REDUCTION FORMULAS FOR FIBONACCI SUMMATIONS
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Duke University, Durham, North Carolina
1. INTRODUCTION

In a recent paper [1], Brother Alfred Brousseau has obtained a chain

of formulas of the following kind.
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As an application he has computed the value of the sum
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to twenty-five decimal places. It does not seem to be known whether the sum

S is a rational number.
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the above special results suggest that generally

1.1 Ske1 = A T RS

where s bk are rational numbers. We shall show below that this is indeed
true and moreover we shall obtain explicit formulas for a4y bk' Also we ob-

tain explicit formulas for the sum

k(n-1)
Z: (1) =
T — k =1, 2, 3, ) .

n n+l n+2k——1

Indeed we shall prove these results in a somewhat more general setting.

In place of the Fibonacci numbers Fn we take the numbers u, defined by

uy = 0, uy = 1, un+1 = (a+ﬁ)un - aﬁun—l nh=1,2,3,"°),

where o, are distinct, and consider the sums
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We show that
1.2 -
(1.2) Ue+1 I

where Cps dk are rational functions of «,B that are determined explicitly.
As for Tk’ we show that

= ¢! 4+ —
TKC+OZ’

where ci{, di{ are rational functions of «,B that are determined explicitly.
Also it is assumed, in order to assure convergence, that
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lel = ll, fe] = 1.

2, SOME PRELIMINARY RESULTS

To begin with, let o,B denote indeterminates and put

n n
= ad — B = I
(2.1) un m— ) Vn o + Bn o
Then, of course,
Yner @+ flu, - aBu, 4

(2.2)

Vn+1 (o + B)Vn - aBVn

Next define

(2.3) (W = 1, (W, = uty--- uy
and
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1t follows from the definition that

3n : 1§ _ ak%ﬁ} . 6n—k+1$k "
_ ﬁkm +an—k+13k

=]
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(2.5)

1B
=
———

Clearly w, Vs (u)n, E% are symmetric polynomials in a,f; thelast asser-
tion is a consequence of (2.5).
Let
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Then, by (2.5),
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Similarly,
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and so

k+1 -k

(2.9) Rzk+1(x) = (a-a Bx) RZK(X) .

Combining (2.8) and (2.9) we get

-k+1, k-1

(210) B, (0 = (@f) T - 5085 - R, =)

2k~2

and therefore
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211 By = @) TEEDTTE™ - Pl - oy
. ]=1
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with sz—l defined by (2.1).

The recurrence (2.10) can be generalized in the following way. Let

§ = (X(): X]_’ Xzs "')
denote an arbitrary sequence and define
2k %_
- jy2k j(+1)-jk
Ry = D (1) 3 ; s(am X -
i=0
Then, exactly as above, we have

2k-2
(2.12) R, (&) = @) Z (_1)1‘32jk§(aﬁy}j(j+1)—j(k-1)
=0

k-1 k
o [(aﬁ) xj - VZK—-].Xj—I-l + (aB) Xj+2] .

It follows from (2.12) that

(2,19 Ry p(®) - Ry (6)
2k s
_ Sjlek) AiGrn-ik -k
- Z -1 gj saﬁzﬂ : [“(0‘3) Vok+1%5+1 © aBXj+2]
=0

3. A SECOND PROOF OF EQ. (2.11)

It may be of interest to show that (2.11) can be obtained from a known
result. We recall that
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k
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where
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Replacing q by Q/B .
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Thus (2.1) becomes

sz'jk
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R | 0|(BJ—aJX) =

= "

J

In particular, if k is replaced by 2k, we get

2k
2k-1 ., . . s f(511) 04
a2 FEEVTT 1 @ -y = 2:(_1)132;<§j3(3—1)ﬁ3(3+1) 2k
= -
J

1

Now replace x by o -k ﬁkx and (3.2) becomes
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so that
2k-1 . .
Ry = D TT ] - o075k
(3.3) !
2k-1
_ T-(-!' a - —-k+1 k—-] x) = T—(l k _]+1 kx) .
]::

at the last step we have replaced j by 2k - j.

Now on the other hand,
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Substitution in (3.3) gives

k . . . .
Ry ) = () TEEDTT @ - gl - ol
i1

which is the first of (2.11).

