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Choice logic = Truth + Preferences



(avbVvc)A=(aVb)

N\

Choice logic = Classical Logic + Preferences

/

FXG... F or G, but preferably F
t/\(m?a)

(axbXxc)A=(aXxDb)



Hintikka’'s Semantic Game

* Game between two players, / g
-nd You Example: 7 = {b}

* Played over interpretation Blavbvelh=@ye)

J € Var and formula F |
P:—(aXxc)
F1 V F2 Proponent's choice: continue with F; or with F,
— P:a
F1 N\ FZ Opponent’s choice: continue with F; or with F,

— G game continues with G and a role switch [ P:b N O:a

Proponent wins if p € 7
p Opponent wins if p & 7 — P:c — O:c

I/You



Hintikka’'s Semantic Game

* Game between two players, / g
-nd You Example: 7 = {b}

* Played over interpretation Blavbvelh=@ye)

J € Var and formula F |
F1 V F2 Proponent's choice: continue with F; or with F,
F1 N\ FZ Opponent’s choice: continue with F; or with F,

—G game continues with G and a role switch B P:b —  O:a
Proponent wins if p € 7
p Opponent wins if p & 7 — —] O:c

Theorem: / have aws in Gy(P: F) iff 7 £ F.

I/You



I/You

Semantic Game for Choice Logics

* Game between two players, / g
and You Example: 7 = {b}

» Played over interpretation Hlpxpxe)ilexe)

J € Var and formula F |

P:—~(aXc)
F <, F Proponent's choice: continue with F; or with F,
1 X 2  But: this player prefers F;
— P:a
2> uduces prefereace nelation <K ou cutcomes -5
v
P receives payoff |t (0)| if they win || _ H _
67 (O) P receives payoff —|m«(0)] if they lose P:b 4 O:a 2
v A
> Payoffe in domain Z = 1.7 U L~
— P:c / — O:c

For an outcome o, | (0)| denotes the length of the longest «-path starting in o



Your preference My preference

-1 2 3 " e w3
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° adline pewweern two pidyers, | . —
nd You Example: 7 = {b}

» Played over interpretation Rlexwxe)iolaxe

J € Var and formula F |

()
—

You win I'win

P:—~(aXc)
F <, F Proponent's choice: continue with F; or with F,
1 X 2  But: this player prefers F;
— P:a
2> uduces prefereace nelation <K ou cutcomes -5
v
P receives payoff |t (0)| if they win || _ H _
67 (O) P receives payoff —|m«(0)] if they lose P:b 4 O:a 2
v A
> Payoffe in domain Z = 1.7 U L~
— P:c / — O:c

For an outcome o, | (0)| denotes the length of the longest «-path starting in o



I/You

Strategies, Value and Validity

Example: 7 = {b} Example: 7 = {b}

0:(aXbXc)A=(aXc)

P:(aXbXc)A=(aXc)

P:—~(aXc)

Y
— P:bZ — Oa2
V/ A
- Oc, — P:C—, — — OC]




I/You

Strategies, Value and Validity

Example: 7 = {b} Example: 7 = {b}

O:(aXbXxc)A=(aXc)

P:(aXbXc)A=(aXc)

P:—~(aXc)

— O:a P —
A Y,

| 0:b p - — P:b 2 — O:a 2
A v WV, A




I/You

Strategies, Value and Validity

Example: 7 = {b} Definition:

0. (a Xbx C) A —|(a X C) . Value/degree of Q: F = The maximal k such
_ Vg (Q F) that | have a k-strategy in G7(Q: F)

|
U(F) — mjin (%] (P F) Degree of validity of F




A Game for Validity



Provability Game

Idea: play over all models
simultaneously

But: / can create back-up copies

éGamelg)Iayed over disjunctive
states D = Q¢:F; V..V Q,: E,

O:(aXbXc)A=(axc)

0:(aXxbXc)A=(aXc)VO:(aXbXc)A—(aXc)

O:(axbXc)A=(axc)VO:(aXbXc)A-(aXc)

0:aXbXcVO:(axbXc)A=(aXc)
O:aXbXcVO:(axbXc)A=(aXc)

0:aXbXcVO:=(aXc)

0:aXbXcV0:=(aXc)

I choose i, game continues at
Q:F,V..VQ;:F; V..V Qu: E,

D or
I choose i, game continues at
D V Qi: Fi
D V . F |/You move to Q;: F/, according to rules of
Qi - L semantic game. New state is

Ql: F]_ VVQ: Fi, VVQTL FTL

6(D) = min max d;(0)

O:aXbXcVP:aXc

0:aX b X cVP:aVP:c

0:aX b X cVP:aVP:c

0O:a VP:a VP:c

O:bVP:a VP:c

O:cVP:a VP:c

I/You



I/You

O:(aXbXc)A=(axc)

Prova bi I ity Ga me 0:(aXxbXc)A=(aXc)VO:(aXbXc)A—(aXc)

