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The purpose of this article is to show that Fibonacci numbers can be 
derived by enumerating the number of different routes of a rook from one 
corner of a chessboard to the opposite corner when the moves of the rook are 
limited by restrictive fences. 

Consider the chessboard array of binomial coefficients orfigurate num-
bers in Figo 1. It is well known that the number in any square or cell repre-
sents the number of different routes of a rook from the upper left corner to 
that cell, provided that the rook moves are either horizontal to the right or 
vertically downward.,* 
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Fig* lo Number of Rook Paths from Corner of Chessboard 

Figure 2 shows the same chessboard array in standard combinatorial 
notation: 

( k ) = W k M h - k ) ! = ( h
h _ k ) • 

*EdouardLucas, Theorie des Nombres, Par i s , 1891, page 83. 
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Fig. 2. Rook Pa ths in Combinator ial Notation 

F igure 3 shows a chessboard a r r a y where the moves of a rook a r e 

l imi ted by the indicated pa t t e rn of horizontal and ver t i ca l r e s t r i c t i v e fences. 
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Fig . 3 Rook Pa ths Limi ted by Res t r ic t ive Fences 

The a r r a y begins with number one in the top left corner* Inasmuch a s the 

number in any cell i s the sum of the numbers immedia te ly above it and to the 

left of it5 the pa t te rn of r e s t r i c t i v e fences r e su l t s in the en t i re a r r a y being 

composed of Fibonacci n u m b e r s . 
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Figure 4 shows the chessboard with the same pattern of fences as in 
Fig. 3, but with the numbers in the Fibonacci notation where F0 = Ft = 1; 
F2 = 2; F3 = 3; and, in general, F. 
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Fig. 4. Limited Rook Paths in Fibonacci Notation 
Comparing Fig. 4 with Fig. 2, it is noted that F0 corresponds to ( n J 

Il4t\ 
and Fj4 corresponds to 1 7 J. Comparing Fig. 3 with Fig. 1, we see that 
the number of Fibonacci rook paths from corner to corner is 610, whereas 
the number of unrestricted paths is 3432. The difference of 2822 must be the 
number of routes which are eliminated because of the restrictive fences. This 
can be verified by tabulating the effect of each restrictive fence as in the an-
alysis on the following page. 

To generalize, in a chessboard of (n + I)2 cells, the number of unre-
stricted rook paths from corner to corner is ( J , the number of Fibonacci 
rook paths is F 2 , and the number of paths that are eliminated by the pat-
tern of horizontal and vertical fences is 

(?) 2n * . ( 2 \ - 2 ) • ' . ( " % - 3 ) 

+ F 2n-6 

+ F 

(4s) 

Jt) 

+ 
+ F 2n-5 (S) 
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ANALYSIS OF ELIMINATED ROOK PATHS 
B 
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Cells with horizontal 
fences 

Fo 

F2 

F4 

F e 

F8 

F10 

= 

= 

= 

= 

= 

= 

1 

2 

5 

13 

34 

89 

Cells with vertical 
fences 

Fi 

F3 

F 5 

F 7 

F9 

= 

= 

= 

= 

= 

1 

3 

8 

21 

55 

A x B 
Number of unrestricted 
rook paths from fence 
to lower right corner 

ra 
ra G) 
(t) 
it) 

to
 

to
 

= 792 

= 210 

= 56 

= 15 

4 

1 

Number of paths 
eliminated by 
fences 

792 

420 

280 

195 

136 

89 

Subtotal 

Total number of unrestricted paths •ft 

1912 

(?) - ™» 
( ! ) • " 

(I) • » 
( a • • 
( ! ) - * 

l iminated paths 

Ibonacc i p a t h s , 

Subtotal 

F ^ 

330 

262 

168 

105 

55 

910 

2822 
610 

3432 


