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Choice logic = Truth + Preferences



Choice logic = Classical Logic + Preferences

𝑎 ∨ 𝑏 ∨ 𝑐 ∧ ¬ 𝑎 ∨ 𝑏

𝐹 × 𝐺… 𝐹 or 𝐺, but preferably 𝐹  

𝑡 ∧ 𝑚 × 𝑎

𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑏



Hintikka‘s Semantic Game
• Game between two players, I

and You

• Played over interpretation
ℐ ⊆ Var and formula 𝐹

𝐹1 ∨ 𝐹2

𝐹1 ∧ 𝐹2

¬𝐺

𝑝

Proponent‘s choice: continue with 𝐹1 or with 𝐹2

Opponent‘s choice: continue with 𝐹1 or with 𝐹2

game continues with 𝐺 and a role switch

Proponent wins if 𝑝 ∈ ℐ
Opponent wins if 𝑝 ∉ ℐ 

𝐏: 𝑎 ∨ 𝑏 ∨ 𝑐 ∧ ¬ 𝑎 ∨ 𝑐  

𝐏: 𝑎 ∨ 𝑏 ∨ 𝑐 

𝐏: 𝑎 

𝐏: 𝑏 

𝐏: 𝑐 

𝐏: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑐 

Example: ℐ = 𝑏

I/You



Hintikka‘s Semantic Game
• Game between two players, I

and You

• Played over interpretation
ℐ ⊆ Var and formula 𝐹

𝐹1 ∨ 𝐹2

𝐹1 ∧ 𝐹2

¬𝐺

𝑝

Proponent‘s choice: continue with 𝐹1 or with 𝐹2

Opponent‘s choice: continue with 𝐹1 or with 𝐹2

game continues with 𝐺 and a role switch

Proponent wins if 𝑝 ∈ ℐ
Opponent wins if 𝑝 ∉ ℐ 

Theorem: I have a ws in Gℐ(𝐏: 𝐹) iff ℐ ⊨ 𝐹.

𝐏: 𝑎 ∨ 𝑏 ∨ 𝑐 ∧ ¬ 𝑎 ∨ 𝑐  

𝐏: 𝑎 ∨ 𝑏 ∨ 𝑐 

𝐏: 𝑎 

𝐏: 𝑏 

𝐏: 𝑐 

𝐏: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑐 

Example: ℐ = 𝑏

I/You



Semantic Game for Choice Logics
• Game between two players, I

and You

• Played over interpretation
ℐ ⊆ Var and formula 𝐹

𝐹1 × 𝐹2
Proponent‘s choice: continue with 𝐹1 or with 𝐹2

But: this player prefers 𝐹1

𝐏: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑏 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑏 

𝐏: 𝑐 

𝐏: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑐 

≫

≫

Example: ℐ = 𝑏

≫

I/You

→ Induces preference relation ≪ on outcomes

𝛿ℐ o P receives payoff 𝜋≪ 𝑜 if they win

P receives payoff − 𝜋≪ 𝑜 if they lose

→ Payoffs in domain 𝑍 = ℤ+ ∪ ℤ−

For an outcome 𝑜,  𝜋≪ 𝑜  denotes the length of the longest ≪-path starting in 𝑜

2

1

2

-1

-3
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and You
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≫

Example: ℐ = 𝑏

≫

I/You

→ Induces preference relation ≪ on outcomes
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Strategies, Value and Validity

𝐏: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑏 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑏 

𝐏: 𝑐 

𝐏: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑐 

≫

≫

Example: ℐ = 𝑏

≫

→ 2-strategy!

Example: ℐ = 𝑏

2

1

2

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑏 

𝐎: 𝑐 

𝐎: ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑐 

≪
≪ ≫

3

1

-2

-1

-2

I/You



Strategies, Value and Validity

𝐏: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑏 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑏 

𝐏: 𝑐 

𝐏: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑐 

≫

≫

Example: ℐ = 𝑏

≫

→ 2-strategy!

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑏 

𝐎: 𝑐 

𝐎: ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑐 

Example: ℐ = 𝑏

≪
≪ ≫
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2
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2
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-2

→ -2-strategy!

I/You



Strategies, Value and Validity

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑏 

𝐎: 𝑐 

𝐎: ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑐 

Example: ℐ = 𝑏

≪
≪ ≫

3

1

-2

→ -2-strategy!

𝑣ℐ(𝐐: 𝐹)

𝑣 𝐹 = min
ℐ

𝑣ℐ 𝐏: 𝐹

Value/degree of 𝐐: 𝐹 = The maximal 𝑘 such 

that I have a 𝑘-strategy in 𝐆ℐ(𝐐: 𝐹)

Degree of validity of 𝐹

Definition:

I/You



A Game for Validity



Provability Game

Idea: play over all models 
simultaneously

But: I can create back-up copies

→Game played over disjunctive 
states 𝐷 = 𝐐1: 𝐹1 …ڀ ڀ 𝐐𝑛: 𝐹𝑛

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎 × 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑐 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐷

