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E(x) cP(W) for xe W, and
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What is an Evidence Logic?

@ Evidence logics are modal logics derived from a semantics on
neighbourhood models M = (W, &, V) where

e &(x)cP(W) for xe W, and

o V:At—>P(W).

@ X € £(x) is interpreted as having the proposition X as a piece of
evidence at world x.

@ The fundamental modality of evidence logics is E, where Ep
intuitively means that there is a piece of evidence that supports ¢,

e Semantically, there is X € £(x) such that X ¢ [¢].

@ Then one can give conditions for belief based on the collection of
evidence in £(x)

e Examples can be found in van Benthem et al. (2014) and Baltag
et al. (2016)
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What is Schotch-Jennings Forcing?

@ It is a method of paraconsistent inference (not a logic per se)

@ We allow certain inferences from inconsistent sets of premises as long
as they are inferrable from certain consistent subsets of the premises

@ and that they don’t make the set of premises more inconsistent.

@ This isn't inferring things from maximally consistent subsets.
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What do you mean by ‘more inconsistent’?

Consider the kind of consistency, respectively inconsistency, of the
following sets with respect to classical logic:

oy
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What do you mean by ‘more inconsistent’?

Consider the kind of consistency, respectively inconsistency, of the
following sets with respect to classical logic:

o J

e { P} an atomic formula
o {P,-P}

o {PA-P}

@ Can we find a way to formalize these distinctions?
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Logical Cover

Definition
A tuple of sets § = (Ao, ...,Ap) is a logical cover of the set I', indicated
by cov(gF,T), provided:

e for all Aje§ such that A; is consistent (CON(A;)) and

@ forall aeTl thereis A; €F such that A; — «

We refer to each A; as a cell, and n is the ‘width’ of § denoted by w(g).
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Level Function

Definition

The level of the set I of formulas of the underlying language, indicated by
¢(T) is defined:

min[cov(F,T)] if this limit exists
() ={w®@)

oo otherwise

So, the level is the width of the narrowest cover.
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What are the levels?

We can now differentiate between the sets mentioned earlier:
e 7 l(2)=0
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What are the levels?

We can now differentiate between the sets mentioned earlier:
e 7 l(2)=0
e {P}:L({P})=1
o {P,-P}: (({P,-P})=2
@ {PA=-P}: U({PA-P})=00
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Forcing

Define a relation on top of + called ‘Forcing’:
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Forcing

Define a relation on top of + called ‘Forcing’:
Definition

1+ « if and only if, for every logical cover § of I which has ((T") cells, i.e.
of width ((T"), there is at least one cell A € § such that A+ «
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Peter Schotch Ray Jennings
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History of Forcing

What is the connection between modal logic and forcing?

Forcing came from the study of non-normal modal logics.

e Complete aggregation: [K]+ (0AAOB) - 0O(AAB)
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History of Forcing

What is the connection between modal logic and forcing?

Forcing came from the study of non-normal modal logics.
e Complete aggregation: [K]+ (0AAOB) - 0O(AAB)

@ Incomplete aggregation:
[K2]F (@AATBADC) - 0((AAB)V(AAC) v (BACQ))
@ The generalized [K,] principle:

[Kn]l— /\ EIP,'—>E| \/ (P,‘/\Pj)

0<i<n 0<i<j<n
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History of Forcing

Where did forcing come from?

Figure: Barbra Partee

Partee noticed that incomplete aggregation
[K2]H (@AAOBAOC) > 0O((AAB)V(AAC)V(BAC)) allowed a form
of non-trivial reasoning from inconsistent sets, since,

(BAADO-A) #k, O(AA-A)
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History of Forcing

The General Connection Between Forcing and K,

If the level of a set " is n, then
M- aiff O[] Fk, Da

where O[] ={Oy:yel}.
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History of Forcing

The General Connection Between Forcing and K,

If the level of a set I is n, then
M- aiff O[] Fk, Da
where O[] ={Oy:yel}.