O:(axbXc)A=(axc)VO:(aXbXc)A-(aXc)

0:aXbXcVO:(axbXc)A=(aXc)

O:(Cl)_(\b)_(\C)/\_l(a)_(\C)

O:aXbXcVO:(axbXc)A=(aXc)

0:aXbXcVO:=(aXc)

0:aXbXcVO:=(aXc)

O:aXbXcVP:aXc

0:aX b X cVP:aVP:c

0:aX b X cVP:aVP:c

- O:c . | P:c y Wenimal ;rfm:]:{b} 0:aVP:a VP:c
l O:bVP:a VP:c
5(0:b VP:a VP:c) = min max{8;(0: b), & (P: a), & (P: )} = T

-2- /
max{8;(0: b), 5y (P: @), 8y (P: ¢)} = max{—2,—2, -1} = —2.  ~Z-omategy



Adequacy

Theorem: The value of the game DG(P: F) is v(F), the degree of
validity of F.




Proof Theory



My k-strateqy = k-proof

O:FV.VO:.E,VP:G,V..VP: G,

Is written as

Fy,...E, = Gy, ..., G,



Proof system GS for GCL

Initial Sequents for GS Choice rules
I' = A, where I' and A consist of labeled variables _ . k4opt(F) k+opt(G
Lo F = A PG o A e r= PO p A (RL)
Structural Rules I, FE( FX@G) = A * I'= ’i(F?ZG), A 8
T EEAF = A I=kekp A .
& (Lc) k (Bf) I'= E—i—opt(G}G’ A p
IViF = A I'=GF A (R%)

I'=HFXG), A

Propositional rules

r*F=A TEkG=A I'=kF A .
k (Lv) X (Ry)
LY9(FVG)= A I's 5(FVG),A
AP = A ) I'= %G A )
p (L) p (RY)
IY(FAG) = A I'=5(FVG),A
G = A ) r=* A T=taA
p (L7) p (Rn)
LY FAG)= A I'= 5(FAG),A
I'=kE A AP = A
(L-) (R-)

DA-F = A I'=k-F A



I/You

O:(aXbXc)A=(axc)

Example 0:(aXxbXc)A=(aXc)VO:(aXbXc)A—(aXc)

O:(axbXc)A=(axc)VO:(aXbXc)A-(aXc)

%a:%a,%c %bi%a,%c O:a?b?cVO:(a?b?c)/\—(a?c)
2, = 2 1 0 3 2 1
1(axb) = 7a, ¢ 1©=>i0se 0:aXbX cVO: (aX bXc)A(aXec)
1 - —> X - s -
axb)xe) = %a,ic
N 1(i )X = 12 (R%) 0:aXbXcVO:=(aXc)
L((axb)xc) = 2a, ,(axc)
L oS T S 1 S R 0:aX b X cVO:—(aXc)
L((axb)xc) = (axc),;(axc) _—
—_ . — — (Re) A h .
i((axb)xc):i(axc) O:axXbxcVP:aXc
(L)
i((a?b)?c), i(_l(a;C)) = 0:a X b X cVP:aVP:c
(LA)
1 —. ., — 1 — . — — S
1((axb)xe), 1 (((axb)xc) A =(axc)) = 0:a X b X cVP:aVP:c
(LA)
1 -\ —> — 1 - | — —
{((@X)%) A ~(050). [ (@37 A~@Fe) = 5 VPP e
1 R —>
axb)xec) N —(axe)) =
1((( ) ) ( )) O:b VP:a VP:c
- -@wa{/
> -2 ) 0:cVP:a VP:c




Proof system GS* for GCL

Initial Sequents

I' = A, where I" and A consist of labeled variables

Propositional rules

NAF=A IEkG=A I=*rka,A
- (Lv) p (Rv)

rNYFVG) =A I'=5(FVG),A

AR EG = A r=tEA T=%G A
p (L) - (Br)

Y FAG) = A I =%FAG),A
I=%F A LAF = A
———— (L) ——— (R)
[Vi-F = A ['= -F A

Choice rules

_ k k+opt(F)
Lpropray =4 T,7PHG = A

py— (Lz)
IVY(EFXG) = A

, k+opt(G)
D= """ o (FGh A

= (R3)
r="FXG),A



I/You

O:(aXbXc)A=(axc)

Example 0:(aXxbXc)A=(aXc)VO:(aXbXc)A—(aXc)

O:(axbXc)A=(axc)VO:(aXbXc)A-(aXc)

0:aXbXcVO:(axbXc)A=(aXc)

O:aXbXcVO:(axbXc)A=(aXc)
Ya=3%a,5d  3b=13a,5d

N (L32) 0:aXxbXcVO:=(aXc
?(axb) = 2q, %d 3c=2a, %d - )
L(aXb)Re) = 2a,5d o 0:a%bX cV0i~(aXc)
—__ . —> — (R?) — —
1((a><b)><c):>i(a><d) O:axXbXxcVP:aXc
(L)
1 —_ . — 1 — S
1 (axb) C)alﬁ(aXd):’ 0:a X b X cVP:aVP:c
(L)

