
ONE-ONE CORRESPONDENCES BETWEEN THE SET N OF POSITIVE 
INTEGERS AND THE SETS N n AND U N n 

EUGENE A. MAIER 
University of Oregon, Eugene, Oregon 

1. Let N be the set of positive integers and let ]ST be the set of all 
n-tuples of positive integers., It is well known that there exist one-one cor-
respondences between N and N for all N, and between p N N and N. 
In this paper j we give examples of such functions. 

2. Theorem 1, Define f : Nn~* N by n J 

(i) 

where 

k = i 

s k -£-. i=l 

(?) for k ^ n and the combinatorial symbol ( h J is defined to be 0 if m < k. 
Then f is a one-one correspondence. 

Proof. We begin by defining a relation —< on N as follows? 
Definition, (xj, x\9 • • • , xn)—<(xls x2, 8 8 8» x n ) if and only if s n < 

s 9 or s n = s n and there exists k ^ n such that x! < x, and x' = x for 
k < i < n. 

It is readily established tha t -< well-orders N . For a E. N , let 
M = {j3 E Nn | p-z< of} and let f (a) = #(M ) where #(M ) is the number 
of elements in M . Since M is a finite set, it follows that f is a one-a a n 
one mapping from 1ST onto N. We prove by induction on n that f (a) is 
given by (1). 

If n.= 1, we have fi(xA) = #{j3 E N | /3 < x j = x4 which is the value 
(1) gives for fiCxj). Assume (1) is valid for n. Observe that 

( x i > X 2 ' " • ' x n + l ) — ( x i ' X 2 ' • " ' x n + l ) 
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if and only if 

(i) s ; + l < S n + l ' 

or 

( i i ) s ; + l = 8n+l ^ xk+l < Xn+1 • 

or 

(iii) sf. , n = s„ , - , xf , n = x , - and (x\, • • • , xf ) :z< (x-, • • • , x ) n+1 n+1' n+1 n+1 1 n 1 ' n ' 

Thus if 

a - (xv x 2 , ••• , x n + 1 ) , 

M^ may be expressed as the union of three disjoint sets A, B and C which 
consist of those elements of N satisfying, respectively, conditions (i), 
(ii), and (iii). Thus, 

'fn+1(<*) = tKMa) = #(A) + #(B) + #(C) . 

We now compute #(A) +#(B) + #(C). We will have occasion to use the 
combinatorial identity, 

t+r 
(2) 

j=t+l 
gC-l)-0:j) 

(which may be established by induction on r) and the fact that the number of 
n-tuples of positive integers which satisfy the equation xj + • • • + x n = t is 

(.': 0 
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(Think of placing t objects in a row and placing dividers into n - 1 of the 
t - 1 spaces between the objects. Then xt is the number of objects before 
the first divider, x2 is the number between the first and second dividers, 
etc.) 

Note that (3 = (yj, y2, e e o , Yn+l) i s a n element of A if and only if 
y i + y2 + . . . + y n + 1 = j where n + 1 • £ j < s n + 1 . Thus, 

s ^ - 1 n+1 
#(A) = 

j=n+l i =n4 -1 ^ * 

and hence, using (2), 

•"-(Vii 1 ) -
Now p G B if and only if 1 < y n + 1 < x n + 1 - 1 and 

y i + " * + y n + l = X l + 8 e" + X n + 1 = V l ' 

Thus /3 G B if and only if yt + • • • + yn = j where SR + 1 £ j £. s n + 1 - 1. 
Hence, 

S n + 1 " 1 

#(B) = 

n 

Using (2), we have 

n+1 

!(;:!)-£(;:;) •(-.•')-(';)• #(B) = 
j=n " j=n 

Finally, j8 G C if and only if 
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yn+l = Xn+1 ' 

+ y = s Jn n 

and 

^ 1 ' ' " ' ^ ^ ( x l ' , " ' X n ) 

The least such fi is the (n + l)-tuple 

( s n - n + l , 1, 1, • • • , ! , x n + 1 ) 