𝐷 ڀ 𝐐𝑖: 𝐹𝑖  

𝛿 𝐷 = min
ℐ

max
𝑜∈𝐷

𝛿ℐ 𝑜

I choose 𝑖, game continues at 

𝐐1: 𝐹1 …ڀ ڀ 𝐐𝑖: 𝐹𝑖 …ڀ ڀ 𝐐𝑛: 𝐹𝑛 

I/You move to 𝐐𝑖
′: 𝐹𝑖

′, according to rules of 

semantic game. New state is 

𝐐1: 𝐹1 …ڀ ڀ 𝐐𝑖
′: 𝐹𝑖

′ …ڀ ڀ 𝐐𝑛: 𝐹𝑛

I/You

I choose 𝑖, game continues at 

𝐷 ڀ 𝐐𝑖: 𝐹𝑖

or 



Provability Game
𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎 × 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑐 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

→ -2-strategy!

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 

𝐎: 𝑎 

𝐎: 𝑏 

𝐎: 𝑐 

𝐎: ¬ 𝑎 × 𝑐  

𝐏: 𝑎 × 𝑐 

𝐏: 𝑎 

𝐏: 𝑐 

≪
≪ ≫ -2-2

-1
Minimal payoff for ℐ = 𝑏

𝛿 𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 = min
ℐ

max 𝛿ℐ 𝐎: 𝑏 , 𝛿ℐ 𝐏: 𝑎 , 𝛿ℐ 𝐏: 𝑐 =

max 𝛿 𝑏 𝐎: 𝑏 , 𝛿 𝑏 𝐏: 𝑎 , 𝛿 𝑏 𝐏: 𝑐 = max −2, −2, −1 = −2. 

I/You

3

1



Adequacy

Theorem: The value of the game 𝐃𝐆 𝐏: 𝐹  is 𝑣 𝐹 , the degree of 

validity of 𝐹. 



Proof Theory



My 𝑘-strategy = 𝑘-proof

𝐎: 𝐹1 …ڀ ڀ 𝐎: 𝐹𝑛 ڀ 𝐏: 𝐺1 …ڀ ڀ 𝐏: 𝐺𝑚 

is written as

𝐹1, … , 𝐹𝑛 ⇒ 𝐺1, … , 𝐺𝑚



Proof system GS for GCL



Example
𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎 × 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑐 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

I/You

→ -2-strategy!

→ -2-proof!



Proof system GS* for GCL



Example
𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎 × 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑐 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

I/You



Conclusion

Conclusion 

• Game semantics for choice 
logic

• Negation behaves better

• Same complexity

• Provability game for graded 
validity

• Sequent-style proof system 

Future work

• Preferred model entailment

• Why classical logic?

• Incomparability of outcomes
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Fun Facts



Negation in Choice Logics

QCL PQCL GCL*

degree of ¬𝐹 depends 

only on the degree of 𝐹
✅ ✅

𝐹 ∨ ¬𝐹 valid ✅ ✅ ✅

𝐹 ∧ ¬𝐹 unsat ✅ ✅

𝐹 has same degree as 

¬¬𝐹
✅ ✅

De Morgan's laws ✅ ✅ ✅

degree semantics ✅ ✅ 🔜

*in GCL, degree=value



Negation in QCL and PQCL

Example: ¬ 𝑎 × 𝑏  is equivalent to ¬ 𝑎 ∨ 𝑏  in QCL and to 
¬𝑎 × ¬𝑏 in PQCL.

QCL/PQCL

𝑎 × 𝑏
QCL

¬ 𝑎 × 𝑏
PQCL

¬ 𝑎 × 𝑏

ℐ = ∅ −1 1 1

ℐ = 𝑎 2 −1 1

ℐ = 𝑏 1 −1 2

ℐ = 𝑎, 𝑏 1 −1 −1



Degree semantics QCL
opt 𝑎 = 1

opt ¬𝐹 = 1
opt 𝐹 ∧ 𝐺 = max opt 𝐹 , opt 𝐺
opt 𝐹 ∨ 𝐺 = max opt 𝐹 , opt 𝐺
opt 𝐹 × 𝐺 = opt 𝐹 + opt 𝐺

degℐ 𝑎 = ቊ
1 if 𝑎 ∈ ℐ,

−1 if 𝑎 ∉ ℐ.

degℐ ¬𝐹 = ቊ
1 if degℐ ¬𝐹 = −1,

−1 if degℐ ¬𝐹 ∈ ℤ+.
degℐ 𝐹 ∧ 𝐺 = min

⊴
degℐ 𝐹 , degℐ 𝐺

degℐ 𝐹 ∨ 𝐺 = max
⊴

degℐ 𝐹 , degℐ 𝐺

degℐ 𝐹 × 𝐺 = ቐ
degℐ 𝐹 if degℐ 𝐹 ∈ ℤ+,

opt 𝐹 + degℐ 𝐺 if degℐ 𝐹 = −1 degℐ 𝐺 ∈ ℤ+,
−1 else.



