
NOTE ON THE INITIAL DIGIT PROBLEM 
R. L. DUNCAN 

King of Prussia Graduate Center 
Pennsylvania State University, State College, Pennsylvania 

The initial digit problem is concerned with the distribution of the first 
digits which occur in the set of all positive integers. There are many possible 
interpretations of the heuristic question, "What is the probability that an inte-
ger chosen at random has initial digit equal to a ? " [1], If A = ( a } is the 
set of all positive integers with initial digit a, then the asymptotic density 
[2] of A would provide a suitable answer to this question if it exists. How-
ever, it is easily shown that the asymptotic density doesn't exist. 

The purpose of this note is to show that the logarithmic density [2] of A 
exists and is equal to log (1 + l / a ) , where log x is the common logarithm. 
This result is in agreement with previous solutions of the initial digit problem 
[ 1 ] . It is also of interest to note that the logarithmic density exists and is 
equal to the asymptotic density whenever the latter exists [2], 

The logarithmic density 6(A) is defined by 

6(A) = lim r^-Y^ — > 

and the lower and upper logarithmic densities _6(A) and 3(A) are obtained by 
replacing lim by lim and lim respectively. Now it is obvious that 

6(A) = lim L- V] r " 
k-> - ln<a 10 " D a <l?Ok-l " 

k-1 

= lim n j ~ J o Y ^ [H( (a + 1)10^ - 1) - H(a 101" - 1) ] 
k_>oo ^ 

lim — L ^ ^ [H((a + l)101') - H(a lo")] , 

v=l 
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where 

H(n) = i + 1 + . . . + I . 

Using the well-known asymptotic formula [3] H(n) = In n + y + 0(l/n), we get 

6(A) = lim (k - l)(ln(a + 1) - In a)/k In 10 
k->°o 

= ln(l + l /a) / ln 10 = log(l + l/a) . 

Similarly, 

"5(A) = lim — - r Y^ — 
^ - l n ( ( a - M ) 1 0 k-l%<J££)10K1*V 

k 

lim n i T l o S [ H ( ( a + 1} 1QU) ~ H(a loU)] 
k —-̂  oo 

= log (1 + l /a) = 6(A) , 

and the desired result follows. 
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