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Our p rob lem i s to find the g r e a t e s t common d iv isor (m,n) of two p o s i -

t ive in t ege r s m and n0 If m = 2TM and n = 2 N where M and N a r e 
a b odd and a and b a r e nonnegative i n t e g e r s , then (msn) = (2 ,2 )(M,N)„ 

a b 
Since (2 ,2 ) i s obtained by inspect ion, we a r e mainly concerned with find-
ing (M,N). Al ternat ively , we a s s u m e m and n a r e odd. 

Suppose m and n odd with n <• m . Then 

(1) m = q-jn + R l s 0 — Rj < n , 

and 

(2) m = (qt + l )n + (Rt - n) , 0 ^ Rj < n , -n ^ Rt - n < 0 . 

Select (1) o r (2) according as Rj o r R$ - n i s even (since n i s odd, one of 

Rj and Rj - n i s even, the o ther odd) and call the r e m a i n d e r Sj so that s^ = 
c 2 r^ where rA i s odd and c i s pos i t ive . Then (m,n) = ( n , ^ ) and the next 

division is with n and r j . At each s t e p , the even r e m a i n d e r i s chosen, and 

the even p a r t divided out , before the next division is performed,, The l a s t non-

ze ro r e m a i n d e r i s (m,n) . 

As an example , we find (28567, 3829). The divisions a r e 

28567 = 7 • 3829 + 4 • 441 

3829 = 9 • 441 - 4 • 35 

441 - 11 • 35 + 8 • 7 

35 = 5 • 7 

Hence (28567, 3829) = 7„ F o u r divis ions a r e requ i red . One notes that Euclid1 s 

method r e q u i r e s 6 divis ions and the l e a s t absolute value a lgor i thm r e q u i r e s 5 

divis ions in finding this g, c. d9 
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We have the theorem? 
If 17(a,b) is the number of divisions required to find (a,b) by the given 

algorithm, then the pair (a,b) with the smallest sum such that 7)(a,b) = k is 
k+1 k k 

the pair (2 - 3 , 2 - 1 ) whose sum is 3 • 2 - 4 . 
Working backward, we see that the divisions involving the smallest divi-

dend and divisor at each step for various values of 7} are: 

V 

1 

2 

3 

4 

5 

1 

5 

13 

29 

61 

= 1-1 

= 1.3+2-1 

= 1 • 7 + 2. 3 

= 1 . 15 + 2 • 7 

= 1 • 31 + 2 • 15 

Divisions 

3 = 3 • 1 

7 = 3-3-2-1 

15 = 3*7-2*3 

31 = 3 • 15 - 2 • 7 

3 = 3.1 

7 = 3-3-2-1 3 = 3. 1 

2 n + 1 - 3 = 1 • (2n - 1) + 2 - (2 n _ 1 - 1), 

As a consequence, if a < 2 - 1, then 7}(a,b)< k. The results are 
tabulated: 

No8 of digits in a 

i)(a,b) < 

1 

r 4 
2 

7 

3 

10 

4 

14 

5 

17 

6 

20 

7 

24 

8 

27 

9 

30 

10 

34 

It may be remarked that primes 3, or 5, and so on, may be removed 
from m and n, so that all factors of 3, 5 and so on, may be dropped from 
the subsequent divisors. Of course, for other than small pr imes, this would 
not reduce the work involved,, Also, if base 2 is used, dropping factors of 2 
from the divisors is trivial. 


