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In this section we consider the generalized Fibonacci and Tribonacci 
numbers. 

We write the generalized Fibonacci numbers as 

OQ 

(1) (1 - alX - a2x2)~k = £ F^k) xV (Fy = F ^ ) , 
v=0 

where 

F n = a * F n - l + a 2 F n -2 ' F ° = l s F l = a*» F2 = a l + a2> 
k = 1, 2, 3, ••• and n = 0, 1, 2, ••• . 

The generalized Tribonacci numbers we write as 

" <W v (2) (1 - alX - a2x2 - a3x3) = ] T T v x 

v=0 

where 

T y = T ^ , T0 = 1, Tj = a1? T2 = 4 + a2, F3 = a? + 2aja2 + a3, 

T = a4T - + T 9a2 + a3T .„, k = 1 , 2 , 3 , " - and n = 0, 1, 2,-n n—x n—& n— o 

Note: Throughout this section we consider ai9 a2, and a3, as rational inte-
gers only. 
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CONVOLUTED SUM FORMULAS 
FOR THE GENERALIZED FIBONACCI AND TRIBONACCI NUMBERS 

By elementary means, it is easy to prove, if 

(3) (1 - yrk = f ) b « yv 

v=0 

then 

( " ^ - l 1 ) - ^ 

where 

V k - 1 1 ) = ( n + k - l ) l / n l ( k - 1)1, b0
(k) = 1, k = 1 , 2 , 3 , - - . and 

n = 0 , 1 , 2 , - - - . 

Now, in (1), we replace a*x + a2x2 with y so that combining (1) with (3) 
we may then write 

v=0 v=0 

It is easy to prove with induction that 

5=0 

and combining this result with 

EbS(n
J",)-^«J-'nW. 

b « /n + k - l\ 
V k - 1 / 
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leads to the following generalized Fibonacci convoluted sum formula: 

» F * ' " § ( n + k - i " , ) ( ° i J ) a ? " 2 i 4 

(n = 0 ,1 ,2 , - - - , k = l , 2 , 3 , - - - ) . 

Now in (2), we replace ajx + a2x2 + %x3 With y so that combining (2) 
with (3), we may then write 

t *?*" • t *?-r • 
v=0 v=0 

and by comparing coefficients, it is easy to prove with induction, that 

*r - E t k^t-i) (vk4r4l»2r~2)^ 
r=0 j=0 L -j 

(k) (n - 2r - l \ / 2 r + 1 - j \ n-4r-2+j 2r+l-2j j 
+ P n ^ r - l ^ r - l + J ^ j j 1 2 a 3 J 

and combining this result with 

tf-f;-;1) 
leads to the following generalized Tribonacci convoluted sum formula: 

^ = E E [ ( k + Y - V *) ( ^ - ^ ( ^ f j)a?-4r+ja2
2r-2jai 

r=0 j=0 L^ ' X 

, /k+n-2r-2 \ /n-2r-l \ /2r+l-j\ n-4r-2+j 2r+l-2j 
+ \ k-i J\2T+I-})\] n H 
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where n = 0, 1, 2 , • • • and k = 1, 2, 3 , • •• . 

THE GENERALIZED FIBONACCI NUMBER 
EXPRESSED EXPLICITLY AS A DETERMINANT 

We shall now prove the following five s t a tements : 

P ^ ) = O A\r J- v, 1 \ T ? W -L o iO\r _L n Q\pW n F r ' = aj(k + n - D F ^ + a2(2k + n - 2)F™2 , 

where 

F^ k ) = 1, F } k ) = ajk, n = 2, 3 , • • • , k = 2 , 3 , 

n F ^ 
H. * - p j + q, a^ q ^ q n 

Jb ^ 
n - 1 P2 + P3 + " • + P n - 1 + P n 

where p . = aA(k + n - j) (j = 1, 2 , 3 , • • • , n ) , 

% ! + ! = a 2 ( n - m)(2k + n - m - 1 ) . (m = 1 , 2 , 3 , - • • , n - 1), 
(n - 2 , 3 , • • • ) 
(k - 2 , 3 , • • • ) , 

F j k ) = ajk . 

m . (a2t + 4 a 2 ) k F ^ 1 = a i n F ^ k ) + a2(4k + 2n - 2 ) F * )
1 , 

(k) where Fp = 1 

F ^ = a,k 

n = 1, 2 , • • • 

k = 1, 2 , 3 , • • • . 