This was first proved in Apostoli and Brown (1995)
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Forcing to Evidence Logics

From Forcing to Evidence Logics

@ Students of Jennings, Schotch and Bryson Brown, e.g., Dorian
Nicholson, noticed that generalized neigbourhood semantics were a
sensible semantics for the K, logics (for an overview see Jennings
et al. (2009) and Ding et al. (2023))
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From Forcing to Evidence Logics

@ Students of Jennings, Schotch and Bryson Brown, e.g., Dorian
Nicholson, noticed that generalized neigbourhood semantics were a
sensible semantics for the K, logics (for an overview see Jennings
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@ By that we mean neighbourhood semantics where we say O« is true
at w iff for all X e N(w), X n[a] + @.

@ The dual of the E operator.

@ But notice: K, isn’'t forcing in general
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Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 14 /23



Forcing to Evidence Logics

From Forcing to Evidence Logics

@ Students of Jennings, Schotch and Bryson Brown, e.g., Dorian
Nicholson, noticed that generalized neigbourhood semantics were a
sensible semantics for the K, logics (for an overview see Jennings
et al. (2009) and Ding et al. (2023))

@ By that we mean neighbourhood semantics where we say O« is true
at w iff for all X e N(w), X n[a] + @.

The dual of the E operator.
But notice: K, isn't forcing in general

We have to know the level of I in order to choose the right K,

e 6 o6 o

It is known as fixed level forcing
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Forcing to Evidence Logics

From Forcing to Evidence Logics

e 6 6 o6 o

Students of Jennings, Schotch and Bryson Brown, e.g., Dorian
Nicholson, noticed that generalized neigbourhood semantics were a
sensible semantics for the K, logics (for an overview see Jennings
et al. (2009) and Ding et al. (2023))

By that we mean neighbourhood semantics where we say O« is true
at w iff for all X e N(w), X n[a] + @.

The dual of the E operator.

But notice: K, isn't forcing in general

We have to know the level of I in order to choose the right K,
It is known as fixed level forcing

Naturally: can we have a modal logic (based on neighbourhood
semantics) where we don't have to do that?
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The Goal

© Provide a language L of the evidence logic sort (i.e., that includes E)
interpreted on evidence models (neighbourhood models).
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The Goal

© Provide a language L of the evidence logic sort (i.e., that includes E)
interpreted on evidence models (neighbourhood models).

@ Let =, be the consequence relation determined by that semantics.

© Find a translation 7 from classical propositional logic into £ such that
for any v1,...,7» and « from propositional logic,

Yiyee Yotk = EL T(Y1, -+ s Yn @)

© Ideally, find a complete axiomatization for =,
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The Intuition

o Ideally, we wish to find two translations: 7,7’ such that

Yooy k= =L 7(V1,. ., 7n) = T ()
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o Ideally, we wish to find two translations: 7,7’ such that

Yooy k= =L 7(V1,. ., 7n) = T ()

@ That way it mimics the result for the K, logics

@ And so were are looking for a way to simulate the forcing definition
across evidence models

@ We want it to say that whenever one's evidence is 71, ..., vn, then
every “appropriate” way of “covering” the evidence supports a.
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The Intuition

o Ideally, we wish to find two translations: 7,7’ such that

Yooy k= =L 7(V1,. ., 7n) = T ()

@ That way it mimics the result for the K, logics

@ And so were are looking for a way to simulate the forcing definition
across evidence models

@ We want it to say that whenever one's evidence is 71, ..., vn, then
every “appropriate” way of “covering” the evidence supports a.

@ We need a semantic notions of cover and level, and

@ the semantics has to "know” the appropriate width of a cover.
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Forcing to Evidence Logics

Semantic Notions of Cover and Level

Definition
A cover of X ¢ P(W) is aset Y < P(W)~\ {@} such that for each
XeX, thereis Y €Y for which Y c X.
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Forcing to Evidence Logics

Semantic Notions of Cover and Level

Definition
A cover of X ¢ P(W) is aset Y < P(W)~\ {@} such that for each
XeX, thereis Y €Y for which' Y c X.

