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AN INTRODUCTION TO FIBONACCI POLYNOMIALS
AND THEIR DIVISIBILITY PROPERTIES

An elementary study of the Fibonacci polynomials yields some general
divisibility theorems, not only for the Fibonacci polynomials, but also for
Fibonacci numbers and generalized Fibonacci numbers. This paper is intend-
ed also to be an introduction to the Fibonacci polynomials.

Fibonacci and Lucas polynomials are special cases of Chebyshev poly-
nomials, and have been studied on a more advanced level by many mathemat-

icians. For our purposes, we define only Fibonacci and Lucas polynomials.

1. THE FIBONACCI POLYNOMIALS

The Fibonacci polynomials {Fn(x)} are defined by

(1.1) Fix) = 1, Fyx) = x, and Fn+1(x) = an(x) + Fn— x) .

1
Notice that, when x = 1, Fn(l) =F., the nth Fibonacci number. It is easy
to verify that the relation

_ n+1
(1.2) F_( = D"F &)
extends the definition of Fibonacci polynomials to all integral subscripts. The

first ten Fibonacci polynomials are given below:

Fyx) =1

Fy(x) = x

Fyx) = x2 + 1

Fyx) = x3 + 2x

Fgx) = x* + 32 + 1

Fe®) = x5 + 4x% + 3x
Fq(x) = x8 + 5x% + 6x% + 1

407
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Fgx) = xT + 6x5 + 10x® + 4x
Fo(x) = x8 + 7x8 + 15x* + 10x2 + 1
Fiox) = x¥ + 8xT + 21x5 + 20x® + 5x .

It is important for Section 4, to notice that the degree of Fn(x) is | nl -1 for
n # 0. Also, Fyx) = 0.

In Table 1, the coefficients of the Fibonacci polynomials are arranged in
ascending order. The sum of the nth Tow is Fn’ and the sum of the nth
diagonal of slope 1, formed by beginning on the nth row, left column, and

going one up and one right to get the next term, is given by

2(1r1—1)/2 (n-3)/2

= 2 . 2
when n is odd.

Table 1

Fibonacci Polynomial Coefficients Arranged in Ascending Order

n x0 x x x xt x5 xf xT X8
1 1

2 0 1

3 1 0 1

4 0 2 0 1

5 1 0 3 0 1

6 0 3 0 4 0 1

7 1 0 6 0 5 0 1

8 0 0 10 0 6

9 1 0 10 0 15 0 7 0 1

To compare with Pascal's triangle, the sum of the nth row there is Zn, and

the sum of the nth

diagonal of slope one is Fn. In fact, the (alternate) dia-
gonals of slope 1 in Table 1 produce Pascal's triangle.
If the successive binomial expansions of (x + 1)" are written in de-

scending order,
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=
1]

the sum of the 4th diagonal of slope 1 is Fy(x) = x+ 3x% + 1, and the sum of
the nth diagonal of slope 1 is Fn(x), or,

[(n-1)/2]

n-j-1 -2j-1
(1.3) F () = >, ( ; )xn j

=0

for [x] the greatest integer contained in x, and binomial coefficient (I;) s
as given by Swamy [1] and others.
2. LUCAS POLYNOMIALS AND GENERAL FIBONACCI POLYNOMIALS

The Lucas polynomials {_Ln(x)} are defined by

(2.1) Lo =2, Iy® =x, L ,&=xL &+L ,&.

Again, when x = 1, Ln(l) = Ln’ the nth Lucas number. Lucas polynomials

have the properties that

2.2) LG = F () +F, () = xF () +2F ()
xL ()= F &) - F &

and can be extended to negative subscripts by

(2.3) L& = (DL ).
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The degree of Ln(x) is |nJ, as can be observed in the following list of

the first ten Lucas polynomials:

|
b

L1(X)

Lyx) = x*+2

Lsx) = x* + 3x

Lyx) = xt+ 4x% + 2

Lyx) = x5 + 5x® + 5x

Lg(x) = x8 + 6x4 + 9x% + 2

Lox) = xT + 7x% + 14x3 + Tx

Lgx) = xb + 8x6 + 20x? + 16x2 + 2
Lg(x) = x? + 9x7 + 27x5 + 30x® + 9x

Liox) = x10 + 10x® + 35x6 + 50x4 + 25x% + 2 .