0:aX b X cVP:aVP:c

0:aVP:a VP:c

O:b VP:a VP:c

O:cVP:a VP:c




Conclusion

Conclusion

« Game semantics for choice
logic

* Negation behaves better
» Same complexity

* Provability game for graded
validity

 Sequent-style proof system

Future work
* Preferred model entailment

* Why classical logic?
 Incomparability of outcomes
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Fun Facts



Negation in Choice Logics

I - PQCL

degree of —=F depends

only on the degree of F
F v —F valid
F A —=F unsat
F h

—.—.:*S same degree as
De Morgan's laws v
degree semantics B

*in GCL, degree=value



Negation in QCL and PQCL

Example: —(a X b) is equivalent to =(a v b) in QCL and to
—a X —=b In PQCL.

QCL/PQCL QCL PQCL
-

J = {a} 2 —
J = {b}
J ={a, b} 1 —1 —1

—
I
—
(N



Degree semantics QCL

opt(a) =1
opt(=F) =1
opt(F A G) = max{opt(F), opt(G)}
opt(F vV G) = max{opt(F), opt(G)}
opt(F X G) = opt(F) + opt(G)

(1 ifaes,
degs(@) =1_1 ifae7.

(1 if deg;(—F) = —1,

degy (=F) = |-1 if degy(=F) € Z*.
deg,(FAG) = m<i]n{degg (F),deg;(G)}

degs;(FV G) = m;ax{degg (F),deg;(G)}
- deg;(F) if deg;(F) € Z™,
dng(F X G) =4 opt(F) + degy(G) if degy(F) = —1 degy(G) € Z*,
—1 else.




Degree semantics GCL

opt¥(a) = 1

opt? (=F) = opt? (F) Theorem: For every F,
optY(F A G) = max{optY(F), opt9(G)}

optY(F vV G) = max{opty(F), opt9(G)
olf)tg(F X G) = optg{(Fp) + opthgG) } Vg (P F) — degjg (F)
ifa €’ v7(0: F) —_degg(F)

deg; (“)_{ L ifagd.
degj (=F) = — degj (F)
deg (FAG) = min {deg (F),deg; (G)}

degj (F Vv G) = max {degj (F), degg(G)}

rdegj (F) if degj (F) e Z7,

deg; (F X G) =< optI(F) + deg (G) if degg (F)eZ” deg (G) e Z*,
degj (F) — opt9(G) else.

\



Preferred models

Theorem: Let 7 be a preferred model of F and let k be the value

of DG(O: F). Then k = — degjg(F) and a preferred model of F can

be extracted from Your k-strategy or My optimal strategy in
DG(O: F),




Example

{b} is a preferred model of
(aXbXc)A=(aXc)with
value 2.

Optimal strategy

O:(aXbXc)A=(axc)

0:(aXxbXc)A=(aXc)VO:(aXbXc)A—(aXc)

O:(axbXc)A=(axc)VO:(aXbXc)A-(aXc)

0:aXbXcVO:(axbXc)A=(aXc)
O:aXbXcVO:(axbXc)A=(aXc)
0:aXbXcVO:=(aXc)

0:aXbXcVO:=(aXc)

O:aXbXcVP:aXc
/ 0:a X b X cVP:aVP:c

0:aX b X cVP:aVP:c

0:aVP:a VP:c

5(0:bVP:a VP:c) = rnjin max{d;(0:b),6;(P:a),6;(P:¢c)} =

> O:b VP:a VP:c

O:cVP:a VP:c

max{c‘?{b}(o: b), 6y (P:a), §¢py(P: c)} = max{—2,—2,—1} = —-2.

I/You



cut

The following degree-version of cut does not hold:

v(DVP:F)ek v(DVO:F)ek
v(D) =k

Example: v(0: TVO0: TXL) = —2and v(0: TVP: T X1) = -2,
but v(0: T) = —1.



cut

There is no function f such that:

v(IDVP:F)=k v(DVO:F)=1

v(D) = f(k,1)
Example: B B
v(0:TVO:TXL)=v(VO: TXLVO:T XL)=-2and
v(0O:TVP:TXL)=v(VO: TXLVP: T XL1) =2, but

v(0:T)=-1%#-2=v(0:T X1)



Complexity results

* DEGCHECKNG: given a disjunctive state D and k € Z, i1sv(D) = k?
- coNP-complete

* DEGCHECKNGINIT: given an elementary disjunctive state D and k €
Z,isv(D)=k?-inP

* PMCHECKING: given a formula F and an interpretation 7, is J a

oreferred model of F? - coNP-complete for QCL and GCL

* PMCONTAINMENT: given a GCL-formula F and a variable a, is

there a preferred model 7 of F such that a € 7?7 - ®%-complete
for QCL and GCL
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