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for all complex numbers x and all positive integers r. It is well known
that
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and that for everynon-negative integer d there exist integers s d
such that
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holds for all x. (The s dj

kind.) Using (1) and (2), one obtains the summation formulas

d d d d _ n+1 n+1 n+1
() 07+17 4274 nn = st( 1 >+Sd1< 2 ) et Sy (d+1)'

This paper presents alternates for (2) and (3) in which the s dj are re-

are related to the Stirling numbers of the second

placed by coefficients having symmetry properties and other advantages. Part
n

of the work generalizes with the help of Dov Jarden's results from the T

to generalized binomial coefficients.
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Using the well known

()« (30 - G13)

one easily proves

@ (2= (OC)-O ) ()

by mathematical induction. Then (2) and (4) implythat for everynon-negative

integer d there exist integers a,. such that

dj

d _ X X + 1 X +d
(5) X —SdO(d)+ad1(d>+ +add<d>'

From (1) and (5), one now obtains

d d d _ % + 1 X+2 +d+1
6) 07 +17+eeednt = ag, <d+1) tagg <d+1> et agg (Xd+1)

For example,

2 _ (X x + 1 3=(x x + 1 X + 2
X <2>+(2), X 3 + 4 3 + 3 s
4 - (X x + 1 X + 2 X+ 3
X (4)+11<4>+11(4 + 4 )
5 - X x +1 X + 2 X+ 3 X + 4
b:< (5)+26( 5>+66(5 + 26 5 + 5 )
02+12+22+u--+n2=(lﬂ+1 + (012
\ 3 3
and
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The listed cases of (5) suggest that the following may be true:

(7) agq = ©

®) 20 = 1 = 8g,4-1

) 5 = %d,d-1-

(10) 240 + a1 + e + ad,d—l = 12:3c¢od = d!

Successively letting x be 0, -1, 1, -2, 2, ==+ in (5) establishes (7), (8),
and (with the help of mathematical induction) the symmetry formula (9). These
substitutions also prove that the a dj are unique. One obtains (10) from

e N (R CNr

im [ + 2% 4 s ndym®H
n — oo

= [agg ¥ 2gy T F ad,d—l] /@ + 1)t

A recursion formula for the a g is derived as follows:

% X j) L aH
=t Fa+1,5 \d + 1
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_%31 —(d+1)5{+j r@-gp (T
~j=0 adj_ (d+l> R W

1 .

= X +] S (x+i+l . +j
- T (i Y) u-a (3 e )]
d-1 d-1

= X+j+1
~jg(:)a‘ciJGJ'l)(d 1)+J§Oad (d'3)<d+1)
_d_l (X d q % + k
‘J.Z:ad(“)cul +1§13d,k1( E+D g+ 1

d-1 .
— X . s X + ]
= 240 (d + 1) 2 [0+ Dag +@d-j+Day ;] (d + 1)
x +d
*a4,d-1 (d + 1) .

This and uniqueness of the adj imply that for j =1, 2, ***, d-1 onehas

(11) ad+1,j = (G + l)adj +(d -+ l)ad,j-—l .

Using 230 = 1 and(11)gives us A441,1 Zadl +d. Let E bethe operator

Then E - z)adl =d and

on functions of d such that Eyd = V41t

(E2—2E+1)(E—2)ad1=(d+2)—2.(d+1)+d=0.

It follows from the theory of linear homogeneous difference equations with

constant coefficients that there are constants eg, ey, and e; such that

+e1d+e -Zd for d=1,2,3,° "

a1 T %o 2
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Using the known values of aj;, 235, and ag; one solves for eg, e;, and e,
and thus shows that a a1 = Zd -d- 1. Similarly, one sees that

E - 1°E - 2)%E S)adz 0
and hence that there are constants fi such that
d

age = (B + £d + £,0) + (& + £, )29 + £ . 3

Determining the fi’ one finds that

R | d+ 1) .d d+1)
adz—3—<1)2+(2 .

Now (or after additional cases) one conjectures that

j
_ k.. dfd +1
(12) 24 —kZ:ZO(—l) G+1-Kk ( v )

Because of the symmetry formula (9), we know that (12) is equivalent to

d-j-1

_ koo o dfd+1
(13) adj-k‘éo (-1)"d -j - k) (k)

Substituting (13) into (5) gives us

d-1(  d-j-1 :
ag - ]};6{[ > 0@ - j - k)d(d ; 1)](" 1 3)} :

Since the a dj that satisfy (5) are unique, one can prove (13) and (12) by show-

ing that (14) is an identity in x. Since both sides of (14) are polynomials in
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x of degree d, it suffices to verify (14) for the d +1 values x = 0, 1,

+++,d. For such an x, (14) becomes

d x-1 q%r . d - s
(15) x =xd+§:{r Z(—l)J( ;1)(x+ 4 J)}

r=1 j=0
Since (g) =0 for h=0,1,°"*,d-1, one has
X-T . . d+1 .
~ jfd+1) [x+d-r-j) _ jd+1yfx+d -r - j
(16) J_Zé -1) ( i ) ( d j}zf(,) S d

The right side sum in (16) is zero since it isa (d + 1)St difference of a poly-
nomial of degree d. Hence (15) becomes the tautology xd = xd. This estab-
lishes (13) and (12).