Degree semantics GCL
opt𝒢 𝑎 = 1

opt𝒢 ¬𝐹 = opt𝒢(𝐹)
opt𝒢 𝐹 ∧ 𝐺 = max opt𝒢 𝐹 , opt𝒢 𝐺
opt𝒢 𝐹 ∨ 𝐺 = max opt𝒢 𝐹 , opt𝒢 𝐺
opt𝒢 𝐹 × 𝐺 = opt𝒢 𝐹 + opt𝒢 𝐺

degℐ
𝒢

𝑎 = ቊ
1 if 𝑎 ∈ ℐ,

−1 if 𝑎 ∉ ℐ.

degℐ
𝒢

¬𝐹 = − degℐ
𝒢

(𝐹)

degℐ
𝒢

𝐹 ∧ 𝐺 = min
⊴

degℐ
𝒢

𝐹 , degℐ
𝒢

𝐺

degℐ
𝒢

𝐹 ∨ 𝐺 = max
⊴

degℐ
𝒢

𝐹 , degℐ
𝒢

𝐺

degℐ
𝒢

𝐹 × 𝐺 =

degℐ
𝒢

𝐹 if degℐ
𝒢

𝐹 ∈ ℤ+,

opt𝒢 𝐹 + degℐ
𝒢

𝐺  if degℐ
𝒢

𝐹 ∈ ℤ−, degℐ
𝒢

𝐺 ∈ ℤ+,

degℐ
𝒢

𝐹 − opt𝒢 𝐺  else.

Theorem: For every 𝐹,
 

𝑣ℐ 𝐏: 𝐹 = degℐ
𝒢

𝐹

𝑣ℐ 𝐎: 𝐹 = − degℐ
𝒢

𝐹



Preferred models

Theorem: Let ℐ be a preferred model of 𝐹 and let 𝑘 be the value 

of 𝐃𝐆 𝐎: 𝐹 . Then 𝑘 = − degℐ
𝒢

(𝐹) and a preferred model of F can 

be extracted from Your 𝑘-strategy or My optimal strategy in 

𝐃𝐆 𝐎: 𝐹 ,



Example

𝑏  is a preferred model of
𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  with 

value 2.

 

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐 :𝐎ڀ 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐   

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐 ڀ𝐎: 𝑎 × 𝑏 × 𝑐 ∧ ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐎: ¬ 𝑎 × 𝑐  

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎 × 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 × 𝑏 × 𝑐ڀ𝐏: 𝑎ڀ𝐏: 𝑐 

𝐎: 𝑎 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

𝐎: 𝑐 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 

Optimal strategy

Minimum here

I/You

𝛿 𝐎: 𝑏 ڀ𝐏: 𝑎 ڀ𝐏: 𝑐 = min
ℐ

max 𝛿ℐ 𝐎: 𝑏 , 𝛿ℐ 𝐏: 𝑎 , 𝛿ℐ 𝐏: 𝑐 =

max 𝛿 𝑏 𝐎: 𝑏 , 𝛿 𝑏 𝐏: 𝑎 , 𝛿 𝑏 𝐏: 𝑐 = max −2, −2, −1 = −2. 



cut

The following degree-version of cut does not hold:

𝑣 𝐷 ڀ 𝐏: 𝐹 ⊵ 𝑘 𝑣 𝐷 ڀ 𝐎: 𝐹 ⊵ 𝑘

𝑣 𝐷 ⊵ 𝑘

Example: 𝑣 𝐎: ⊤ ڀ 𝐎: ⊤ ×⊥ ⊵ −2 and 𝑣 𝐎: ⊤ ڀ 𝐏: ⊤ ×⊥ ⊵ −2, 
but 𝑣 𝐎: ⊤ = −1.



cut

There is no function 𝑓 such that:

𝑣 𝐷 ڀ 𝐏: 𝐹 = 𝑘 𝑣 𝐷 ڀ 𝐎: 𝐹 = 𝑙

𝑣 𝐷 = 𝑓(𝑘, 𝑙)

Example: 
𝑣 𝐎: ⊤ ڀ 𝐎: ⊤ ×⊥ = 𝑣 ڀ 𝐎: ⊤ ×⊥ ڀ 𝐎: ⊤ ×⊥ = −2 and 
𝑣 𝐎: ⊤ ڀ 𝐏: ⊤ ×⊥ = 𝑣 ڀ 𝐎: ⊤ ×⊥ ڀ 𝐏: ⊤ ×⊥ = 2, but

𝑣 𝐎: ⊤ = −1 ≠ −2 = 𝑣 𝐎: ⊤ ×⊥



Complexity results

• DEGCHECKNG: given a disjunctive state 𝐷 and 𝑘 ∈ 𝑍, is 𝑣(𝐷) ⊵ 𝑘? 
- coNP-complete

• DEGCHECKNGINIT: given an elementary disjunctive state 𝐷 and 𝑘 ∈
𝑍, is 𝑣(𝐷) ⊵ 𝑘? - in P

• PMCHECKING: given a formula 𝐹 and an interpretation ℐ, is ℐ a 
preferred model of 𝐹? - coNP-complete for QCL and GCL

• PMCONTAINMENT: given a GCL-formula 𝐹 and a variable 𝑎, is 
there a preferred model ℐ of 𝐹 such that 𝑎 ∈ ℐ? - Θ2

P-complete 
for QCL and GCL
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