Thus j 3 6 C if and only if 

(sn - n + 1, 1, •••-, 1) =^{yv ••• , y n ) =^ (x^ • • • , x n ) 

Hence, 

#(C) = f (x-, • • • , x ) - f (s - n + 1, 1, • • • , 1) + 1 . n 1 n n n 

Therefore, using the induction hypothesis and (2), we have 

-•ft)-5f;«)-gr-""J 
-1 S - • 

n-1 % n-1 * x 

k=l x ' k=s -n x n ' 
n 

-t(-r)-(\ ')•(:;::)• 
Thus, since 



1970] ONE-ONE CORRESPONDENCES 369 

(v-VM^-1)-^) 
and 

we have 

W X 1 ' " • ' x n + l ) 

(v)-ft::)-W-

and the theorem is es tabl ished. 
3e T h e o r e m 2. Define g: U NH—> N by 

gCx1, • •• , x n ) = 2 
k=l % / k=l x / 

whe re 
k 

s 

i= l 

for k < n and ( ^ J i s defined to be 0 if m < k. Then g i s a one-one 
correspondence. 

Proof. Define a re la t ion < on U . N 1 1 as follows: 

Definition, (x^, •• 8 , x j^) <l ( x ^ • • • , x n ) if and only if 

(i) sf < s , 
v ' m n 
o r 

(ii) s m = S n a n d m < n 9 
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or 

(iii) s m = sn* m = n a n d * x l ' " ° ' Xn* ~< * x l ' ° " ' xn* ' 

The relation < well-orders U^ N . For a E UNn, let 

sa = {/3GNn \p 3a}, 

and let g(a) = #(S ). Then g is a one-one mapping from U N onto N. 
We may express S as the union of three disjoint sets X, Y, and Z which 
consist of those elements of U N satisfying, respectively, conditions 
(i), (ii), and (iii) in the definition of <. 

Now p = (yl9 • • • , ym") E X if and only if y 1 + • • • + y m = j where 
1 ^ 3 ^ s - 1, The number of elements in satisfying this equation 
for fixed j is 

mEN \ / m=l > ' 

Thus 

s -1 
n 1 

#(« = j ^ 2J"X = 2 n - * • 
3=1 

We have p Y if and only if y1 + • • • + y = s where m < n. Thus 
n-1 

•sfr:0-#(Y) 
m=l 

Finally, p E Z if and only if p e N11 and j80=^j8 =^ tei* • • • , x n ) 
3 p0 is the n-tuple (s -

of Theorem 1 and (2), we have 
where p0 is the n-tuple (s - n + 1, 1, 1, • • • , 1). Thus, using the result 
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#(Z) = f n (x 1 , • • • . x n ) - f n ( s n - n + l , l , . . . , l ) + l = 

n - 1 / „ \ r / \ n - 1 

• W - E N O - I W - E ^ " " ^ - 1 ) ] 
k=l L k=l / J 

+ 1 

i s - 1 
n - 1 / . v n 

•ten-£j--) 

Therefore 5 

g (x l 9 . . . , x n ) = #(X) + #(Y) + #(Z) = 

n - 1 , , . n - 1 

••'-. .£(t::)-£(v) • 
k=l k=l 
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Graphs of the six c i r c u l a r functions in the f i r s t quadrant yield some 

pa r t i cu l a r ly elegant r e s u l t s involving the Golden Section. 

Let cp2 + cp = 1, so that cp = (ST5 - l ) / 2 = 0.61803 and notice that: 
a r c cos cp = a r c sin ^ 1 - <j#K= a r c sin ^ = 0.90459 

a r c sin cp = a r c c o s ^ l - cp2 = a r c cos ^ = 0o66621 

F u r t h e r , if tan x = cos x , then sin x = cos2x and sin2 x + sin x = 1, that 

i s 9 x = a r c sin cp in which ca se tanarcs in<^ = c o s a r c s i n ^ = cosarccosN/c^ = "fcp 

[Continued on p. 392. ] 