We next apply some of the above material to convolution formulas. It
is well known (and easily shown by Maclaurin's expansion or Newton's binom-

ial expansion) that

(17) (l—X)_d_1 = (g)-k (dgl)x+ (igz)xz+--- for -1 <x<1.

Using (5) and (17), we obtain

-d-1_ 1d+2dx+3dx2+- .

d-1
(18) (ad,d_l+ad’d_2x+---+ad,0x Y(1-x)
lx‘ <1.

Now let

_ d-1 _ d-1
(19) pd,x) = ad,o +ad’1x+ +ad’d_1x _ad,d-1+ad,d-2+ +ad,OX .

Then (18) can be rewritten as
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(20) p@x - 0% = T+ s, k] <1,
§=0

Also let

= - d+e-2
(21) p@.x)plex) =aldex) =cg  g+eq o XFeee+Cq g0 o .

Then
d e
(22) > km - k)

is the coefficient of X" in the Maclaurin expansion of
a@,e,x)(1 - x 42,

i.e., (22) is equal to

d+e-2

n+1+]j
(23) 3};’ Cd,e, ] (d te 1)

For example, since p(3,x) = 1 +4x +x%, and p(2,x) = 1 +x, we have

a(3,2,x) = (1 +4x +x2)(1 +x) = 1 + 5x + 5x2 + X3,

and it follows from the equality of (22) and (23) that

n ,
k=Okg(n—l&)z = (ngl) +5(ngz) +5(n-g3) + (HELL)
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We note that the recursion formula (11) for the a dj can alsobe derived from

(20) using

(24) d[xp@, 0@ - 0™ /ax = p@ + 1,00 - 02,

Next we turn to generalizations of (5) and (12) in which the sequence

0, 1, 2, 3, +++ is replaced by any sequence Uj, Uy, Uy, U, * -+ satisfying

(25) Uy =0, Uy =1, U, =gU, -hU for n=0,1,2 -,
and h? = 1 .

The following table indicates some of the well-known sequences that are in-

cluded for special values of g and h:

g h Sequence

2 1 Natural Numbers: Un =n
1 -1 Fibonacci Numbers: Un = Fn
2 -1k Pell Numbers: Un = P][1
L | D Up = Fiy /Fk

A key formula for the generalized sequence U, is the addition formula

U2Um+n+2 = UpeaUnaa - UmUn ’
which is established by double induction using (25) and verification for the four
cases in which (m,n) is (0,0), (0,1), (1,0), and (1,1).
We now assume that (g,h) is not (1,1) in (25); then (25) is ordinary
in the sense of Torretto-Fuchs (see [1]) and so Un #0 for n> 0. Then

we use the Torretto-Fuchs notation

ol = r T O O for r=1, 2, =-*

[n 1 [n] _ ;mUn—l e Un-r+1
=1, =
172 r
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for Dov Jarden's generalized binomials. Jarden showed 2 that

d
(26) ‘Zi,‘l (1lpli-1/2 [d N 1] Z . =0,
j=0 J Il—]

if Zn is the term-by-term product of the nth terms of d sequences each
of which satisfies the recursion formula (25). The sequence Zn = [n] is

d
such a product, hence

d+1 r
hiG-1/2 fa -+ il n -3 _
@7) \j§=0: (-1)’n L i [ q 0 .

We are now in a position to give the following generalizations of (5) and (12):

d _ n+d-1 n +d - 2 n
(28) Un‘Bdo[ d ]+Bd1[ d ]“‘ +Bd,d—1[d]’

where

d-j-1

= 55 e n)/2 EH 1]

29) B =5 jtl-k k

dj

Formula (29) is established in the same fashion as for formula (12), with the
vanishing of the sums of (16) replaced by (27).

We do not generalize the summation formula (6) since we are not able
to give a generalization of formula (1). However, we do present the following

summation formulas involving the generalized sequence Un :

2 2 2
(30) Uy + Uy +eee #0, = (U + U - U7)/U,
(31) UgUg + UgUg #2000 + U g = U U 9 Uonig / Uy
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2 2 2 _ 2
(32) U0, + U0, + .- +U U, = UiUn+1/U2 .

These formulas are easily probed by mathematical induction using the follow-

ing special cases of the above addition formula:

(33) Un+2 -0, = U2U2n+2

(34) U ,U U U = U2U

n+2 - 2n+3 = “n 2n+1 3n+3

The special case of (31) in which U =F, isRecke's problem [3]which

brought to mind the well-known formula
(35) 12 + 22 + 3 ++e0 +n2 = pn(n + 1)@n + 1)/6 .

These two special cases inspired the generalization (31). Then (32) was ob-

tained as a generalization of the well-known
(36) 13+ 2% + 3 + ... +n8 = n2(n + 1)2/2.

The proofs of (31) and (32) produced (33) as a byproduct; then (30) follows

readily using the telescoping sum

n n
- 2 g 2 R
2o [UaUs] g;:o [Uir1 = Uka) = Upoa + Up - U1 -

Some special cases of (28) and a special case of (33) above were proposed by
one of the authors [4].

Formulas (5), (11), and (13) go back to J. Worpitzky and G. Frobenius
(see [5] and [6]). These have been generalized in a different manner from

our formulas (28) and (29) by L. Carlitz [7].
[Continued on page 73. ]



