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Plan of work

0. Introduction
What do we want?

1. Setting up the model
What do we need?

2. Properties of our model
What we can say about explicit and implicit beliefs.

3. Technical Results
What we have.
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What do we want?

Non-classical model of reasoning with explicit belief (□) and implicit belief (□I ).

Extension of (Lev84) with conditional information:
1 In (Lev84), modal FDE used as a model of explicit belief;
2 Explicit beliefs closed under FDE-consequence but not classical consequence;
3 Implicit beliefs as the classical closure of explicit beliefs.

Extension of (SV22) with implicit belief:
1 In (SV22), Levesque’s framework is extended to conditional information;
2 Use relevant logic instead of FDE as a model of explicit belief;
3 Relevant reasoners in classical worlds .
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Relevant reasoners in classical worlds

Agents prioritize relevance over consequence, avoiding cluttering their mind.

Devise modal logic C.L extending classical propositional logic CPC...

in which formulas in the scope □,□I behave according to relevant logic L;

So:
1 Auxiliary modality □L (internalising relevant validity): ⊢L φ ⇚⇛ ⊢C.L □Lφ.
2 Classical logical omniscience avoided: ⊢C.L φ→ ψ ̸⇛ ⊢C.L □φ→ □ψ.
3 □ still enjoys some closure properties: ⊢L φ→ ψ ⇛ ⊢C.L □φ→ □ψ.

On the semantic side:
1 Define possible worlds as special situations in the semantics of relevant logic;
2 Logical connectives behave classically at possible worlds;
3 Define validity classically as truth in all possible worlds;
4 Let □-accessibility relation reach any situation (not just worlds) from possible worlds.
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Implicit beliefs as the classical closure of explicit beliefs

Implicit beliefs are explicit beliefs in some ideal state.

Possible worlds semantics yields logical omniscience. However...

Logical omniscience does not constitute a problem for implicit belief.

In our logic, □ and □I are such that:
1 Implicit beliefs are stronger than explicit beliefs: ⊢C.L □φ→ □Iφ.
2 Classical logical omniscience: ⊢CPC φ→ ψ ⇛ ⊢C.L □Iφ→ □Iψ.
3 □I classical closure of □: ⊢CPC φ→ ψ ⇛ ⊢C.L □φ→ □Iψ.

On the semantic side:
1 Possible worlds constitute the limit, ideal, case of epistemically accessible states.
2 Let □I -accessibility relation from worlds only reach □-accessible worlds.
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Relevant logic preliminaries: The system BM.C

φ→ ψ provable only if φ and ψ share some atom (variable sharing principle).

(BM1) φ→ φ (BM8) ¬(φ ∧ ψ) → (¬φ ∨ ¬ψ)
(BM2) (φ ∧ ψ) → φ (BM9) (¬φ ∧ ¬ψ) → ¬(φ ∨ ψ)
(BM3) (φ ∧ ψ) → ψ (BM10) ((φ→ ψ) ∧ (φ→ χ)) → (φ→ (ψ ∧ χ))
(BM4) φ→ (φ ∨ ψ) (BM11) ((φ→ χ) ∧ (ψ → χ)) → ((φ ∨ ψ) → χ)
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Relevant logic preliminaries: Semantics
Definition (L-model)

M = (S,L,≤, ∗, R,Q,QI , QL, V ) such that:
1 (S,≤) p.o. set of situations;

2 L ⊂ S set of logical states (*);
3 ∗ : S(↑, S(↓)) maps s to its maximally compatible state;
4 R ⊆ S(↓↓↑) expresses information combination;
5 Q ⊆ S(↓↑) s.t. Q(s) is the agent’s explicit epistemic base at s;
6 QI ⊆ S2 s.t. Q(s) is the agent’s implicit epistemic base at s;
7 QL ⊆ S(↓↑).

V : Pr → S(↑) extended to full language so that:
1 . . .
2 (M, s) |= ¬φ ⇔ (M, s∗) ̸|= φ;
3 (M, s) |= φ→ ψ ⇔ ∀t, u ∈ S(Rstu, (M, t) |= φ⇒ (M, u) |= ψ);
4 (M, s) |= □(IL)φ ⇔ ∀t ∈ Q(IL)(s)((M, t) |= φ).

Validity: M |= φ ⇔ L ⊆ JφKM.
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Characterisation

Theorem 1
⊢L φ ⇔ for all L-models M, M |= φ .