If the Lucas polynomial coefficients are arranged in ascending order in a left-
justified triangle similar to that of Table 1, the sum of the nth row is L _,

n
and the sum of the nth diagonal of slope 1 is given by 3 - Z(H_Z)/ 2 for even
n, n> 2.

When general Fibonacci polynomials are defined by

(2.4) Hix) = a, Hyx) =bx, H& =xH & +H ,&,
then
(2.5) H &) = bxF_ &) +aF ..

If the coefficients of the { Hn(x)}, written in ascending order, are placed in a

th

left-justified triangle such as Table 1, then the sum of the n diagonal of

slope 1 is

(a + b) ° 2(n_3)/2' = (a + b) ° 2[(n_2)/2]
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for odd n, n 2 3. (Notice that, if a =2, b =1, then Hn+1(x) = Ln(x),
and if a = b =1, Hn(x) = Fn(x).)

3. A MATRIX GENERATOR FOR FIBONACCI POLYNOMIALS

Since Fibonacci polynomials appear as the elements of the matrix de-
fined below, many identities can be derived for Fibonacci polynomials using
matrix theory, as done by Hayes [2] and others, and as done for Fibonacci
numbers by Basin and Hoggatt [3].

It is easily established by mathematical induction that the matrix

_[(x 1
Q - ( 1 0) ’
. th e
when raised to the k™ power, is given by

F (%) F, (x)
3.1) Qf = k1 k
P F

for any integer k, where QY is the identity matrix and Q'k is the matrix
inverse of Qk. Since det@Q = -1, det Qk = (det Q)k = (—1)k gives us

(3.2) F, 00F, () - 2 = (DS .

Since Qan = Qm+n for all integers m and n, matrix multiplication of
Qm and Qn gives

m.on _ Fm+1(X)Fn+1(X) + Fm(X)Fn(X) Fm+1(X)Fn(X) + Fm(x)Fn_l(X)

Qe = F_GIF, 6 + F 6F, (0 Fo F () + F GF, 56
while

m+n _ Fm+n+1(x) Fm+n(x)

Q \F (%) F

m-n m-+n-1(x)
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Equating elements in the upper right corner gives

(3.3) Fo X =F

(X)Fn(x) + Fm(x)F ) .

m+1 n-1

Replacing n by (-n) and using the identity

F 6 = (D"F ()
gives
Fo @ = CDUF L @F &)+ F @F ).
Then,
n
Fon® + DF & =F @F & +F QF &
= Fm(x)Ln(x) .

If we replace n by k and m by m - k above, we can obtain
= k+1
(3.4) Fo,& = LEF &+ 1) Flo®

which results in the divisibility theorems of the next section

4, DIVISIBILITY PROPERTIES OF FIBONACCI AND LUCAS POLYNOMIALS
Lemma. The Fibonacei polynomials Fm(x) satisfy

p-1
_ i(m-k)
F & = F o Z (-1) L(Zj+1)k—21m(x)
i=0

_yyP(-k)Hm+l x)

* (2p-1)m-2pk

for all integers m and k, and for p » 1.
Proof: If p =1, the Lemma is just Equation (394). For convenience,
call Qp (x) the sum of Lucas polynomials in the Lemma, Then, assume that

the Lemma holds when p = j, or that



1970} A PRIMER FOR THE FIBONACCI NUMBERS 413

Substitute (2jk - 2j - 1)m) for m in Equation (3.4), giving

L, &F @) + )

