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M3900. Solutions to Assignment 4:

Q13 (P38); physical explanation: the equation

is 2 heat equation with heat source f(z,7). If flz,7) > 0, there is an additional non-zero heat source, so the
temperature u{z, 7) (without heat source) would increase. Since u(z,7) =0 and © — 0 as z — £00, w(z,7) = 0.
For the call Ci(S, 4 E, T, 01), Ca(8,t; E, T, 07), the following equations hold (since the Call option satisfies BSE):

aCy 1 2 26201 80, -
—8t—+§{01ﬁ02+0'2)8 552 +T‘S——BS —r(1 =0 (1)
8C; | 1 4 ey §C2 B
ot " 2”23_ ey B gy — T @
Equs. (1)-(2) give
oc 1 82c aC il y &y
Bt -+ “2-0"2?325:5,—5 +T‘S% —rC+ 3 ((0'1 - Cfg)z +72Cf:2(0’1 — 0'2)) 52 252 =0 (3)

f the BSE where the term underlined is effectively the function f above. We

where ¢ = €1 — €. Thus C is a solution o
(012 — 022) , which is positive when o1 > 02,

need to show this is positive. The term in parentheses is equivalent to %
and %S%l 2> 0 {(why?). This is sufficient. However, strictly speaking, we paust transform to the heat egn. and show
that ‘transformed f is positive to use the first part of the question {(see below).

In order to simplify (3) to the heat equation, we change the variables as follows:
27 1,27 1,2r
21

= & = _— = st e T e N 2
S=FEe t=T -2 C = Ee u{z,7), 2(03 1}, 8= 4(J%+1)

In new variables, (3) becomes

Hu  Pu L 020, 9 1 | . e~34 3 u
B—’F = -@-4-5 ((01 40'2)2. + 202(o1 — 02)) EPe a5z }‘37:54.5 ((0'1 - 0'2)2 + 202(1 — 0'2)) Ee V2 = 5;5+Hf{m’ 7)

from the def. of f(z,7), we know f(z,7) = 0. So

ou_ s
ar  Ox?

+ f(#,7)

Next we need fo varify u(z,0) =0, and w — 0 as & — £00, uf{z,7) > 0.

u(e, 0) = E-le=C(8,T) = E7le™*{Ch (S, Ty C(S,T)} = B 'e™** {maz(5 — E,0) — mai(S —E,0)}=0

lim u(z,0) =B lm e=o5BT Wim C(S,T) = B! _lirfooe““m“'er{S_— S5}=0

x—too oo TS0

and

fim u(z,0)=E"" lim e A" Jim, (s, 7)=E"" lim e > #{0-0}=0
;. T——00 — =00

L= — O

Therefore from frst part, we obtain u(z,7 2 0). ByC= Fes=+Pry(x, 1), we get C1 — Oz = {’ > 0 whenever o1 > 0a.

For put option P(S, 4 E, T, o}, Py — P2 > 0 whenever o1 > 02 Because P(S,t; B, T, o) satisty the BSE, %25 >0
and both P{oy) and P{o2) have the same E, T, and hence we can show that the inequality holds.




Q6(pR8): The key points are to caleulate ‘—g% and g%’. We have

81} _ ae_kfv(‘fi T)‘ _ . . BV(&! T) 86 —kT av . —kr —kr 8V(Ei T) ~k-r oV
i gy S = —ke \ V&, r)te % E—i—e o —ke STV, ) e T —=—(k—1}+e o

and

@ _ 867;‘:1—.‘/(6?7) e —kraV(fsT)ﬁ - Akrav(gs T)_ & = —-k'razv(él‘r)
- 8z =& 9 dr ° ag A 8¢z

Substituting this info Eqn (5.10) we obtain the heat eqn. g—: = BE The golution is then given as an integral in

which the limit of integration depends on &7~ %2 (why does this lead to problem?).

Q20 In the case of an asset having zero volatility, we have that u is equal to r. So there is no contradiction between
the two statements. To see that p = r in the current case, note the stochastic differential equation {p20)

sy

In the current case ¢ =0, so the stochastic differential equation becomes
%g = pdt = S =38 ebt

So keeping the asset S is equivalent to saving money in the bank. The ‘interest’ (risk-free profit) is x4 which is equal
to the interest r (by arbitrage). Thus, when o = 0, g = r, so that u is completely specified by 7.

Q19(p89) The explicit expression for the European call is

C(8, 1 B,T) =S N(dy) — Ee"T=IN(d;) = E (%N(dl( 4 T)) — TN (S, 1, T))) = BF(E4T)

where
g log(S/E}+ (r £ a = (T —1))
5 a\/T_

So C(S,4 E,T) is a function of 5, t, £ and 7'

As a function of § and ¢, C(S,1; E, T) satisfies the BSE (3.9) {on p43). We substitute

d . . 9?2 . _ FY(5/E)
'5370(35 L; EeT)"F (E): 6—5‘20(S,f,E,T)— T
into the BSE, and obtain
C‘(S t5,1)+ 22 S 25 F(S/E) + 7 SF(S/B) ~1 EF(S/E) = 0 @

where C(S,4; E,T) = EF(S/E), F = B—EF(f,t, T) and £ = S/E.
Next we consider C(S, ¢ B, T) as a function of E and . By calculation, we get

22 g2
gzc'(s, fiig 2 2E 3(172 C8,6E)—rE ;"—C(s, 4 E) = S (S/B) -+ SF(S/E) —r EF(S/E)
By (4) we know that RHS of above is equal to zero. Therefore we arrive at
2 EZ 62
“_C(S[},t E)+ 5 aEZC{SO’t E}— T‘E—C(S{],t E)=0 (5)
Note that in the above
ac ¢ 8 a’c  S§?o%C
i S i e Ele et TC. 6
9E-E BT /PN pp T gEas (6)