Axiom/rule Frame condition
(L1) φ ↔ ¬¬φ s∗∗ = s
(L2) (φ → ψ) → (¬ψ → ¬φ) Rstu ⇒ Rsu∗t∗

(L3) ((φ → ψ) ∧ (ψ → χ)) → (φ → χ) Rstu ⇒ Rs(st)u
(L4) φ ∨ ¬φ s ∈ L ⇒ s∗ ≤ s
(L5) (φ → ¬φ) → ¬φ Rss∗s
(L6) (φ → ψ) → ((χ → φ) → (χ → ψ)) Rstuv ⇒ Rs(tu)v
(L7) (φ → ψ) → ((ψ → χ) → (φ → χ)) Rstuv ⇒ Rt(su)v
(L8) (φ → (φ → ψ)) → (φ → ψ) Rstu ⇒ Rsttu
(L9) (φ → (ψ → χ)) → (ψ → (φ → χ)) Rstuv ⇒ Rsutv
(L10) φ → (φ → φ) Rstu ⇒ (s ≤ u ∨ t ≤ u)
(L11) φ ⇛ (φ → ψ) → ψ ∃x(x ∈ L & Rsxs)
(L12) φ ⇛ □φ (x ∈ L & Qxs) ⇒ s ∈ L
(L13) □(I)(φ → ψ) → (□(I)φ → □(I)ψ) RQ(I)stu ⇒ ∃x(Q(I)tx & Q(I)Rsxu)
(L14) □(I)φ → φ Q(I)ss
(L15) □(I)¬φ → ¬□(I)φ ∃x(Q(I)sx

∗ & Q(I)s
∗x)

(L16) □(I)φ → □(I)□(I)φ (Q(I)st & Q(I)tu) ⇒ Q(I)su
(L17) ¬□(I)φ → □(I)¬□(I)φ (Q(I)s

∗u & Q(I)st) ⇒ Q(I)t
∗u
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Introducing possible worlds
Agents’ (implicit and explicit) beliefs are regimented by relevant logic, while

they are situated in classical possible worlds.

M is bounded (cf. (Sek03)) iff there are 0 ≤ s ≤ 1 s.t.:
1 1∗ = 0 & 0∗ = 1;
2 Q(LI)00;
3 Q(LI)1s⇒ s = 1;
4 R010;
5 R1st⇒ (s = 0 or t = 1);

W ⊆ S is a set of possible worlds iff
1 w∗ = w;
2 Rwww;
3 Rwst⇒ s = 0 or w ≤ t;
4 Rwst⇒ t = 1 or s ≤ w;
5 QL(W ) = L;
6 QIws⇒ Qws and s ∈W .
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W-models

Definition (W-models)

M = (S,W,L, 0, 1,≤, ∗, R,Q,QI , QL, V ) such that:
1 M = (S,L,≤, ∗, R,Q,QI , QL, V ) is a L-model;

2 M is bounded;
3 W is a set of possible worlds;
4 V is such that 0 ̸∈ V (p) and 1 ∈ V (p).

Validity: M |= φ ⇔ W ⊆ JφKM.

Logical consequence:
1 φ |=M ψ ⇔ JφKM ⊆ JψKM;
2 φ |=c

M ψ ⇔ W ∩ JφKM ⊆ JψKM.
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Plan of work

0. Introduction
What do we want?

1. Setting up the model
What do we need?

2. Properties of our model
What we can say about explicit and implicit beliefs.
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Properties of explicit belief in W-models

Lemma 1 (Full empty)

M, 0 ̸|= φ and M, 1 |= φ.

Proof. It follows from properties of bounds.

Lemma 2 (Extensionality)
1 M, w |= ¬φ ⇔ M, w ̸|= φ;
2 M, w |= φ→ ψ ⇔ M, w ̸|= φ or M, w |= ψ.

Proof. It follows from properties of possible worlds and Lemma 1.

Lemma 3 (Logical omniscience)
Γ |=cM φ ̸⇒ □Γ |=cM □φ.

Proof. It follows from the fact that
∧
γi∈Γ γi and φ may be true in the same worlds but not in the

same situations.
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More on omniscience and relevance

Many features of the logical omniscience problem are avoided for explicit belief:
1 Hyperintensionality: |= φ↔ ψ ̸⇒|= □φ↔ □ψ

2 No irrelevant cluttering: ̸|= □φ→ □(ψ → φ)
̸|= □φ→ □(ψ ∨ ¬ψ)
̸|= □(φ ∧ ¬φ) → □ψ

Technical understanding of irrelevant information:
1 irrelevant = not following by relevant logic;
2 Some clutter is allowed: e.g. |= □φ→ □(φ ∨ ψ).

