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Plan of work
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What do we want?

1. Setting up the model
What do we need?
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What we can say about explicit and implicit beliefs.

3. Technical Results
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m So:
Auxiliary modality (17, (internalising relevant validity): FLe €= Fc Qrp.
Classical logical omniscience avoided: Fer e = ¢ 2 o Op — O,
U still enjoys some closure properties: FLyp = ¢ = Fcl Op — O

m On the semantic side:

Define possible worlds as special situations in the semantics of relevant logic;
Logical connectives behave classically at possible worlds;

Define validity classically as truth in all possible worlds;

Let [J-accessibility relation reach any situation (not just worlds) from possible worlds.
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Plan of work

0. Introduction
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1. Setting up the model
What do we need?

Preliminaries on relevant logic;
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Relevant logic preliminaries: The system BM.C
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Characterisation

Theorem 1

FL ¢ < forall L-models 9, M = ¢ .

Axiom/rule Frame condition

(L1) Q< e s =s

(L2) (p =) = (7 = —p) Rstu = Rsu™t”®

3) (P2 A =)= (p—x)  Rstu= Rs(sthu

(L4) @V e s€eL=s"<s

(L5) (o = @) =~ Rss™s

L6) (6= ) = ((x = @) = (x > ¥)) Rstuv = Rs(tu)v

(L) (p—=¥) = (¥ = x) = (p—=x) Rstuv = Rt(su)v

(L8) (o= (=) = (¢ =) Rstu = Rsttu

(L9) (=W —=x)—> (@ —(p—x) Rstuv = Rsutv

(L10) ¢ = (p — ) Rstu = (s <uVt<u)

(L11) ¢ 2> (=) =9 Jz(x € L & Rsxs)

(L12) = Op (zxeL & Qzs)=>s€L

(L13)  Oy(e = 9) = Ome = Omy)  RQystu = 3x(Q(ntx & QryRszu)
(L14) Oopye—e Qr)ss

(L15) Oy~ = -Omye Fz(Qrysz™ & Qrys™x)

(L16) Oaye = DOnUme (Qunyst & Qntu) = Qrysu
(L17)  -Umne = UOrny-Uaoe (Qunys™u & Quyst) = Qnt*u
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Introducing possible worlds

‘ Agents’ (implicit and explicit) beliefs are regimented by relevant logic, while

‘ they are situated in classical possible worlds.
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‘ Agents’ (implicit and explicit) beliefs are regimented by relevant logic, while

‘ they are situated in classical possible worlds.

m N is (cf. (Sek03)) iff there are 0 < s < 1 s.t.:
1"=0 & 0" =1;
QLn)00;
Q(LI)]-S =s=1;
RO010;
Rlst = (s=0ort=1);

m W C S'is a set of | possible worlds | iff

w" = w;

B Rwww;
Rwst = s=0orw <t
Rwst =>t=1o0rs <w;
QW) = L;

B Qrws = Qwsands € W.
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W-models

Definition (W-models)

= [M = (S,W,L,0,1,%, *, R,Q,Qr,Qu,V) | such that
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m Validity: M = ¢ < W C [p]m.
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Plan of work

0. Introduction
What do we want?

1. Setting up the model
What do we need?

2. Properties of our model
What we can say about explicit and implicit beliefs.
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Properties of explicit belief in W-models

Lemma 1 (Full empty)
M, 0 = g and M, 1 = . J
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Mw k=@ <& Mw e
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Properties of explicit belief in W-models

Lemma 1 (Full empty)
M, 0 = pand M, 1 = . J

Proof. It follows from properties of bounds.

Lemma 2 (Extensionality)
Muw = —p & Mw @
MwE =19 < Mw b~ porMw =

Proof. It follows from properties of possible worlds and Lemma 1.
Lemma 3 (Logical omniscience)
T g ¢ # OT F5; Op.

Proof. It follows from the fact that /\m-el“ v; and ¢ may be true in the same worlds but not in the
same situations.
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More on omniscience and relevance

m Many features of the logical omniscience problem are avoided for explicit belief:
Hyperintensionality: EoyooyAEDe < Oy
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More on omniscience and relevance

m Many features of the logical omniscience problem are avoided for explicit belief:

Hyperintensionality: EoyooyAEDe < Oy
No irrelevant cluttering: W Op — O — @)
e O = Dy V)

= O A —p) — Oy

m Technical understanding of irrelevant information:

irrelevant = not following by relevant logic;
Some clutter is allowed: e.g. = Oy — O(p V ).

m It would be interesting to regiment agents’ reasoning with:

Containment logics (Par89; Fer15);
Topic-sensitive logics (H19).

I. Sedlar and P. Vigiani (CAS and SNS) Relevant Reasoning and Implicit Belief WoLLIC 2023
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Properties of implicit belief in W-models

Lemma 4 (Implicit-explicit)
Oe =in Ore. J
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Properties of implicit belief in W-models

Lemma 4 (Implicit-explicit)

O =i Ore.

Proof. It follows from Q; (W) C Q(W).
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Properties of implicit belief in W-models

Lemma 4 (Implicit-explicit)
Oe =in Ore. J

Proof. It follows from Q; (W) C Q(W).

Lemma 5 (Implicit omniscience)

Proof. It follows from Q; (W) C W.

Lemma 6 (Classical closure)
T g ¢ & OT g Ore
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Properties of implicit belief in W-models

Lemma 4 (Implicit-explicit)
Oe =in Ore. J

Proof. It follows from Q; (W) C Q(W).

Lemma 5 (Implicit omniscience)

Proof. It follows from Q; (W) C W.

Lemma 6 (Classical closure)
T g ¢ & OT g Ore

Proof. It follows from Lemmas 4 and 5.