Definition
0 when X = { W}
LX) =<{min{|N|:MN is acoverof X} if it exists
o0 otherwise
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The language Ly

The language Ly is given by the follow BNF:

p=1|p|l-p|Fo|Ep| Ople—¢|U(p....,0oi0)neZ"
—_—

n—times

Where p € At the set of atoms.
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The language Ly

The language Ly is given by the follow BNF:
p=Llpl-¢|FelEp|lOple—>0|U(p,...,pi0)neZ"
S—— —
n—times

Where p € At the set of atoms.
@ E we have seen and O is the universal modality

o F we will come back to, but
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The language Ly

The language Ly is given by the follow BNF:

p=Llpl-¢|FelEp|lOple—>0|U(p,...,pi0)neZ"
S—— —
n—times
Where p € At the set of atoms.
@ E we have seen and O is the universal modality
o F we will come back to, but

@ U is the odd one out.
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The U Operator

o U(p1,...,on 1) is odd

Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 19/23



The U Operator

o U(p1,...,on 1) is odd
@ variable arity

Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 19/23



The U Operator

o U(p1,...,on 1) is odd
@ variable arity

o distinguished formula separated off by *;’

Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 19/23



The U Operator

o U(p1,...,on 1) is odd

@ variable arity

o distinguished formula separated off by *;’

@ Similar formulas used in Instantial Neighbourhood Logic (van
Benthem et al., 2017)
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The U Operator

o U(p1,...,on 1) is odd

@ variable arity

o distinguished formula separated off by *;’

@ Similar formulas used in Instantial Neighbourhood Logic (van
Benthem et al., 2017)
What U means:
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The U Operator

U(p1,...,¢n ) is odd
variable arity

distinguished formula separated off by *;’

Similar formulas used in Instantial Neighbourhood Logic (van
Benthem et al., 2017)

What U means:

@ Any piece of evidence that supports 9 is implied by at least one of
the ¢js
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What U means:

@ Any piece of evidence that supports 9 is implied by at least one of
the ¢js

A special case: ¢ =T
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The U Operator

U(p1,...,¢n ) is odd
variable arity

distinguished formula separated off by *;’

Similar formulas used in Instantial Neighbourhood Logic (van
Benthem et al., 2017)

What U means:

@ Any piece of evidence that supports 9 is implied by at least one of
the ¢js

@ A special case: =T

o U(p1,...,¢n; T) is true when any piece of evidence is implied by at
least one of the ;s
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U(p1,...,¢n ) is odd
variable arity

distinguished formula separated off by *;’
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What U means:

@ Any piece of evidence that supports 9 is implied by at least one of
the ¢js

@ A special case: =T

o U(p1,...,¢n; T) is true when any piece of evidence is implied by at
least one of the ;s

@ The ;s unify the evidence
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The U Operator

U(p1,...,¢n ) is odd
variable arity

distinguished formula separated off by *;’

Similar formulas used in Instantial Neighbourhood Logic (van
Benthem et al., 2017)

What U means:

@ Any piece of evidence that supports 9 is implied by at least one of
the ¢js

@ A special case: =T

o U(p1,...,¢n; T) is true when any piece of evidence is implied by at
least one of the ;s

@ The ;s unify the evidence

@ The ;s are a cover of the evidence
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Models for U

Definition
A structure § = (W, E, Rg) is an evidence frame iff:
Q@ W=+, and
Q@ &: W > P(P(W)) such that for all x e W
0 o¢&(x), and
0 &Ex)*0
© Rfg is a relation on W

@ The frame is augmented when there is an equivalence relation
Ro € W x W added to the frame.
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Models for U

Definition

A structure § = (W, E, Rg) is an evidence frame iff:
Q W=y, and
Q@ &: W - P(P(W)) such that for all xe W

@ o¢&(x), and
0 E(x)+o

© Rfg is a relation on W

@ The frame is augmented when there is an equivalence relation
Ro € W x W added to the frame.

