a difference series seems to be 
directly related to the differences between primes which are members of ari th-
metical progressions of primes. Karst* lists all arithmetical progressions of 
primes with 12 to 16 terms, and the difference between primes in a progres-
sion is often the sum of a difference series. 

Difference series have been used to quite a limited extent in computer 
searches for primes. Except for 2, all even numbers are eliminated by sim-
ply adding 2 to the previous odd number. This automatically saves the com-
puter half the work of searching for primes. Only one out of every two, or 
fifty percent, of the integers from 1 to N need be examined for primality. 

If the second difference series above (4,2) is used, only 33%of the inte-
gers from 1 to N need be examined. The third difference series (6, 4, 2, 4, 
2, 4, 6, 2) would reduce this to about 27% the next difference series (with 48 
terms) would reduce this to about 23% and the next two difference series (with 
480 and 5760 terms, respectively) would reduce this to about21%and 19%, r e -
spectively. Not much gain in search efficiency is achieved after the third dif-
ference series is exploited* Further study of these difference series is required. 

^Edgar Karst, n12 to 16 Primes in Arithmetical Progression," Journal of 
Recreational Mathematics, Vol. 2, No. 4 (October 1969) , p. 
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