iv. y > ( v ) = 
*—' n -v 

((a1 + l + ( ( a 1 + l )2+4a 2 ) i4a 2 )^ ) /2 ) n - ((a1+l-((a1+l)2+4a2)^)/2)n 

~ ! " " v ((a1+l)2 + 4 a 2 ) 2 

where n = 1 , 2 , 3 , 
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,(k) V. F = K(pl9q2,» • • »qnsPn)/nS, (pn>qn are identical to those in (ii) withqj 

= 0). 

where n,k = l f 2 f 3 , - « - and K(plsq2,» • • ,q n + p n ) is the determinant given 
below in (6). 

(6) K(pl9q29"' , q n ,P n ) 
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The table below of the generalized Fibonacci Numbers (in the table, we 

have replaced al9 a2 in (1) with aA = a and a2 = b) 

0 

(7) 

0 

1 

2 

3 

0 

1 

1 

1 

0 

a 

2a 

3a 

0 

a2 

3a2 

6a2 

+ 

+ 

+ 

b 

2b 

3b 

0 0 

a3 + 2ab a4 + 3a2b + b2 

4a3 + 6ab 5a4 + 12a2b + 3b2 

10a3 + 12ab 15a4 + 30a2b + 6b2 

ka 

may be constructed as follows: 
(8) To get the k element in the n column, we add the product of a 
multiplied by the k element in the (n-1) column and the product of b 
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multiplied by the k element in the (n-2) column together with the (k-1) 
element in the n column, 

We write the k element in the n column as F , so that a restate-
n ' 

ment of (8) reads 

(9) F<k> = a ^ + a-F^ + F * ^ , 
n 1 n-1 2 n-2 n ' 

where 
F , « - 1 
F<k) = a l k 

0 = F<0) = F<°> = F<0) = - • 
n = 2, 3, • • ' 
k = 1 ,2 ,3 , - ' - . 

PROOF OF I, H, III, AND IV 

We use (9) to get 

(10) ± F « x* = a, £ F<» x* + a2 £ F<k_>2 x» + £ F ^ x* 
n=2 n=2 n=2 n=2 

00 

at 
n=l n=0 n=2 

4 x £ F n
W x n + a2x2 £ F n

W x n + £ F * " 1 * x11, 

for k = 1, 2, ••• . Then 

£ F « x n - F « - F<k )x = a l X £ F f x n - a r f * x + a2x* £ F ^ x11 

n=0 n=0 n=0 

£ F ^ 1 ' xn - FF"1 ' - Ff-i;x , 
n=0 

and therefore 
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00 

(1 - atx - a2x2) £ F f x n = F<k) - F ^ + (F^ - alF<k) - F ^ x 

+ V F ^ x 1 1 . £-* n 

Now 

and 

n=0 

n(k) _ ^(k-1) = j 1 - 0 = 1 if k = 1 
1 - 1 = 0 if k 2 

(k) « F(k-1) ( a i - a i - ° = ° i f k = l | 
! - a i F 0 - F4 " | a i k - aj - aj(k - 1) = 0 if k 2 | " ° ' F 

for k = 1, 2, 3, • • • , and 

00 

-£-* n 
n=0 

Therefore 

£ F « x11 = (1 - alX - a2x2)-1( £ F * " 1 * x n | (k = 2, 3, • • . ) , 

n=0 \n=0 

and 

£ F^x11 = (1 - alX - a^)"1 

n=0 

From this, we have at once 
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oo 
(11) (1 - alX - a2x2)~k = ^ F^k) x11 (k = 1,2,3,-••) . 

n=0 

Differentiation of (11) leads to 

( 00 \ 00 

n=0 / n=l 

k(2a2x + 

/ 

and comparing the coefficients we conclude that 

(12) M ^ F ^ 0 + 2 a 2 F ^ 1 ) ) = n F ^ (k = 1 ,2 ,3 , - - - , n = 2 , 3 , - - - ) . 