I. Sedlar and P. Vigiani (CAS and SNS) Relevant Reasoning and Implicit Belief WoLLIC 2023 15/22



Plan of work

0. Introduction
What do we want?

1. Setting up the model
What do we need?

2. Properties of our model
What we can say about explicit and implicit beliefs.

3. Technical Results
What we have.
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Axiomatisation of the logic C.L

Definition (C.L axiomatisation)
m Axiomatisation of classical propositional logic (CPC);
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Axiomatisation of the logic C.L

Definition (C.L axiomatisation)

m Axiomatisation of classical propositional logic (CPC);
m [y -versions of axioms and rules of L;

m The following axioms and rules:

(DD/) D(p — DI‘P
(0.K) DOr(e — ) — (Ore — Ory)

QD
O.N) ——
(B O/

Or(e = ¥)
(BR) —80 —
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Soundness and Completeness - 1

Theorem 2 (Soundness)
Fc.L @ = for all W-models MM, M |= . J
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Fc.L @ = for all W-models 9, M |= . J

Proof. It follows from Extensionality Lemma, @, (W) = L and standard arguments in relevant
logic.
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Soundness and Completeness - 1

Theorem 2 (Soundness)
Fc.L @ = for all W-models 9, M |= . J

Proof. It follows from Extensionality Lemma, @, (W) = L and standard arguments in relevant
logic.

Completeness relies on a Bridge lemma which explains the technical role of [l .

Lemma 7 (Bridge lemma)
FLy < kel U J

Proof. (=) by induction on the length of L-proofs. (<) by semantic argument (model construc-
tion) and Soundness.
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Soundness and Completeness - 2

Definition (Canonical C.L-model)
u | me = (Sc’ Wca ch Ocv 167 ch Rcv *Cv Qc’ Qia VC)

S¢ is the set of prime L-theories;

such that:
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Soundness and Completeness - 2

Definition (Canonical C.L-model)

. |£m = (S°, W, L°,0°,1¢,<¢, R°, %%, Q°, Q5 , V°) | such that:
S¢ is the set of prime L-theories;

W€ is the set of non-empty proper prime C.L-theories (aka maximally consistent);
L is the set of regular prime L-theories;

0°=0and1° = &;

<=G

Bocs  iff-pds;

Ristu & ¢ w9 es & pet=1y €y

B Qstiff Dp € s = p €t

B Qist & Orpes=pet
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S¢ is the set of prime L-theories;

W€ is the set of non-empty proper prime C.L-theories (aka maximally consistent);

L is the set of regular prime L-theories;

0°=0and1° = &;

<=G

A QOES*C iff 7o & s;

Ristu & ¢ w9 es & pet=1y €y

B Qstiff Dp € s = p €t

B Qist & Orpes=pet

m OSst < Opes=>pet if s ¢ W€
Oipes=pet) &teWe ifseWe

s € Ve(p)iffp € s.
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Soundness and Completeness - 3

Lemma 8 (Canonical model)
M€ is a W-model (satisfying the L-conditions). J
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Lemma 8 (Canonical model)
M€ is a W-model (satisfying the L-conditions). J

Proof. The hard part. A lot of conditions to check...
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Lemma 8 (Canonical model)
INC is a W-model (satisfying the L-conditions). J

Proof. The hard part. A lot of conditions to check...

Lemma 9 (Truth)
pESs & M sk J

Proof. Standard arguments from relevant modal logic.

Theorem 3 (Soundness and Completeness)
FcL ¢ < forall W-models 90t, M = . J
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Conclusions

m Main results:
We extended the framework of (SV22) with implicit beliefs.
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Conclusions

m Main results:

We extended the framework of (SV22) with implicit beliefs.

As in (Lev84), Implicit beliefs modeled as the classical closure of explicit beliefs.

Differently from implicit belief, explicit belief does not suffer from classical logical omniscience.
Explicit belief still closed under: I' - ¢ = I ¢ [h.

Relevant and classical logics can live together within a uniform logical platform.

m Todo:

Neighborhood generalisation (WIP);

Dynamic extensions in the style of (PST23);

Extension to common and distributed epistemic attitudes;

Generalisation of the framework to different logics than classical and relevant.

I. Sedlar and P. Vigiani (CAS and SNS) Relevant Reasoning and Implicit Belief WoLLIC 2023 21/22



Bibliography

[Fer15]

[H19]

[Lev84]

[Par89]

[PST23]

[Seko03]

[SV22]

Thomas Macaulay Ferguson. Logics of nonsense and parry systems. Journal of Philosophical
Logic, 44(1):65-80, 2015.

Peter Hawke, Aybiike Ozgiin, and Francesco Berto. The fundamental problem of logical omni-
science. Journal of Philosophical Logic, 2019.

Hector Levesque. A logic of implicit and explicit belief. In Proceedings of AAAI 1984, pages 198—
202, 1984.

William T. Parry. Analytic Implication; Its History, Justification and Varietiess, pages 101-118.
Springer Netherlands, Dordrecht, 1989.

Vit Pun€ochat, Igor Sedlar, and Andrew Tedder. Relevant epistemic logic with public announce-
ments and common knowledge. Journal of Logic and Computation, 33(2):436-461, 01 2023.
Takahiro Seki. General frames for relevant modal logics. Notre Dame Journal of Formal Logic,
44(2):93-109, 2003.

Igor Sedlar and Pietro Vigiani. Relevant reasoners in a classical world. In David Fernandez
Duque, Alessandra Palmigiano, and Sophie Pichinat, editors, Advances in Modal Logic, Volume
14, pages 697-718, London, 2022. College Publications.

I. Sedlar and P. Vigiani (CAS and SNS) Relevant Reasoning and Implicit Belief WolLLIC 2023 22/22



	Introduction
	Setting up the model
	References

