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1, INTRODUCTION 

Although the question of the existence of odd perfect numbers is still 
open, many necessary conditions for an odd integer to be perfect have been 
established. The oldest of these is due to Euler (seep. 19 in [1]), who 

a 2 proved that if n is an odd perfect number then n = p k where p is a 
prime, k > 1, (p,k) = 1, and p = a = 1 (mod 4). In 1953, Touchard [6] 
proved that if n is odd and perfect, then either n = 12t + 1 or n = 36t + 9. 
More recently the first author [5] has established upper and lower bounds for 

yl 
LJ p 

where n is an odd perfect number. In fact, these bounds are improved ones 
over those established in [3] and [4]. For convenience, we give in Table 1 
the results of [5] correct to five decimal places. 

Table 1 

(A) 

(B) 

(C) 

(D) 

Lower Bound 

.64412 

.65696 

.59595 

.59993 

Upper Bound 

.67841 

.69315 

.67377 

.66172 

Range 

.03429 

.03619 

.07782 

.06179 

Our objective in the present paper is to improve (some of) the results 
of [5]. Our bounds for 

p(n 

337 
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are given in Theorem 1 while the five decimal place approximations appear 
in Table 2. In what follows, n denotes an odd perfect number, and p de-
notes a prime. The notation 

11 

2-< p » 
p=5 

for example, will be used to represent the sum 

1 , 1 1 
5 7 + 11 B 

(A) 

(B) 

(O 
CD) 

Ts 

Lower Bound 

.64738 

.66745 

.59606 

.60383 

ible 2 

Upper Bound 

.67804 

.69315 

.67377 

.65731 

Range 

.03066 

.02570 

.07771 

.05348 

Theorem 1. If n is an odd perfect number, then 
(A) if n = 12t+ 1 and 5|n , 

19 
19 log {2 n (P - D/p} 
y l + _ J 2 z 5 < y 1 < 1 + l o g (50/31) 

• ~ P 23 log (23/22) V P 

p=5 & ' p|n 
(B) If n = 12t + 1 and 5^n, 

59 
59 

^ - p 
p=7 

log {2 II (p - l ) /p} 
P=7 

61 log (61/60) 
< £ i < log 2 ; 

p|n . 

(C) if n = 36t + 9 and 5 n , 
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I + 1 + X + log (256/255) ^ 1 < ! +
 X + X + w /«*/«-n 

3 + 5 + 17 + 257 log (257/256) < 2 - p 3 + 5 + T5 + l o ^ ( 6 5 / 6 1 ) ; 

P | n 

(D) if n = 36t + 9 and 5^n , 

I + i + _L + log (80/77) < ^ l < l + i + i. + l 0 f f (37349/3094D 
3 + 7 + 11 + 13 log (13/12) 2 ^ p 3 + 13 + 17 + 1 0 g lJ'J4y/<*U941) • 

P|n 

The upper bounds in (B) and (C) a r e due to the f i r s t author [5] . The 
r e s t of the t heo rem i s new. 

2. THE U P P E R BOUNDS 

In this sec t ion , we shal l es tab l i sh the upper bounds for 

Pjn 

given in (A) and (D) of T h e o r e m 1. Our a rgument p a r a l l e l s that in [5]„ 

According to E u l e r ? s t h e o r e m , we can wr i t e 

a 0 a l a 2 a k 
n = p Q P l p 2 . - p k , 

where p 0 = a0 = 1 (mod 4) and a. = 0 (mod 2) for 1 g j = k. We a s s u m e 

that Pi < p2 < • • • < Pk» Since n i s pe r fec t , we have immedia te ly 

k . k 
a .+l -

(2.o) 2 = n i - l/pj3 n a - i/P.) L , 
3=0 j=0 

so that 
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k k oo . „. 
_ _ , , _ _-^ • + 1 (a +l)i 

(2.1) log 2 = £ i + £ L X / ( i + DPj " i/iPj 3 

3=0 J j=l i=l 

+ i/2p2
0 - i/pfo+1 + f ; i /e + DPS4"1 - i/ip^ao+1)i . 

i=2 

Remark 1. Since a. > 2 for 1 ^ j ^ k each term is positive in the 

second summation of (2,1). 

Remark 2. Since a0 k 1 and i> 2, each term is positive in the last 

summation of (2.1). 
Remark 3. Since a0 2* 1, we have 

l/2p2
0 - l / p ^ + 1 > -l/2pg . 

Remark 4. Since a0 is odd (p0 + l)|o-(p0 °)> and since n =cr(n)/2, it 

follows that (p0 + l)/2jn and a fortiori that n is divisible by a prime p g 

(Po + l)/2. 

