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The permanent of an n-square matrix [a. .] is defined to be 

£ n a , 
0"€S i= l 1 J i 

where 
a = <Ji»J2»* • • »3n) 

is a member of the symmetric group S of permutations on n distinct ob-
jects. For example, the permanent of the matrix 

a i i a l 2 a i 3 

a 2 i a22 a 2 3 

a31 a32 a33 

is 
a l i a 2 2 a 3 3 - + a l i a 23 a 32 + a i2a21a33 + a i2 a 23 a 31 + a i 3 a 2 i a 32 + a13a22a31 • 

This is similar to the definition of the determinant of [a. . ], which is 
n 

£ ^ ii ^ . 
a e S n i=l 1Ji 

where e^. is 1 or -1 depending upon whether 0" is an even or an odd 
permutation. 

There are other similarities between the permanent and the determinant 
functions, among them; 

(a) interchanging two rows, or two columns, of a matrix changes the 
sign of the determinant— but it does not change the permanent at all. Thus, 
the permanent of a matrix remains invariant under arbitrary permutations of 
its rows and columns; and 

In this notation, (j19 j2? ° °w > 3 n ) i s an abbreviation for the permutation 

\J i 32 •••• 3 n / 
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(b) there is a Laplace expansion for the permanent of a matrix as well 
as for the determinant. In particular, there is a row or column expansion for 
the permanent. For example, if we use "per [ a . . ] " for the permanent of the 
matrix [ a . . ] , then expansion along the first column yields that 

per 

a l i a i 2 a13* 
a21 a22 a23 

. a31 a32 a33. 

= a i iPer [a22 a 2 3 ] + a p e r [ a i 2 a i3 l + a 3 l P e r r a i 2 a i3l 
[a32 a33j 2 1 F [a32 a33j 3 1 F (j*22 ^ J 

For further information on properties of the permanent, the reader should see 
[ 1 , p. 578] and [3, pp. 25-26], 

Unfortunately, one of the most useful prpperties of the determinant — its 
invariance under the addition of a multiple of a row (or column) to another row 
(or column) — is false for the permanent function. As a result , evaluating the 
permanent of a matrix i s , generally, a much more difficult problem than eval-
uating the corresponding determinant. 

Let P be the n-square matrix whose entries are a l io , except that each 
entry along the first diagonal above the main diagonal is equal to 1, and the 
entry in the n row and first column also is 1. (P is a "permutation ma-
trix. ") For example, 

PR = 

' 0 1 0 0 0 " 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
1 0 0 0 0. 

The reader can verify that 

and 
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We now define the matrix Q(n,r) to be 
541 

L«J n 
3=1 

For example, 

Q(5,2) PB + Ps = 

0 1 1 0 0 
0 0 1 1 0 
0 0 0 1 1 
1 0 0 0 1 
1 1 0 0 0. 

It is not difficult to see that pe rQ(n , l ) = per P = 1, per Q(n,2) = 2, and 
that perQ(n,n) = nL It has been shown [2] that 

(1) ^^^.(i-L^^i^iy1 

The strategy used in the derivation of (1) was to use techniques for the solution 
of a linear difference equation on a certain recurrence involving perQ(n,3) . 
There a re , also, expressions available for perQ(n,4) , p e r Q ( n , n - 1) and 
p e r Q ( n , n - 2 ) . (See [3] , [ 3 , pp. 22-28] and [3, pp. 31-35], respectively.) 
However, per Q(n,r) has not been determined for 5 < r < n - 3. The ob-
jectives of this paper are to use a "Fibonacci matrix" to derive (1), and to de-
rive an explicit expression for perQ(n,3) other than that provided by (1). 
(By a "Fibonacci matrix" we mean a matrix M for which M = per M - + J n n ^ n-1 
p e r M n _ 2 . ) 

Let F be the matrix f f . . ] , where f.. = 1 if li - jl < 1 and f.. = 0 n L 13 13 1 J | - r j 
otherwise. Then, by starting with an expansion along the first column, we find 
that F is a Fibonacci m a t r i x / Since per F2 = 2 and per F3 = 3, per F 
yields the (n + 1) term of the Fibonacci sequence 1, 1, 2, 3, 5, • • a . It is 
well known that the n Fibonacci number is given by 

*There are other Fibonacci matrices. See problem E1553 in the 1962 volume 
of the American Mathematical Monthly, for example. 



542 A FIBONACCI MATRIX AND THE PERMANENT FUNCTION [Dec. 

(1 + ^ ) n - (1 - */5)n 

2n-v/5 

This, it follows that 

i9\ v 1 + V5 - 1 - ^ 5 ) n + 1 
(2) per F = J n,-. — 

n 2 n V 5 

It is not quite as well known that the n Fibonacci number is also given 
by 

EH-1). 
where 

is the greatest integer in 

M 
n - 1 

(See [4, pp. 13-14] for a proof.) From this it follows that 

*•"»=£(";k) (3) 

Now let U (i, j) be the n-square matrix all of whose entries are 0 except 
the entry in row i and column j , which is 1. If we let R = F + U (n, l ) , by 
expansion along the first row of R we find that 
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p e r R n = per Fn__1 + p e r f F ^ - 11^ (2 ,1 ) + U ^ n - 1,1)] . 

But, by expanding along the first column, 

(4) per [ F n _ 1 - 11^ (2 ,1 ) + U ^ ^ n - 1,1)] = per F n _ 2 + 1 . 

Thus, 

per R = per F n + per F 0 + 1 = 1 + per F 
^ n ^ n-1 ^ n-2 K n 

If we now let S = R +U ( l ,n) , by expansion along the first row of S we 
find that 

per Sn = per F ^ + per [ F ^ - 11^ (2 ,1 ) + U ^ f o - 1,1)] 

(5) + per [Q(n - 1,2) - Un__1(n - 2,1) 

- u n - 1 ( n - i . 2 ) + p ; : J ] . 

If we substitute from (4) and use Z for the matrix of the third term of the 
right member of (5), we have 

per S = per F - + per F « + 1 + per Z 

= per F + 1 + per Z. 

Now expand Z along its first column to obtain per Z = 1 + per F 9 . Then 
n—̂  

per S = 2 + per F + per F ~ . 

Since per S = perQ(n,3) (because S can be obtained from Q(n,3) 
by a permutation of columns), it follows that 

per Q(n,3) = 2 + per F + per F 0 . 
n n—& 

By using (2), we obtain an expression for per Q(n,3) which reduces to that 
given by Mine in [ 1 ]. By using (3), we obtain: 
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k=0 k=0 
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[Continued from page 538. ] 

SOLUTIONS TO PROBLEMS 

T ^ = 5T + 2T - - 9T Q - 5T Q n+1 n n - 1 n-2 n - 3 

2 ' T n + 1 = 5 T n " 4 T n - l " 9 T n - 2 + 7 T n - 3 + 6 T n - 4 

3. T ^ = 5T - 7T - + 3T 0 
n+1 n n - 1 n - 2 

T ^ = 4 T ^Q - 2T ^ 0 - 5T _ + 2T 
n+4 n+3 n+2 n+1 n 

T j C = 2 T l C + 4T ,„ - 4T , „ - 6T l 0 + T n+6 n+5 n+4 n+3 n+2 n 

* * * * * 


