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1. INTRODUCTION 

Consider the integer triangle whose entries are given by 

A. Q — 1 j A. . = 2 9 j = l , 2, o, ••• ; 

A .- . = A . + A . , (0 < j < n, n > 1). n+l , j n , j n , j - l 

The first few lines of the triangle are listed left-justified below: 

1 - 2 

1 3 2 

1 4 5 2 
A: 

1 5 9 7 2 

1 6 14 16 9 2 

1 7 20 30 25 11 2 

One notes that the recurrence relation is the same as the one for 
Pascal 's triangle. Apart from no A0 0 term the array is really the sum of 
two Pascal triangles. The rising diagonal sums are the Lucas numbers, 
LA = 1, L2 = 3, L + 2 = L - + L . The A0>0 = 2 would also add L0 = 2 
to the rising diagonal sum sequence. The triangular array is now the Lucas 
triangle of Mark Feinberg [1]. It is also closely related to a convolution 
triangle [3]. 

Consider the new array obtained in a simple way from our first array 
A by shifting the j column down j places (j = 1, 2, 3, °°«). The col-
umn on the left is the 0 column. 
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1 

B: 
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2 
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9 

14 

20 

. ® . 

2 

7 

16 

The relationship is 

B. . = A. . . 0 < j < fi/21 , 

where [x] is the greatest integer not exceeding x. The recurrence relation 
for B. . is 

B. = 1 for all i , 
1,0 

B i ( j = B i - 1 , 3
 + B i - 2 . J - 1 ' ^ ^ ^ 

along with other useful relations true for all j : 

B„. . = 2 
B Q . ^ . = 2j + 1 

B2j+l , j+l = ° 

2, ANOTHER ARRAY 

Harlan Umansky [2] laid out the following display of formulas for pow-
ers of Lucas numbers* 
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L 1 = L 
n n L2 = L 9 + 2 ( - l ) n 
n 2n 

L 3 = L Q + 3 ( - l ) n L n 3n n 
C: L 4 = L , + 4 ( - l ) n L 2 - 2 n 4n n 

L 5 = L . + 5 ( - l ) n L 3 - 5L n 5n n n 
L 6 = L c + 6 ( - l ) n L 4 - 9L2 + 2 ( - l ) n 

n 6n n . n 
L 7 = IJr7 + 7 ( - l ) n L 5 - 14L3 + 7 ( - l ) n L n 7n n n n 
L 8 = LQ + 8 ( - l ) n L 6 - 20L4 + 16 ( - l ) n L 2 - 2 n 8n n n n 

The display given in [2] contains 7 mi s s ing p a i r s of parentheses. , The above 

displayed form was suggested by E d g a r K a r s t who, along with Bro the r Alfred 

Brousseau , noted the typing e r r o r s in [ 2 ] . Surely , we note that exclusive of 

s i g n s , the coefficients in display C a r e p rec i se ly those of Ar r ay B. We shall 

p rove the theorem: 

Theo rem 1. 

[m/2] 
. m 
J n ~~mn ^—4 ~ m , j ' 

3=1 

Lm = L + Y C .(-if^-V11--23 
£-d m , i v n 

where 

C k , 0 - 1 ' 

C . = C - . + C 0 • , , 1 ^ 3 ^ [ m / 2 ] for m > 2 , 
m , j m - l , j m - 2 , 3 - 1 ' J »• J 

Proof. The proof shall p roceed by induction,, F o r all n , the theorem 

i s t rue for m = 1, the sum being empty. Assume , for n > 1, 

[k/2] 
L k = L . + Y Cy . ( - l ) n J t J - l L k - 2 j 

n nk JL* k , j n 
3=1 

for k = 1, 2 , 3 , °• • , m along with 
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C k , 0 = *' C2k,k = 2> C2k+l ,k = 2 k + 1 ' *»* C2k+l ,k+l = °-

Therefore, 

[m/2] 
L™ = L + V^ c (_1}nj+j-l m-2j 

n mn Z-t m , j v ' n ' 
j=l 

and 

But, 

[m/2] 
L m + 1 = L L + Y C .(_D^+J-lLmH-l-2j 

n n mn Z-r m , j v ' n 

L L = L, _* + ( - 1 ) ^ , , , n mn (m+l)n (m-l)n 

Thus, 

[m/2] 

n (m+l)n (m-l)n Z_/ m , j n 

Returning to the inductive assumption for k = m - 1 yields 

[Cm-D/2] 
(-DnL, .. = (-if^-1 + (-Dn+1 y c 1 A-ifw-1^-1-2) 

(m-l)n n t^ m - l , j n 
j=l 

[(m-l)/2] 
= ( - D V 1 1 - 1 + V C ( . ^ ( j + D + O + D - l L m - l - ^ 

n Z-^ m-1, j n 
3=1 

Now let p = j + 1; then since [(m - l ) /2] + 1 = [Cm + l ) /2] , 
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[(m+D/2] 
( - l ) V . , = (-ifl^-1 + V C , ^ n p + p - l m + l -2p 

(m-l)n n Z_< m - l , p - l v ' n 
p=2 

Therefore, 

. m+1 
L(m+l)n + 

[Cm+D/2] ] 
x ' n L-t m - l , p - l n I 

p=2 

[m/2] 
+ y C ( .Dnp+p-lLm+l^p 

£-J m,p n 
p=l 

(m+l)n 

[(m+l)/2] 
y (C + C , . ( . ^ n p + p - ^ m + l ^ p 
£-j v m,p m - l , p - l n 
P=l 

We examine the possible extra term added to the second summation. If m 
is 2k, then [m/2] = [(m + l ) /2] = k and C 2 k k = 2 and C2 k_x k _ 1 = 
2k - 1; thus, C 2 k + 1 k = 2k + 1. If m = 2k + 1, then [m/2] + 1 ** 
[ (m + l ) /2 ] = k + 1 and the term C2k+1 , + 1 = 0 and C 2 k k = 2; thus 
C0i . o i ,i = 2 . Thus, if one defines 2k+2, k+1 

C k-1 ,0 = *• C 2k,k " 2> C 2 k + l , k = 2 k + X ' 
P = 0 
u 2k+l ,k+l 

for k > 1, and 

m+l ,p m,p m - l , p - l 1 < P * [-T-J- m £ 1 , 

then 

[tm+l)/2] 
Tm+1 _ + V p f ^np-ip-i m+l-2p 
L n - L(m+l)n + L. S n ^ p ^ L n 

P=l 
[Continued on p. 427. ] 