Remark 5. If p is the prime mentioned in Remark 4 and p0
 > 5, 

then 

W = l /2p | - l /p*s + l/2p2
0 = l / p ^ + 1 > 0 . 

For since 3 ^ p ^ (p0 + l)/2, a <^2, a0 ^ 1, we have 
s s 

W ^ l/2pg - l/3p2
s - l/2p2

0 ^ 2/3(p0 + l)2 - l/2p2
0 > 0 . 

We consider first the case n = 12t + 1 and 5Jn. Since 3^n, we see 

from Remark 4 that p0 f- 5. Therefore, pA = 5. 

If (p0 + l)/2 ^ 5 i , then we can assume that the p of Remark 4 is 
a s 

not 5. Since aj ^ 2, it follows from (2.1) and Remarks 1 , 2 , 5 that 

00 
1+1 w,-3i 

l / U + ±J0 

p|n i=l 

l o ^ 2 > Z j + E ^ + 1)5i+1 - x/i5 

i i = J j - j - l o g ( l - 1/5) + log (1 - 1/53) 
pjn 
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Therefore, 

£ ± < ± + l o g < 5 0 / 3 1 ) . 
pjn 

Since the smallest prime such that (p + l ) /2 = 5 m is p = 1249 = 2»54 

- 1, we see that if (p0 + l ) /2 = 5 m
5 then p0 > 1249, so that - l /2p§ £ 

-l/2(1249)2. Also, in this case, it follows from Remark 4 that aA ^ 4. From 
(2.1) and Remarks 1, 2, 3, we have 

l o g 2 > 2 p ~ i " l og (1 " l / 5 ) + log(1 ~ l / 5 5 ) " 1/2(1249)2 . 

Therefore, 

^ 1 < 1 + 1/2(1249)2 + log (1250/781) < A + log (50/31) . 
pjn 

This completes the discussion of the upper bound for this case. We 
remark that the upper bound established in [5] for (A) exceeds ours by 1/2738. 

Turning to the case n = 36t + 9 and 5|n we have p^ = 3. We con-
sider four mutually exclusive and exhaustive possibilities. 

Fi rs t , suppose that aj = 2 and p0 = 17. Since cr(32) = 13 and n = 
a(n)/2, we see that 13jn. Let 13 = p . If a = 2 then since o"(132) = 183 
and since p0 + 1 = 18, it would follow from Remark 4 that 33|n. Since this 
is impossible, we conclude that a ^ 4. Since a0 ^ 1, it follows from (2.1) 
and Remark 1 that 

log 2 > J^ i - | - log (1 - 1/3) + log (1 - 1/33) - ^ - log (1 - 1/13) 
pjn 

+ log (1 - 1/135) 1 - log (1 - 1/17) + log (1 - 172) . 
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Therefore, 

S i < I + T5 + T7 + l o g (37349/30941) . 
pjn 

Second, suppose that aj = 2 and p0 = 13. Then the p of Remark 4 
s 

is 7, and it follows from (2.1) and Remark 1 that 

log 2 > 2 i - J - log (1 - 1/3) + log (1 - l /33) - i - log (1 - 1/7) 
pjn 

+ log (1 - 1/73) - A _ log (l _ 1/13) + log (1 - 1/132). 

Therefore, 

S p < l + 7 + T 3 + l o g (21/19) < I T3 TT + log <3 7 3 4 9/3 0 9 4 1) • 
p|n 

Next, suppose that aj = 2 and p0
 > 17. As before, we have 13jn, 

while p0 ^ 37. For if p0 = 29, it would follow from Remark 4 that 5|n 
which is impossible. From (2.1) and Remarks 1, 2, 3, we have 

log 2 > ] T i - J - log (1 - 1/3) + log (1 - 1/33) - ± 

- log (1 - 1/13) + log (1 - 1/133) - l/2(37)2 . 

Therefore, 

£ I < I + T3 + 2758 + l 0 g ( 7 8 / 6 1 ) < 3 + A + 17 + l o g (37349/30941) . 
p|n 
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Finally, suppose that a4 > 4. Since p0 ^ 13, we have -l/2pj; ^ 
-1/338. From (2.1) and Remarks 1, 2, 3, it follows that 

log 2 > 2 } - I " loS (1 - ^3) + l 0 S t 1 " */35> ~ 35s 
pjn 

Therefore, 

2Z | < 3 + ms + l 0g <162/121> < J + JS + T7 + l o S (37349/30941) 

This completes the discussion of the upper bound for this case. 

