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Define 

A = 4 u ( a u - 1) and B„ = 4 u < a u + D » 
u ^ u & 

where a f 0 is a positive rational integer. 
In this paper, we discuss 

A + A = A, , B + B = B, , A A = A, and B B = B. , u v k u v k ' u v k u v k 

where the suffixes (u, v, k) are positive rational integers. In particular, 
we shall, for the first time, finally settle the question, and prove that if one 
solution of 

^u(au ± l ) |v(v ± 1) = - |Mk ± 1) 

exists for integral u, v, k, then an infinite number of other such solutions 
also exist. 

Theorem 1. If a. is an odd integer, then the suffixes are integers in 

(2 ) A-f (a2q2+(2a-l)q+2) = Aaq+1 + A-l(a2q2+2aq-q) ' 

and 

B-±(a2q2+(2a+l)q+2) B-f (a2q2+2aq+q) + aq+1 ' 

where q = 0 , 1 , 2 , • • • . 
Proofc The proof is immediate, using elementary algebra to show 

identities. 
Theorem 2. If 

(3) n = 4(a4q2 + (2a - l)aq + 2), m = a2q + 1, 
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and 

w = (a(n2 + 1) - (n - 1) )/2a , 

then 

A = A - + A = A - A .., (with q = 0, 1, 2, •••) , n n-1 m w w-1 H 

where the suffixes are integers when a is an odd integer. 
Proof. In (2), we replace q with aq and then solve for w in 

A = ±a(n - 1) = |-(2aw - a - 1) = A - A - . n 2 2 w w-1 

We complete the proof by observing that w and n are integers when a. is 
odd. 

In the same way we got (3), we get the following: 
Corollary. If 

n = -f (a4q2 + (2a + l)aq + 2), m = a2q + 1, and w = (a(n2 + 1) + n - l) /2a , 

then 

B = B 1 + B = B - B - , (with q = 0, 1, 2, • • •) , n n-1 m w w-1 

where the suffixes are integers when a is an odd integer. 
Remark. It should be noted that R. T. Hansen, in a recent paper [ 1 ] , 

found solutions for the special case when a = 3 in (2), for the A sum, and 
in (3). 

We now discuss the paired products in the following: 

A A = A. and B B = B, , 
u v k u v k 

for integer suffixes (u, v, k). 

Theorem 3. If a is an odd integer, the Pell equation, 
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(4) K2 = 8ap2 + 8a + 1 

i s solvable in ra t ional in tege r s 9 and K + 1 and 2p2 + 1 = 0 (mod a ) , then 

in A A = A. , the suffixes (u, v$ k) a r e the following in tegers 

k = (2p2 + l)(2p3 + 2p2 + 2p + l ) / a , 

u = (2p2 + l)(2p2 + 2p + l ) / a , 
(4.1) 

and 

i 
v = (K + l ) / 2 a = (1 + (8ap2 + 8a + l ) T ) / 2 a . 

Proof. It i s evident (by e lementa ry means) that the ident i t ies in (4.1) 

balance the equation A A = A. . We complete the proof by noting that the 

congruences a r e self-evident in (4.1). 

Theorem 4. If a is an odd in teger , the Pe l l equation 

(5) K = 8ap2 + 8a + 1 

i s solvable in rat ional i n t e g e r s , and K - 1 and 4p2 + 3 = 0 (mod a) , then 

in B B = B. , the suffixes (u, v9 k) a r e the following in tegers 

k = (4p2 + 3)(4p5 + 4p4 + 5p3 + 3p2 + p ) / a , 

u = (4p2 + 3)(4p4 + 4p3 + 3p2 + p ) / a , 

(5.1) 

and 

v = (K - l ) / 2 a = (1 + (8ap2 + 8a + I)2 ) /2a . 

Proof. It i s evident (by e lementa ry means) that the ident i t ies in (5.1) 

balance the equation B B = B, . The congruences in (5.1) of a a r e self-
U V J£ 

evident. 

E u l e r [2 ] proved that if 
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(6) y2 - Ax2 = B 

i s solvable in i n t e g e r s , i t s solution r educes to the integrat ion of the equation 

y t + 2 - 2 m y t + 1 = 0 

in finite d i f ferences , the in tegral being 

y = (r + s ) / 2 , x = (r - s ) / (2(AF) , 

where 

r = (Y + X(A)^)(m + ntA)^)2 5"1, s = (Y - X(A)T)(m - n l A ) ^ ) 2 " 1 , 

Y ,X being the l eas t integral solutions of Y2 - AX2 = B , and m , n being 

the l ea s t integral solutions of m 2 - An2 = 1. This i s E u l e r f s theorem in 

changed notation. 

Theorem 5. If a i s an odd p r i m e , 

(7) K t , P t (t = 1, 2 , 3 , - . . ) 

a r e in teger solutions (where Kl 9 PA a r e the l e a s t in teger solutions) of 

</)(t) = K2 = 8 a P 2 + 8a + 1, 

and if the re ex i s t s a K. and a P . which a r e the l e a s t in teger solutions of 
3 j 9 

</)(t) such that K. + 1 = 0 (mod a) and 2P2 = - 1 (mod a ) , then the number 
of solutions of A A = A, a r e infinite for the following in teger suffixes u v k & & 
(u, v , k): 

k = (2P2 + 1)(2P? + 2P2 + 2P . + l ) / a , l i i l ' 

(7.1) 

u = (2P? + 1)(2P2 + 2P . + l ) / a , 

and 

v = OK. + l ) / 2 a = (1 + (8aP2 + 8a + l ) 2 ) / 2 a , 
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where i = j + w(a - l ) a (w = 0S l g 2 , •- e ) . 