It is an evidence model when we add a truth assignment V : At - P(W).
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The Logic U

Semantics for U

Let M =(W,E, Rg, V) be an evidence model and x € W.

e M,xE piff xe V(p) for all pe At

@ Boolean cases as usual,

o M, xk Egp iff there is X € £(x) such that X ¢ [¢],

o M,xE Dy iff [p] =W,

e M,xE Fy iff Re(x) ¢ [¢],

o M,xkE U(p1,...,on ) iff for all X e E(x), X < [¢] only if for some
i<n, [ei]cX

@ The Logic U, Fy, is that determined by this semantics for the class of
evidence models

@ The logic to achieve our goal requires that we impose more structure
on the relation Rg
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Re

@ Rf doesn’'t "know" which evidence sets are appropriate/which ones
to relate to
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@ Note: cor(E(x))={Xe&(x):pY e&(x),Y & X}, ie., the set of
elements of £(x) for which there is no proper subset also in £(x).
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Re

@ Rf doesn’'t "know" which evidence sets are appropriate/which ones

to relate to
@ Note: cor(E(x))={Xe&(x):pY e&(x),Y & X}, ie., the set of
elements of £(x) for which there is no proper subset also in £(x).

Definition
Let §=(W,E, Rr) be an evidence frame. For all x,y € W, covg(x,y)
holds iff

Q for all X € E(x) there is Y € E(y) such that Y ¢ X,

@ for all Y e cor(E(y)) there is X € E(x) such that Y ¢ X, and

Q |cor(E(y))l = £(E(X)). )
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The Logic F

@ We now have all the pieces:
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The Logic F

@ We now have all the pieces:

@ The logic F, =F, is that determined by the class of evidence models
such that when £(w) is of finite level and Rg(w,y), then

covg(w,y).
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The Logic F

@ We now have all the pieces:

@ The logic F, =F, is that determined by the class of evidence models
such that when £(w) is of finite level and Rg(w,y), then

covg(w,y).
@ What can then be shown is that

Theorem
Suppose I = {~1,...,Ym } and « are purely Boolean.

MNFoa < EF [(E"}/l JANAAN E’)/m) A U(’Yl, ,’Ym;T) A OAt(r)] - FEa

Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 23/23



Apostoli, P. and Brown, B. (1995). A solution to the completeness
problem for weakly aggregative modal logic. Journal of Symbolic Logic,
60(3):832-842.

Baltag, A., Bezhanishvili, N., ézgijn, A., and Smets, S. (2016). Justified
belief and the topology of evidence. In Vaananen, J., Hirvonen, A. and
de Queiroz, R., editors, Logic, Language, Information, and Computation,
pages 83-103, Berlin, Heidelberg. Springer Berlin Heidelberg.

Ding, Y., Liu, J., and Wang, Y. (2023). Someone knows that local
reasoning on hypergraphs is a weakly aggregative modal logic. Synthese,
201(46):1-27.

Jennings, R. E., Brown, B., and Schotch, P., editors (2009). On
Preserving: Essays on Preservationism and paraconsistency. Toronto
Studies in Philosophy. University of Toronto Press, Toronto.

van Benthem, J., Bezhanishvili, N., Enqvist, S., and Yu, J. (2017).
Instantial neighbourhood logic. Review of Symbolic Logic,
10(1):116-144.

van Benthem, J., Pacuit, E., and Ferndndez-Duque, D.(2014). Evidence

Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 23/23



The Logic U

and plausibility in neighborhood structures. Annals of Pure and Applied
Logic, (165):106-133.

Brunet and Payette (Exeter and U of C) Evidence Logic and S-J Forcing July 10, 2023 23/23



	Dedication
	Evidence Logic
	S-J Forcing
	History of Forcing
	Forcing to Evidence Logics
	The Logic U
	References