Fo. oo =
2ik-2j-Hm™ = T ®Fou 6 1ymk 2jk-(2j-1)m-2kr ) *

Since we want to express Fij—( )m(x) in terms of Fm—k(x)’ set

2j~1
2k - 2j - J)m - k' = m - k

and solve for k', yielding k' = (2j + 1)k - 2jm, so that

- k+1
Foik-2i-0m® = T@ir1k-2im®Fmc® * D7 T oiyme @e2ic®
Substituting into (A) and using
F_ = (1" @

to simplify gives

Fo00 = @) + (-pim-ky,

m Fm—k(x)

(j+1) (m-k)+m-+1

(24+1)k-2jm &

+ (-1) ¥

@j+1)m-2j+2)k™
which is the Lemma when p = j+1, completing a proof by mathematical
induction.

Notice that the Lemma yields an interesting identity for Fibonacci num-

bers, given below:

p-1
B i(m-k) plm-k)
@y 7= F AD0 D Ln-@isnm-g) | * Y Fm-2p(m-k)’

=0
1 p21

To establish (4.1), use algebra on the subscripts of the Lemma and then take

x =1,
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Theorem 1: Whenever a Fibonacci polynomial Fm(x) is divided by a
Fibonacei polynomial Fm—k(x)’ m # k, oflesser or equal degree, the re-
mainder is always a Fibonacci polynomial or the negative of a Fibonacci poly-
nomial, and the quotient is a sum of Lucas polynomials whenever the division
is not exact. Explicitly, for p > 1,

(i) the remainder is +F ( (x) when

2p-1)m-2kp

2 Im1 > K > @p -_2)@!

2p + 2p - 1 ’

or, equivalently, if *F (x) for

m-2p(m-k)

by <|m - k] <l

(ii) the quotient is :‘_rLk(x) when |k| < 2|mi/3;
(iii) the quotient is given by

p-1 p-1
_ ~ im-k) = i(m-k)
Q) = 3 1) L oiekozim® = 2 €1 L - @i41) (m-k) ®

for m, k, and p related as in (i), and by Q &) + (pP@-k) 4

Proof: When

ﬁLni>|k|>M!ml

2p +1 2p - 1



1970] A PRIMER FORTHE FIBONACCI NUMBERS 415

and the degree of Fm(x) is greater than that of Fm_k(x), we can show that
jm{ > |m - kl > I(Zp - 1)m - 2pkl. Since the degree of F _ is InI -1, we
can interpret the Lemma in terms of quotients and remainders for the restric-
tions on m, k, and p above, establishing (i), (ii), and (iii). As for (iv), the

division is exact if

_ @2p - 1)m
k = P R
for then
F(Zp—l)m—2pk(x) = Foelx) = 0 .
_ _2pm
When k = E_PT]. s
_ _ m-k+1
F(Zp—l)m—zpk(x) - Fk—m(x) = 1) Fm—k(x)
_ m+1
= (0 F &

because k is even. Referring to the Lemma, increasing the quotient by

- 1)p(m—k)+m+1+m+1 - (- 1)p(m—k)

will make the division exact.
Corollary 1.1: Fq(x) divides Fm(x) if and only if g divides m.
Proof: If q divides m, then either m/2p = q or m/@p+1) = q
Let ¢ = m - k and apply Theorem 1.
If F (x) divides Fm(x), thenlet ¢ = m - k and consider the remainder

of Theorem 1. Either

¥ x) = Fyx)

(2p-1)m-2pk
or

F(Zp—l)m—Zpk(X) - iFm-k(X) ’

giving
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g = @p - Vm o (2p - 2)m = Zpm_
3’ % = 1 ° 5p + 1

by equating subscripts. The possibilities give g =m-k =m/2p or q=
m/(2p - 1) or g = m/(2p + 1), sothat g divides m.