4. THE MAIN RESULTS

We consider next the expansion into partial fractions of
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A,
(4.1) X _ A
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where Aj is independent of x, We find that

- (oD -ik
(4.2) @- pPa; = 1) “"‘fl’ _ ,
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where, as above,
n j _ j
(u)n = ajz - g °
=1
Thus we have the identity
2k _k
(4.3) Lt K 2K
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For x = a_nﬁn, the left member of (4.3) becomes

n(k+1)ﬂnk

o0 0 ?
a-p Unn+1 Un+2k

while the right member becomes

Z “ 1)]{21{\! (Q’B )‘}J(J"'l) -jk
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0 @ - P
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We have therefore the identity

(4.4) ()™ z( 1)132;|$ (ozﬁ)%](”l)']_k
U1 *° Upaok (u)Zk o g0t
Now put
” nk
= ((Yﬂ) = eoe
(4.5) Ug = Zunuml T k=0,1,2, )
n=1

and in particular, for k =

o0
2 : 1
(4.6) -u— .
n=1
To assure convergence, we assume that

lof =18l o] =1

Then, by (4.4) and (4.5),
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The coefficient on the right is equal to

2k

( ) E (- 1)]32k$( B)Z J(J"’l)—Jk
u,
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1l

1
S, (1)
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We have therefore
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2k j
1 j {2k +5(+1)-jk 1
gy e
= n=

k 1 i
U g [(aﬁ)i’ - Vo ¥ (aB)]

(4.7)

More generally, if we put

s @ B)nk n+2k
(4.8) U (x) = E —
k =) UnUn+1 *7° Yok
and in particular, for k =
© n
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then as above,
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2k
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It follows from (4.10) that
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Z (aﬁ)kv2k+1x + af
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where

If we now apply (2.13) to azk(x) with

Ju on
(4.12) x, = x 9 x
j z : u

we get
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_ ekl oG+ -k
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Thus, by (4.12), (4.11) reduces to

2 (aﬁ)_kv2k+1x + of

Uok+1 M2k+2
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i)2k 7 j(j+1)-jk
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- 1 X 1
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In particular, for x = 1, (4.13) becomes
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-k
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5. APPLICATION TO FIBONACCI SUMMATIONS

(4.14)

We now consider the special case

(5.1) a+p =1, of = -1 .
Then
(5.2) un = Fnt) A Ln ?

the Fibonacci and Lucas numbers, respectively. Also Uk(x) becomes

o0
(5.5 Z (__1)nk Xn+2k

) Fn Fn+1 o Fn+2k
and in particular Uk becomes

o0
nk

(5.4) > e = (s,

n n+l n+2k

n=1

Formula (4.10) reduces to
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F n+1 Fn+2k (F)Zk j=1 2j-1 - Fn
n=1 n=1
{5.5)
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where now
nl _ FnFn—l'“ Fn—j+1
i FiFy oo Iy
and
(F)gy = FiFp o+ Fy .
In particular, for x = 1, -1, (5.5) reduces to
> nk k(k+1) k
> e - S T T
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For example,
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where

We note also that (4.14) yields

el B n+1 n-+2k+2 2k+1 2k+2
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=] o0
‘5"‘ -n* L1 1 1 97 97
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in agreement with the special results obtained in [1].

It should be observed that the formulas of this section depend essen-
tially on o = -1. Very similar results can be stated for o = 1. Thus,
in particular we can obtain results like the above for such sums as

EF

2n F2n+2 ©r Fonvax

and
Z F 3nF3n+3 " Faniek
6. SOME ADDITIONAL RESULTS
Returning to the general case, we shall now evaluate the sum
[=e]
nk
G T =) e (= 1,238 ")
=1 B n+1 n+2k-1

Multiplying (4.4) by (o8 "/ U olepe Ve get

u

(aB)n(kﬂ) E( 1)3 321{% (ozﬁ)%j(ﬁl) Jin
Tu)ZK

n'n+1 *7 " Unaktl Ui Ynak+1

g0 that
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k+1
3 e Z( 1) {2 D)
u u ee U (u)
=1 B n+l n+2k-+1 2k
(6.2) w y
Z @)™
=1 un+j “nt2kc+1
Now consider the sum
(=]
n
6.3) A = z (@)
r uu
o1 D onir
Since
_ n
Ynsr™n-1 7 YnYngre1 T (@B) Uy s
we have

n
u u u
n-1  "ndr-1 _ (@B) T
u, W u_u

n n+r

In this identity, take n = 1, 2, +++, N and sum. Then

N n N u u
u 2 : (@B) - n-1 n+r-1
T u u

u
n+r n
n=1 ° n=1

(6.4)

Since we have assumed that
[Continued on page 510. ]



