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CONSIDERED AS A PISOT SEQUENCE®

MORRIS JACK DeLEON
Florida Atlantic University, Boca Raton, Florida

Charles Pisot [1] was the first to consider the sequence, {an}i=0, of

natural numbers determined from two natural numbers a, and a; such that
2 _<__ 21} < ai

(1) and

1 1
n

—_—— < - < =

an+2 an -2

for all n > 0. The Fibonacci numbers with the first two terms deleted sat-
isfy Eq. (1).

Peter Flor [2] called the sequences which satisfy (1) Pisot sequences

of the second kind. Flor also considered the sequence of natural numbers

determined from two natural numbers a, and a; such that

(2) and
2
a
_l < a - n+1 < l
2 — "n+2 a 2

for all n > 0. He called these sequences Pisot sequences of the first kind.

For a Pisot sequence of the first (second) kind a .o 18 simply the nearest

+2
integer to af1+1/an, where in case of ambiguity we choose the smaller

* This paper is taken from Chapter Four of the author's doctoral dissertation
at the Pennsylvania State University. The author would like to express his
gratitude to Research Professor S. Chowla, his advisor.
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(larger) integer. By Pisot sequence we shall mean a sequence that satisfies
(1) and (2).
By

(e]
{F, + k}n=no

we mean the sequence formed by adding k to each term of the sequence

{F)°
n=n,

where Fn is the nth Fibonacci number. In this paper necessary and suf-

ficient conditions for
{F_+ K
n n=n,

to be a Pisot sequence are given.
The main result is

Theorem. Let
o0
{Fn} n=1

be the Fibonacci sequence. The sequence

00
{Fn + 1} -

is a Pisot sequence of the first kind (second kind) iff ny > 6 (ng = 4). The

sequence

o0
{Fn -1 n=n,

is a Pisot sequence iff ny 2 7. The sequence {Fn} is a Pisot sequence of
the first kind (second kind) iff ng > 4 (g > 3). If |k| > 1 then there exists

no integer n, such that

o0
{Fn + k} e,
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is a Pisot sequence.

We shall need two lemmas in order to prove the theorem.

Lemma 1. Fn+2 - 2Fn+1 + Fn = Fn_2
Proof. Fn+2 - 2Fu+1 + Fn = (Fn+1 + Fn) - 2Fn+1 + Fn
= _Fn+1 * 2Fn = _(Fn * Fn—l) +2F )
=Fn - Fn—l = Fn_2 . H
- _ 2
Lemma 2. (Fn+2 + ﬁl-(an + k) (Fn+1 + k)
= (-1) + an_z .
_ 2
Proof. (Fn 9 + k) (Fn + 1;) (Fn + + k)
= (Fn+2Fn - Fn+1) * k(Fn+2 - 2Fn+1 * Fn)
A+l
(-1) + an_z .
The last equality is true since
_ ] - _ n+1
Fn+2 Fn Fn+1 (-1)

We are now able tobegin the proof of the theorem. From the definition

of a Pisot sequence and Lemma 2, we have that
{F, + k},.
n n=n,

is a Pisot sequence of the first kind iff

@) 2 < Fno +k < Fn0+1 + k

and

e 4\ +1

(iia) -(F +k =201 + an_Z] for all n 2 n,
s n+l

(iib) 2[(-1) + an_z] < LS k for all n 2 n, .

are satisfied. Also {F_+ k}‘oo is a Pisot sequence of the second kind iff
n n=n,
(i) and
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(iia)  -(F, +k) < 2[4 KF ] for all n > n,
GO Sl S S = P+ k forall n > np .
We shall first consider the case k = 1.
Fo+1=2F ,+F g+1>2F ,+1]2 2[F_, + ()™

iff n > 6. Thus (iib) is satisfied iff n > 6. Also,

_ N N _qyntl
Fo+1=2F ,+F o+122[F ,+1]2 2[F ,+ (1) ]

iff n > 4. Thus (iiib) is satisfied iff n = 4. Since
n+1
- > > >
2[ (-1) + Fn-z] >0 (Fn + 1) for all n = 3,

(iia) and (iiia) are satisfied for n > 3. It is clear that (i) is satisfied if ny 2
2. Thus

o0
{r, + 1}n=no

is a Pisot sequence of the first kind iff ny 2 6 and it is a Pisot sequence of
the second kind iff ny 2 4.
Next, we consider the case k = -1. If n = 6, both (iia) and (iiia) are

not satisfied. If n = 7, both (iia) and (iiia) are satisfied. Now

F -1=2F _+F _,-1>2[F

if n>
N h2 03 + 1] if n2 8.

n-2

n+1
_(Fn -1) < 2[-1 - Fn < 2[(-1) - F

—2] n-2 ]

if n > 8. Therefore, (iia) and (iiia) are satisfied iff n > 7. Since
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4 a1 < < -

2[(-1) - Fn_z] <0 Fo-1
if n Z 3, both (iib) and (iiib) are satisfied for n = 3. Itis clear that (i) is

satisfied for n = 4. Thus,
I n n=n,

is a Pisot sequence iff ny = 7.

Now we consider the case k = 0. It is clear that (i) is satisfied iff
n 2 3. Both (iia) and (iiia) are satisfied for n > 3. Also (iiib) is satisfied
for n 2 3, but (iib) is satisfied iff n > 4. Thus

{F, )

n=n,
is a Pisot sequence of the first kind iff ny, =2 4, and

0
{F,}
n=ng,
is a Pisot sequence of the second kind iff ny 2 3.
We shall show that if lk| > 1, then there exists no integer ny such
that

0
{Fn * k}n=n0

is a Pisot sequence. This will be accomplished by showing that (iia) or (iiia)
implies that k > -2 and that (iib) or (iiib) implies that 2 < k.
Dividing (iia) by Fn—Z yields that

Fn . Fn-l k o 2(_1)n+1

Fn—l Fn—Z Fn—Z Fn—Z

+ 2k

for n 2 ng After taking the limit of both sides as n — « and remembering
that
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F
. +1 _ 1 +/5
lim — = < 2
n—o F 2

we have that

Thus
-2 < k.

In a similar manner, one can show that (iib) or (iiib) implies that k <
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FALL RESEARCH CONFERENCE
St. Mary's College, Saturday, October 17, 1970

9:15 Registration

10:00—10:50 — Combinatorial Problems Leading to Generalized Fibonacci
Numbers. Verner E. Hoggatt, Jr., San Jose State College

11:00—11:50 — How Fibonacci Numbers Helped Solve Hilbert's Tenth Problem
Professor Julia Robinson, University of California, Berkeley

1:30—2:20 — Explicit Determination of Perron Matrices. Professor Helmut
Hasse, Visiting Lecturer, San Diego State College

2:30—-3:20 — Asymptotic Fibonacci Ratios. Brother Alfred Brousseau, St.
Mary's College

3:30—4:00 — TFibonacci Correlations in Bishop Pine. Brother Alfred

Brousseau, St. Mary's College.
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