Corollary 1.2: If the Fibonacci number Fm is divided by Fm—k’ m #
k, then the remainder of least absolute value is always a Fibonacci number or

its negative. Further,

(i) the remainder is iFm—Zp(m—k) when
m m|
-z—pl—_l_'l—l'(Im—kl(-z—I-:)l-_—l s m-k#2,

and the quotient is the sum of Lucas numbers;
(i) the quotient is 3L, when |k} < 2)m}/3, for Lucas number Ly
Proof: Let x = 1 throughout Theorem 1. Since the magnitudes of Fib-

onacci numbers are ordered by their subscripts, =F represents a

m-2p (m-k)
remainder (unless m -k = 2 since F, = Ty = 1).

To illustrate Corollary 1.2, divide Fj3 by Fg:
233 = 17 « 13 + 12 = 18 . 13 + (-1).

Now, 12 is the remainder in usual division, but we consider the positive and
negative remainders with absolute value less than that of the divisor, so that
(-1) = -Fy is the remainder of least absolute value. Here, m = 13, k = 6
< 2m/3, p =1, and the quotient is Lg = 18, The remainders found upon
dividing one Fibonacci number by another have been discussed by Taylor [4] s
and Halton [5].

Corollary 1.3: The Fibonacci number Fq divides Fm if and only if g
divides m, |q| # 2.

Proof: If ¢ divides m, let x = 1 in Corollary 1.1. If Fq divides
Fm’ let ¢ = m - k. The remainder of Corollary 1.2 becomes F

=F;=0 or F iy =
m-2p(m-k)
the proof of Corollary 1.1, which will prove that g divides m, provided that

m-2p (m-k)
ﬂ:Fm_k. The algebra on the subscripts follows

there are no cases of mistaken identity, such as Fs = Fq, 1sl # jal, and
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such that s does not divide m. Thus, the restriction |q| # 2 since
F, = F; = L.

Unfortunately, as pointed out by E. A. Parberry, Corollary 1.3 cannot
be proved immediately from Corollary 1.1 by simply taking x = 1. That ]:"q
divides Fm does not imply that Fq(x) divides Fm(x), just as that f£(1)
divides g(1) does not imply that f(x) divides g(x) for arbitrarypolynomials
fx) and g(x). Also, Webb and Parberry [8] have proved that a Fibonacci
polynomial Fm(x) is irreducible over the integers if andonly if m is prime.
But, if m is prime, while Fm is not divisible by any other Fibonacci num-
ber Fq, | qk 23, Fm is not necessarily a prime. How to determine all val-
ues of m for which Fm is prime when m is prime, is an unsolved problem.

Corollary 1.4: There exist an infinite number of sequences {Sn} having
the division property that, when Sm is divided by Sm-k’ m # k, the re-
mainder of least absolute value is always a member of the sequence or the
negative of a member of the sequence.

Proof: We canlet x be any integer in the Lemma and throughout Theo-
rem 1. If x =2, one such sequence is ..., 0, 1, 2, 5, 12, 29, 70, 169, " °,

Theorem 2: Whenever a Lucas polynomial Lm(x) is divided by a Lucas
polynomial Lm_k(x), m # k, of lesser degree, a non-zero remainder is
always a Lucas polynomial or the negative of a Lucas polynomial. Explicitly,

(i) non-zero remainders have the form =L (2p—1)m—2pk(x) when

2plml o (g 5 @D - 2)|m|

%p + 1 2p - 1 ’
or, equivalently, ﬂ"Zp(m—k)-m(X) for
m m

a1 I -kl<gpT7

@) if |k|{2iml/3, the quotient is +Ly (x);

(iii) the division is exact when k = 2pm/(@p + 1), p # O.

Proof: Since the proof parallels that of the Lemma and Theorem 1, de-

tails are omitted. Identity (3.4 is used to establish
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~ k+1
(4.2) L& = L&L &+ )L o & .