Combining (12) with (9), we get 

(13) nF^k) = aj(k + n - D F ^ + a2(2k + n - 2)F^k)
2 

for k = 2 , 3 , * ' • , n = 2 , 3 / •• , F^k) = 1, and F ^ = 54k. This completes 
the proof for L 

(k) When we divide (13) by F - , we have 

J p = aj(k + n - 1) + a2(2k + n - 2)(n - 1) (n=2,3,-• • ,k=2,3,-• •) 
F n - X (n - D F ^ 

F n-2 

which in turn along with FQ = 1 and F J = a^k, implies II. 
The identity 

aA + 4a2 = 4a2(l - a4x - a2x2) + (aj + 2a2x)2 

may be written as 
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A. + 4 a 2 4a2 (at + 2a2x)2 

• + • 

(1 - a l X - a2x2 ) k (1 - a i x - a2x2 ) k * (1 - a l X - a2x2 ) k 

( M ) (k = 1 , 2 , 3 , - - - ) . 

Differentiation leads to 

(a\ + 4a2)kx 4a2kx / oo 

^ r = T, 7F + (ai + 2a2X) E nFn x" 
, n= l 

(1 - &tx - a2x2) (1 - ajx - a2x2) 

Now, by compar ing coefficients, we conclude that 

(15) (a* + 4 a 2 ) k F ^ 1 ) = a ^ F ^ + a2(4k + 2n - 2 ) F ( k )
x , 

when FQ = 1 , F j = ajk, n = 1 , 2 , 3 , 9 8 - , and k = 1 , 2 , 3 , ' " , which 

p roves III. 

We obse rve that Equations (n) and (HI) immedia te ly give an exp re s s ion 

for 

(a2
1 + 4 a 2 ) F ^ 1

1 ) 

in the form of a continued fract ion, for n = 2 , 3 , " ' • , and k = 2 , 3 , 

(Proof of IV). In (9), we have 

F<k) = alF<k> + a2F<k> + F ^ 1 * , n 1 n - 1 L n-2 n 

so that 

n n - 1 n-2 n 

(16) V > ( V ) = a i y > ( v )
 1 + a 2 V F

( v ) „ + y F < V - 1 ) (n = 2>3)-% L-4 n -v 2 £-** n - v - 1 L L^d n -v -2 ^ n-v N 

v=l v=l v= l v=2 
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We see that 

n-1 n 

E F W = y > (v-1) 
n-v-1 Z ^ n-v 

v=l v=2 

and we write (16) as 

v=l \ v = l / v=l 

We let 

n 
A) n x-f n-v 

v=l 

then 

Vi-E'SU- - V.-S-J1, . 
v=l v=l 

so that (17) becomes 

(18) u n = 04 + l ) V l + a2un_2 . 

Replacing n with n + 2 in (18), we have 

<19) V2 - (al + 1 ) u n + l + V n • 

where 

Ui = F0 = 1, Fj ; + Fi = 1 + a4 = u2, and n = 1, 2, 3, 
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We now solve (19) for u^ by continued fractions (see [ l ] ) , and get 

n 

where 

un = « a i H + s ) n . ( a 1 + l - s)n) /2ns = ^ V v » 
v=l 

1 
s = ((aj + l)2 + 4a2) r , n = 1, 2, 3, 

which completes the proof of IV. 
PROOF OF V 

Combining Eulerfs expression for a continuant as a determinant (see [2]) 
with (n) and (6), leads to 

nF^k) K(pi ,q 2 f - - - f q ,p ) 
(20) n

 = n n 
" ^ ^ K(p2,q3,--- »Qn»Pn) ' 

n-1 
for n,k = 2 ,3 ,4 , ' •• . 

Note: For convenience we let 

*f/F»-Uk<„>. 

Now, using the values of p. and q - in (II), we write 

(21) nUk(n) = K(aj(k + n - 1),a2(n - 1)(2k + n - 2),• • •,a2(2k),a4k) 
K(at(k + n - 2)9SL1(JI - 2)(2k + n - 3 ) , . . .,a2(2k),aik) ' 

(n - l)Uk(n - 1) =K(ai(k + n - 2),a2(n - 2)(2k + n - 3),-•• • ,a2(2k),aik) 

k(aj(k + n - 3), a2(n - 3)(2k + n - 4), • • • ,a2(2k), a ^ ) 

3Uk(3) = K(a1(k + 2),a2(2)(2k + l ) , • • - , a2(2k), aAk) 

aj(k + 1) affikf 
-1 a4k 



210 AN EXTENSION OF THE FIBONACCI NUMBERS [March 

2Uk(2) aj(k + 1) 

- 1 

a2(2k) 

ajk 

ajk 

We now mult iply all the equations in (21) from top to bottom to get 

(22) n! n Uk(j) = n ! F ^ k ) / F i ( k ) = K ( P l , q 2 , . • • , q n , p n ) / a 1 k , 
j - 2 

for n , k = 2 , 3 , 4 , • • • . 
(k) Now combining (n , with F* = ajk) with (22) comple tes the proof of V. 