ProoL Since K. , P . a r e i n t e g e r s , K. + 1 = 0 (mod a) and 2P? + 1 = 
— J J J J 

0 (mod a ) , then combining (7.1) with (4.1), it i s evident that the u, v, k in 
(7.1) a r e in t ege r s . 

Now j combining (6) with the equation 0(j) in (7), we wr i t e 

(K. + P.(8a)^)(m + n(8a)^)w a ( a™1 ) = K , -v^. + P . ^ . ( S a ) 2 " , 3 J wa(a- l )+] wa(a- l )+ j x 

(K. - P . (8aF) (m - n(SsF) R[ } = K , 1 U . - P , - .^-(Sa)2 , j J wa(a~l)+j wa(a- l )+ j x 

where a is an odd p r i m e and w = 0 s l 5 2 , a 8 O o 

In (6)3 it i s evident that (m,a) = 1, and s ince a i s an odd p r i m e 9 we 

have , by Fe rma t 1 s fami l ia r theorem (m, a a r e in tege r s with a an odd p r i m e , 
a -1 

(m, n) = 1, then m = 1 (mod a) ) 

(m ± n ( 8 a F ) w a ( a " 1 ) = 1 (mod a) , 

which leads to (in (8)), 

K. = K , ^Xx. (mod a) and P . = P , 1 U . , j wa(a- l )+] j wa(a~l)+j 

and we complete the proof by noting that these congruences satisfy the con-

dit ions of Theorem 5. 
Coro l l a ry 1. In (7), it i s a lmost immedia te that 

(9) 1 < j < a(a - 1) 

Since9 if j = sa(a - 1) + d (where 1 = d = a (a - 1) and a = 05 1, 2 , • • • ) , 

it i s evident that 

K / - v ,. = K / 1 W , \ , , = K , (mod a ) , wa(a- l )+j a(a-l)(w+s)+d d 

and 

P , -v , . = P / 1 W , \ , J = P J (mod a) wa(a- l )+j a(a-l)(w+s)+d d N 
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Corollary 2. If a is an odd prime, and 

K . - I s 0 (mod a) and 4P2 + 3 = 0 (mod a) , 

then the number of solutions of B B = B, are infinite for the following 
integer suffixes (u, v, k): 

k = (4P2 + 3)(4PJ| + 4Pi + 5Pj + 3 P | + P i ) / a , 

u = (4P* + 3)(4Pj + 4Pi + 3Pi + P ^ / a , 

and 

where 

and 

i 
v = (K. - l)/2a = (1 + (8aPi + 8a + l)T)/2a , 

i = j + wa(a - 1) (w = 0, 1, 2, • ••) , 

1 < j < a(a - 1) . 

We shall give one application in pentagonal numbers for infinite paired 
products in (7-7.1). 

In (7-7.1), let a - 3, then 

K2 = 24P2 + 25 and m2 = 24n2 + 1, 

where the first solutions are 

Kj = 7, Pj = 1, and m = 5, n = 1 . 

We then find that j = 4 and 6, so that i = 6w + 4 and 6w + 6, and we write 

(7 + (24)*)<5 + (24)^)6w+3 = (K4 + P4(24)^)(5 + (24)*)6w = K g w + 4 + P6 w + 4(24)*= r , 
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and 

( 7 - (24)*)(5- ( 2 4 ) * ) 6 w + 3 = (K4 - P4(24)*)(5- (24)*)6 w = K g w + 4 - P 6 w + 4 ( 2 4 ) * = s , 

so that (r + s ) /2 = Kfi + 4 and (r - s ) /2 = P g + 4 , In the same way, we 

find (r + s ) /2 = Kfi fi and (r - s ) /2 = P g . Then combining these r e -

sul ts with (6) and (7.1) 5 we conclude our application. 
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[Continued from page 475. ] 

4). Hence, if odd p r i m e p divides F 2 - 1 ? then p i s not of the form 4s + 

3 , thus proving Conjecture 2 of Dmi t r i Thoro .* The proof by Leonard Wein-

stein** came to my attention a t a l a t e r t ime and i s d is t inct f rom the above 

proof. 

* Dmi t r i T h o r o , "Two Fibonacci C o n j e c t u r e s , " Fibonacci Qua r t e r ly , Oct. 
1965, pp. 184-186. 

** Leonard Weinstein, " L e t t e r to the E d i t o r , " Fibonacci Quar t e r ly , Feb . 
1966, p . 88. ^ o - ^ o ^ 

ERRATA 

P l e a s e make the following co r rec t ions in ?Some Resul t s on Fibonacci 
Q u a t e r n i o n s , " Vol. 7, No. 2, pp. 201-210. 

Page 201 — The f i rs t displayed equation on the page should read: 
j2 = j2 = k2 = _ 1 ? y = _ji = k ; j k = _kj = i ; k i = _ i k = ^ 

Page 205 — Change the bracke ted p a r t of Eq. (27) to read : 

[ F r T 0 + F 2 r ( Q 0 " 3 k ) l • 
Page 208 — Change the f i rs t t e r m s of Eq. (74) to read: 

T F n+t n+r 


