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Recently, a number of authors [1 , 2, 3] have considered Fibonacci 
functions — continuous functions possessing properties related to Fibonacci 
sequences. In this note, some Fibonacci functions are derived and their 
properties verified. The derivation is based on the following definition,, 

Definition: If f is an infinitely differentiable function and f satisfies 
the recursion relation: 
(1) f(x + 2) = f(x) + f(x + 1), 

then f is a Fibonacci function. 
An immediate consequence of the definition is : 
Theorem 1. If f(x) is a Fibonacci function, then fT(x) and Jf(x)dx 

are also. 
The theorem is established by elementary calculus, 

f (x + 2) = [f(x) + f(x + 1)]' = 
= ff(x) + f'(x + 1) 

/f(x + 2)dx = J[f(x) + f(x + l)]dx = 
= /f(x) dx+Jf(x + l)dx. 

Theorem 2. If f(x) and g(x) are Fibonacci functions, then their sum 
is also. 

Proof. Let F(x) = f(x) + g(x). Then 

F(x + 2) = f(x + 2) + g(x + 2) = [f(x + 1) + g(x + 1)] + [f(x) + g(x)] = 
= F(x + 1) + F(x) . 

Theorem 3. If f (x) is a Fibonacci function and c is a real constant, 
then cf (x) is a Fibonacci function. 

Proof. Let F(x) = cf(x). Then 
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F(x + 2) = cf(x + 2) = c[f(x + 1) + f(x)] = cf(x + 1) + cf(x) = 

= F(x + 1) + F(x) . 

Since the function e ^ where p is a real constant, k an integer, 
and i = V ^ T is real for integer values of x, we look for Fibonacci functions 
of the form y = e 
relation (1) yields 

dx of the form y = e where d is complex. Substitution into the recursion 

(3) e d ( x + 2 ) ' - e d ( x + 1 ) - e * * = 0 

or , 

tA\ d x , , 2 d d -v A 
V4) e (d - e - 1) = 0 

Since 0 is omitted by the first factor of (4), 

(5) e - e - 1 = 0 

Solving (5) for e : 

e
d i =- f ( i + N/5) = a , 

ed2 = i ( l - NT5) = p . 

Let dj[ = aA + bji, then 

aa i(cos bj + i sin bj) = a 

and 

Since a > 0, a4 = lno- = 0.48 and bj = 2k7T for k an integer. Similarly, 
if d2 = a2 + b2i, then 

e 2(cos b2 + i sin b2) = ft . 
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Since p < 0, a2 = In |/31 and b2 = (2k + i ) for k an integer. Further-
more , 

1 = | (e a i cos 2k)(ea2cos (2n + l ) | = | e a i | | e a 2 | 

and so a2 = -Ina = -0.48, or a2 = -a4. Thus, the subscript on a is not 
necessary and two solutions of (1) are: 

y(x) = e cos 2k7JX 

and 

y(x) = e cos (2k + 1)TTX 

Applying Theorems 2 and 3, we have: 

(6) y(x) = cje cos 2k7jx + c2e cos (2n + l)7Tx, 

where a = lna; k and n integers. Equation (6) may be written: 

/r7, , x (a+2k7Ti)x , (-a+(2n+l)7T)x 
(7) y(x) = cje ' + c2ev , 

Some interesting and useful relations between e and e can be de-
rived by substituting the values of dj and d2 into Eq. (5). 

(a+2k7Ti)2 a+2k7ri - „ n e — e — x — u 

e 2 a e 4 k 7 r i _ e a e 2 k 7 r i _ ± = Q 

e 2 a - e a - 1 = 0 , 

or 

(8) e 2 a = 1 + e a 

Also, 
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(-a+(2k+l)7Ti)2 (-a+(2k+l)iri) - A e - e - 1 = u 

-2a 2(2k-M)77i - a 2k7Ti 771 - n e e - e e e - 1 = 0 
-2a , -a - n e + e - 1 - 0 . 

o r 

(9) e " 2 a = 1 - e~ a 

F u r t h e r m o r e , 

(10) e a + e~ a = |or| + |j81 = \/5 . 

The t r igonomet r ic identity cos kn"(x + 2) = cos kirx = - c o s k7T(x + 1), 

re la t ions (8) and (9), and some a lgebra verify that (6) i s a solution to (1). 

Since (6) i s a different!able function satisfying re la t ion (1) in view of 

T h e o r e m 1, 

(11) y!(x) = (cje L cos 2k7rx + e2e~ cos (2n + l)7rx)T 

and 

(12) Jy(x)dx = ![cte cos 2k7rx + c2e cos (2n + l)?Tx]dx 

a r e also Fibonacci functions. 

The values of ct and c2 for which Eq. (6) a s s u m e s the Fibonacci n u m -

b e r s for in teger x can be computed by applying the conditions y(0) = 0 and 

y(l) = 1. That i s , 

ci + c2 = 0 
(13) 

a —a -
c^e - c2e = 1 . 

The solutions to the sys t em (13) a r e cj = 1/N/5 and c2 = - I N / 5 . Thus , the 

Fibonacci functions that ag ree with the Fibonacci numbers for in teger x a r e 
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(14) y(x) = ( e ^ cos 2k77x - e - a x cos (2n + 1)7IX)/N/"5 . 

The function f(x) = (a - b cos 77x)/ N/5 [2] is a special case of (14), where 
X X 

k = 0, n = 0, and a and b are not identified as exponentials base e. 
The usual extension of the Fibonacci sequence to the negative integers 

satisfies the relation F_ = (-1) F . For integer values of x, the Fib-
onacci functions (14) have the same property* 

Since 

cos 2kn77 = (-1) = 1 j 

and 

cos (2kn + n)7T = ( - l ) 2 k n ( - l ) n = (-l)n 

we have 

NH> y(-n) = e" a n cos 2k7r(-n) - e a n cos (2n + l)7T(-n) = 

-an , .,11 an . -Ji+1, an -an> 
e - (-1) e = (-1) (e - e ) = 

= (-l)n+1y(n) N/5 . 
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