Since L_n(x) = -1)"L n(x) » it can be proved that

for |m| 2 Jm - k| 2> [@p - )m - 2pk|. Since the degree of L () is [nl,
the rest of the proof is similar to that of Theorem 1. However, notice that it
is necessary to both proofs that F_n(x) = J_an(x) and L_n(x) = ian(x).

Corollary 2.1: The Lucas polynomial Lq(x) divides Lm(x) if and only
if m is an odd multiple of q.

Proof: If m = (2p +1)q, let g = m -k and Theorem 2 guarantees
that Lq(x) divides Lm(x).

If Lq(x) divides Lm(x), then let q = m - k. For the division to be

exact, the term +L (x) must equal Lm_k(x) since it cannot be

(2p-1)m-2pk
the zero polynomial. Then, either k = 2pm/(2p +1) or k = 2pm/(2p-1), so
g=m-k =m/2p+1) or q=m/(2p-1). In either case, m is an odd
multiple of q.

Corollary 2.2: If a Lucas number Lm is divided by Lm—k’ then the

non-zero remainder of least absolute value is always a Lucas number or its

negative with the form -J-rsz(m—k)-m for
!ml - ‘(’ _.IEL.
pr1< M-kl 5Ty

and the quotient is +L, when | k|< 2{m]/3.

Proof: Let x = 1 throughout the development of Theorem 2.

Corollary 2.3: The Lucas number L _ divides Lm if and only if m =
(2s + 1)g for some integer s. (This resultis due to Carlitz [6]).

Proof: If m = (2s +1)q, let x = 1 in Corollary 2.1. If Lq divides

Lm’ take g = m - k and examine the remainder L of Corollary

2p (m-k)-m
2.2 which must equal Lm-k or Lk—m since it cannot be zero. The algebra
follows that given in Corollary 2.1. Since there are no Lucas numbers such
that Lq = Ls where |q| 75| s}, and since Lq # 0 forany g, there are no

restrictions.
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Since the generalized Fibonacci polynomials Hm(x) satisfy Hm(x) =
bme_l(x) + aFm_z(x), we can show that
- k+1
(4:.3) Hm(X) = Lk(X)Hm_k(X) + ("1) Hm_zk(x) 9
but since Hm(x) # d:H_m(x) » Wwe have a more limited theorem.

Theorem 3: Whenever a generalized Fibonacci polynomial Hm(x) is
divided by Hm_k(x), 2m/3 > k > 0, any non-zero remainder is always an-
other generalized Fibonacci polynomial or its negative, and the quotient is
Lk(x).

As a consequence of Theorem 3, when a generalized Fibonacci number
HIn is divided by Hq, a non-zero remainder of least absolute value is guar-
anteed to be another generalized Fibonacci number only when |m -q] < 2m/3,
Taylor [4] hasprovedthat, of all the generalized Fibonacci sequences «) H

+H R
m-1 m-2
division property that the non-zero remainders of least absolute value are

m}
the only sequences with the

satisfying the recurrence H =H
always a member of the sequence orthe negative of amember of the sequence,
are the Fibonacci and Lucas sequences. For your further reading, Hoggatt
[7] gives a lucid description of divisibility properties of Fibonacci and Lucas

numbers.
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[Continued from p. 406, ]

the first two terms in the Fibonacci series. Who could resist the
temptation to test the conjecture that y/x = Foa /Fn ?

Now let x = an, y = anﬂ, Then,
Fn+1 /Fn = [k(Fn + Fn+1) - 1]/an+1 ?
S0
2 ' -
k(Fn+1 - FnFn+2) =-F o
but
2 _ n
Fn+1 - FnFn+2 = D,
hence n is odd, and we have k = Fn‘ So,
x = F22m_1 = 1, 4, 25, 169, etc. ,
y = Fy (Fo =1, 6,40, 273, etc,

Hence, the children were 4 and 6 years old, Charlie 40, and Mary 25.

Bt oS