It would be interesting to regiment agents’ reasoning with:
1 Containment logics (Par89; Fer15);
2 Topic-sensitive logics (H19).
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Properties of implicit belief in W-models

Lemma 4 (Implicit-explicit)

□φ |=cM □Iφ.

Proof. It follows from QI(W ) ⊆ Q(W ).

Lemma 5 (Implicit omniscience)

Γ |=cM φ⇒ □IΓ |=cM □Iφ.

Proof. It follows from QI(W ) ⊆W .

Lemma 6 (Classical closure)
Γ |=cM φ ⇔ □Γ |=cM □Iφ

Proof. It follows from Lemmas 4 and 5.
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Plan of work

0. Introduction
What do we want?

1. Setting up the model
What do we need?

2. Properties of our model
What we can say about explicit and implicit beliefs.

3. Technical Results
What we have.
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Axiomatisation of the logic C.L

Definition (C.L axiomatisation)
Axiomatisation of classical propositional logic (CPC);

□L-versions of axioms and rules of L;

The following axioms and rules:

(□□I) □φ→ □Iφ

(□I.K) □I(φ→ ψ) → (□Iφ→ □Iψ)

(□I.N)
φ

□Iφ

(BR)
□L(φ→ ψ)

φ→ ψ
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Soundness and Completeness - 1

Theorem 2 (Soundness)
⊢C.L φ⇒ for all W -models M, M |= φ.

Proof. It follows from Extensionality Lemma, QL(W ) = L and standard arguments in relevant
logic.

Completeness relies on a Bridge lemma which explains the technical role of □L.

Lemma 7 (Bridge lemma)
⊢L φ ⇔ ⊢C.L □Lφ.

Proof. (⇒) by induction on the length of L-proofs. (⇐) by semantic argument (model construc-
tion) and Soundness.
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Soundness and Completeness - 2

Definition (Canonical C.L-model)

Mc = (Sc,W c, Lc, 0c, 1c,≤c, Rc, ∗c, Qc, QcL, V c) such that:
1 Sc is the set of prime L-theories;

2 W c is the set of non-empty proper prime C.L-theories (aka maximally consistent);
3 Lc is the set of regular prime L-theories;
4 0c = ∅ and 1c = L;
5 ≤c=⊆;
6 φ ∈ s∗

c

iff ¬φ ̸∈ s;
7 Rcstu ⇔ φ→ ψ ∈ s & φ ∈ t⇒ ψ ∈ u;
8 Qcst iff □φ ∈ s⇒ φ ∈ t;
9 Qc

Lst ⇔ □Lφ ∈ s⇒ φ ∈ t;

10 Qc
Ist ⇔

{
□Iφ ∈ s⇒ φ ∈ t if s ̸∈W c

(□Iφ ∈ s⇒ φ ∈ t) & t ∈W c if s ∈W c

11 s ∈ V c(p) iff p ∈ s.
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Soundness and Completeness - 2

Definition (Canonical C.L-model)
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c
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Soundness and Completeness - 3

Lemma 8 (Canonical model)
Mc is a W-model (satisfying the L-conditions).

Proof. The hard part. A lot of conditions to check...

Lemma 9 (Truth)
φ ∈ s ⇔ Mc, s |= φ.

Proof. Standard arguments from relevant modal logic.

Theorem 3 (Soundness and Completeness)
⊢C.L φ ⇔ for all W -models M, M |= φ.
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Conclusions

Main results:
1 We extended the framework of (SV22) with implicit beliefs.

2 As in (Lev84), Implicit beliefs modeled as the classical closure of explicit beliefs.
3 Differently from implicit belief, explicit belief does not suffer from classical logical omniscience.
4 Explicit belief still closed under: Γ ⊢L φ ⇛ □Γ ⊢C.L □ψ.
5 Relevant and classical logics can live together within a uniform logical platform.

To do:
1 Neighborhood generalisation (WIP);
2 Dynamic extensions in the style of (PST23);
3 Extension to common and distributed epistemic attitudes;
4 Generalisation of the framework to different logics than classical and relevant.
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