3. THE LOWER BOUNDS 

In this section, we change our notation and write simply 

a l a 2 \ 
n = p l p2 ' ' ' pk > 

where Pi < p2 < • • • < p^- We first establish two lemmas. 
Lemma 1. If 

a l a 2 \ 
n = P l P2 — P k 

is an odd perfect number and q is a prime such that p N < q ^ PM+I> t n e n 

N / N v 

iog2< logjnp.A^ -i)} +q iog 5 4 T (25-S5 : ) • 
j=l \p|n 3=1 V 

Proof. From (2.0), it follows that 
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2 < 0 (1 - 1 / p r 1 . 

Taking logarithms, we have 

N k oo 

log 2 < log n P, /(P, - i) + 5 ] E 1/iPi 
J= l ]=N+1 i = l 

N k oo 

= log P j / ( P . - i + £ 2 i/a^q1"1) 
3=1 J=N+1 i = l 

N k oo 

= log ri P, / (P 1 » i ) + Ya i: S q/ iq i 
' 3 3 

L 

N 

3=1 j=N+l 3 i=l 

N / N \ 

= log n PJApr i) +qiog-fT(x;j-E5:) 
J=l \p|n j=l V 

The necessary modifications in both the statement and proof of this 
lemma in case q S p- or p, < q are obvious and are therefore omitted. 

Lemma 2. The function f(x) = x log x/(x - 1) is monotonic decreas-
ing on the interval [2,oo) . 

Proof, We easily verify that 

Since log (1 + z) < z if 0 < z g 1, we see immediately that f?(x) < 0 if 
x > 2, 

We are now prepared to prove the lower bounds for 

T.-
JU p 
pjn 
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stated in Theorem 1. We shall defer the proof of (C) until last since it differs 
in spirit from the others. 

From Lemma 19 we have 

™ E ^ E E : 
N log | 2 n (p. - D/p. J 

p ^ P j t JPJ qlog{q/(q- D } 

while from Lemma 2 it follows easily that if s is a prime such that s < q 
then 

(3.i) i + - ^ 4 ( s
y 7 1)/sl < o . 

s q l o g | q / ( q - 1)} 

If n = 12t + 1 and 51n9 then pA = 5. If r is the greatest prime less 
than q then it follows from (3.0) and (3.1) that 

w S^EJ + 
p n 

log J 2 n (P - D/P 
I P=5 

f^ P qlog{q/(q - 1) } 

An hour's work on a desk calculator shows that the right-hand member of 
(3e2) is maximal for q = 239 r = 19, This completes the proof for this 
case. We remark that the lower bound for (A) established in [5] is (3.2) with 
q = 11, r = 7. 

If n = 12t + 1 and 5|ns then p1 ^ 7. With r defined as before9 it 
follows from "(3.0) and (3.1) that 

r log } 2 n (p - D/p 
<3.3, £ i > • £ A • _ L _ E 2 

P | » P £ P <H°S|V(q-W| 
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Some rather tedious calculations verify that the right-hand member of (3.3) 
is maximal for q = 61, r = 59. The lower bound for (B) established in [5] 
is (3.3) with q = 11, r = 7. 

If n = 36t + 9 and 3J[n9 then pj = 3 and p2 = 7. With r defined 
as before, we have from (3.0) and (3.1), 

<«> xk'Zk !

r * 
2 n (P - i ) /p 

P=7 

frj p t ^ + *y°*wi*-»\ 
where the asterisk indicates that the prime 5 is to be omitted from consider-
ation. A few minutes of calculation verifies that the right-hand member of 
(3.4) is maximal for q = 13, r = 11. The lower bound for (D) established 
in [5] is (3.4) with q = 7, r = 3. 

Now suppose that n = 36t + 9 and 5|n. Then 7|n by a result of 
Kuhnel [2]. We consider three mutually exclusive and exhaustive possibilities. 

If either 11 or 13 divides n, then 

V i > i + 1
+ i > i + I + l i log (256/255) 

Z-^p 3 5 13 3 5 1 7 257 fog (257/256) " 
p|n 

If neither 11 nor 13 divides n but 17(n, then p3 = 17 and either 
(i) P4 < 251, or (ii) p4

 > 251. In case (i), we have 

V i > i + i + i - + J L > ± + i + . L + log (256/255) 
L*t p 3 5 17 251 3 5 17 257 log (257/256) 
p|n 

In case (ii), if we take q = 257 in (3.0), we have 

E l s 1 , 1 , 1 , log (256/255) 
p 3 5 17 257 log (257/256) • 

p|n 
[Continued on p. 374. ] 