We reso lve for k = l (n = 0, 1, 2 , • • •) by the use of continued f r a c -

t ions (see [ l ] ) , and we have 

where 

F n = ( ( a ^ V ^ - f a ^ v r 1 ) ^ 1 , 

V = (a? + 4a 2 ) 2 , 

and 

F n = a l F n - l + a 2 F n - 2 ( F 0 = X> F i = a i> 

FORMULAS 

,(t) F o r F (t = 2 , 3 , and 4) as a function of F - and F . n N ' ' n - 1 n 
Le t 

A = &l + 4a2 , B(k,n) = 4k + 2n - 2 , 

where 
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F^ k ) = 1, F^ k ) = aik, n , k = 1 , 2 , 3 / ' • , 

and 

F = a t F - + a ? F 0 , n x n - 1 L n -2 

(where aj and a2 a r e ra t ional in tegers) ; then from (III), we have 

(23) A^^l} = a i n F n k ) + a2B(k,n)Fn
( k )

1 

In (23), we have the following: when k = 1, then 

(24) A F ^ = a i n F n + a 2 B ( l , n ) F n - 1 , 

when k = 2 , then 

2 A F ^ = a i n F ^ 2 ) + a ^ . n j F ^ , 

so that mult iplying by 1:A, we get 

2 ^ ^ ^ = a j n A F ^ + a 2 B ( 2 , n ) A F ^ )
1 , 

and combining this with (24), we wr i t e (using the identity F = a- F - + n 1 n - 1 
a 2 F n - 2 > 

21A2F®\ = a 2 B ( 2 , n ) ( a i n F n + a 2 B ( l , n ) F n - ) 
(25) 

+ a1n(a1(n + l ) F n + 1 + a 2 B ( l , n + l )F n > 

and replac ing F ... (in (25)) with F ,- = a - F + a 0 F - l eads to n+j. n-ri i n ^ n - 1 
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,(3) _ 

(26) 

A 2 n-1 = [(aia2nB(l*n + 1) + aja2nB(2,n) + afn(n + 1))F 

+ (a|B(lf n)B(2,n) + aia2n(n + D ) F n _ 1 ] 

when k = 3, then in the exact way we found (26), we prove that 

(27) 3!A3F(4) -
n-1 = M + N , 

where 

M = 

ajainBCUn + l)B(3,n) + a ^ n E ^ ^ E ^ n ) 

+ aja2n(n + l)B(3,n) + a ^ n B d , ! ! + l)B(2,n + 1) 

+ a^a2n(n + l)(n + 2) + aia2n(n + l)B(l ,n + 2) 

+ aja2n(n + l)B(2,n + 1) + ajn(a + l)(n + 2) 

F , n ' 

and 

N = 

a2B(l,n)B(2,n)B(3,n) + afa2n(n + l)B(3,n) 

+ aia|n(n + l)B(l ,n + 2) + aja2n(n + l)B(2,m + 1) 

+ aia2n(n + l)(n + 2) 

n-1 

REMARKS 

(k) The above method may be used to evaluate formulas of the FN for 
values of k = 5 and higher. 
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THE GENERALIZED FIBONACCI NUMBER EXPRESSED AS A LIMIT 

We now prove that 

VI lim ( F ( k + 1 ) /(n + l ) k F ) = (1 + a^aj + 4 a 2 ) ^ ) k / 2 k k ! , 

when 

lim ((4k - 2)/n) = 0 (k,n = 1 , 2 , 3 , " •) n —» oo 

Let 

(28) A = SL\ + 4a2, V = AJ, H = {(aj + V) , 

where 

F n = a i F n - l + a 2 F n-2 J F ° = lf F i = ai» a n d al>a2 

are rational integers. 
It is easy to prove by use of continued fractions (see [1]) that 

F n = ((a* + V ) n + 1 - (a i - V) n + 1 ) /2 n + 1 V (n = 0 , 1 , 2 , . . - ) , 

and then by elementary means we show that 

(29) lim (Fn / F n 1 ) = i(aj + V) = H . n —jc oo n n—i 

Now, combining (28) with (III), we have 

(30) A k F
n ^ l 1 ) = a i n F ( k ) + a2<4k + 2 n " 2 ) F

n
1?i ' 

where n,k = 1, 2, 3, 8 0 e . 



214 AN EXTENSION OF THE FIBONACCI NUMBERS [March 

In (30), we have the following: when k = 1, then 

A F ( 2 ' = a<nF + a2(2n + 2)F n-1 * n * n-1 

and dividing this equation by nF _-, we have 

i & - Si •-(^r1) • 
nF - F -n-1 n-1 

where combining this result with (29), we write 

(31) A( lim F™. /nF - ) = lim (atF / F - + a2(2n + 2)/n) = aiH + 2a2: vn —• oc n - 1 ' n-1 n->oo x n ' n-1 ^ ' l L-

when k = 2 (in (30)), then 

(32) 2AF(3)- = a<nF(2)(F / F ) + a2(2n + 6)F( 2 ) , 
n-1 * n v n ' n l n-1 

Multiplying both sides of (32) by A/n2F - , we now write 

2A2(F(3)
1 /n2F - ) = ai(AF(2) / F )(l/n)(F / F - ) n-1 ' n-1 1X n ' n ' n ' n-1 

(33) 
+ a5 

Then combining (33) with (31) leads to 

= a4(s 

= (ajH + 2 a 2 ) 2 ; 

\ n Ix n-1 ' n-1 

2A2( lim F ( 3 ) , /n2F - ) = aJajH + 2a2)H + 2a2(aiH + 2a2) , .. vn->oo n - 1 ' n-1 1 J L * * * 

when k = 3 (in (30)L then 

(35) 3AF(4)- = ainF( 3 )(F / F ) + a2(2n + 10)F(3)- , 
v ' n-1 1 n v n n dX n-1 

multiplying both sides of (35) by 2A2/n3F - , we now write 
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S I A ^ F ^ / n ' F ^ ) = a i ( 2 A 2 F f / n 2 F n ) ( F n / F n _ 1 ) 

^ -<^Hf>X-l> 
where combining (36) with (34) leads to 

3!A 3 ( n l im o o F^ )
1 /n 3 F n _ 1 ) = a ^ H + 2a2)2H + 2a2(aiH + 2a2)2 

( 3 7 ) = (ajH + 2a 2 ) 3 . 

Then, step-by-step, and with induction, we prove that 

(38) k!Ak lim (F<k + 1 )/(n + l ) k F n ) = ( a ^ + 2a2)k , 
ii —> oo n n 

where replacing the A and H in (38) with their respective values in (28), we 
complete the proof of VI. 

REMARK. It may be interesting to note that if a2 + 4a2 is replaced by 
a2 + 4a2 = (ajk)2 in the right side of VI, then of course 

lim (2kk!F( k + 1 ) / (n + l ) k F ) = e (e = 2.71828-••) . 
n —•oo n n 
k —> oo 

AN EXPLICIT FORMULA FOR THE TRIBONACCI NUMBERS 

Let 

t \ - l oo 
1 " 2 V̂ l = 1 + 2 c(n,t)xn , 

r=l / n=l 

where the a are rational integers. 
In a recent paper (see [3]), it was proved that it is always possible to 

express the c(n,t) by an explicit formula when t = 1, 2, 3, 4, and 5. 
Then, using the methods in [3] we find the following Tribonacci formula 

(Tn = c(n,3): 
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, n+2 n+2 * , , n+2 n+2 x , t n+2 n+2 x 
Xj(x3 - X2 ) + X2(Xi - Xg ) + X3(X2 - X4 ) 

(39) T n = —— — — , 
X^Xg - X2) + X2(Xj - Xg) + X3(xf - Xj) 

where 
xj = zj + 4/9z t + 1/3 , 
x4 = z2 + 4/9z2 + 1/3 , 
x3 = z3 + 4/9z3 + 1/3 , 

Zi = ( l /3) (3/33 + 1 9 ) 1 / 3 , 
z2 = -(zj/2)(l - i / 3 ) , (. 
z3 = -(zi/2)(l + i / 3 ) 

n = 0 , 1 , 2 , - " . 
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