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5 RiEMANNIAN  GEoMETRY _AND TENSoR ANALYSIS.

3.1, Euclideamw n - dimensional Shaces.

A Euclidesw n-shbace |, E,, is Suck Kot é,lue.n. n
vordables =, X", any seb of perHelan values  of Hese L_"”*“L&‘
is regarded 05 & bowb m @ mam;@,ea of n dimensiows , amd if x',
xi e dat (0= i,...,n) arne Co-ondinates of o Y\QA'&QWV\&% porints ound
Kese Lo-sndinales oA Ae.r/{-mv\a,woaav forresiom , Ten e dislouce
betwee~ H two powbs s 84»6-\

ds*: (dx') + (A2« - . .+ (d=")* (3.1)
For examble, @m Ea o SweR Rab
dst=  dx* + da‘ + At (3.2)

I(g Lurninear, Lo-oidinakes are used <%e -EX-F«G-SSJUMS (z.1),(3-2)
are focs Simble.  In spRerical  pofon tr-onlinotes (3:2) becowmes
ds*: drt 4+ r3de* + rsitedd (3.3)
Ig w Ea a2 o\%“we &MM-Q Mv-i-?)v\eo.u Co- rSunates
weou(=,4,3) , (TLg tf(x,a,é) , us usf,nc,a,é),
WEich. ore owne -to -one Ws&mu—im LR nowm- m‘t&QC\% Jacobiounm,
Rem (u', u? [ ud) Cam ke used os coovdinales m Ei, HRe wverse
L’\IOMSgo‘\MG-HW v
s x(u,uhud), 4= a(u',ut,usy , 3" é(“',uz,us)_
K ko wéawa povats  Kaue Awma,.&m« Lartesiam Ao-ondinotes (0,9,3)
Gl (3 dx, 3+da_5+ db§ }es{w.e)—weﬂa, ond Rauve Lwwrilineor Co-ciduncles
(u!, u*, u3) omd (W +da | uredut, Wi dud) | Rew w2 Kawuve

D x + 2 3
I a—:.'d“| "'au’-d'“ + Shacl , ke

So ek | Lrew G2
ds* Adw?® + Bau® + Cdu®® + 2Ddutokd + 2Eddu +2Fdu'du?  (34)
wlere, w %Zma&a.ﬁ‘ A,R,CDE,F e Luwmohows of (W, ut,w?). Hewce, im
besan s g’ LonmLinear Lo-ondinales o E. it Suck e+
ds?- ggd«‘*;dud, (3-5)
wlere R Gov%&uew&-_: é’d QRS |, wa &a«uea\aﬁ. &MCJ"\N a" e
trilinear Co-ercinales W°.
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2.2 Gtmev&iatée,cl n- dimenSional -Sl‘:»a‘t,e.s.

Sice e &pression (35) .Aﬂgu.s te e En , ik © Fassviuz
"o‘ Lﬂ.mgow 4G L Bivear Lo-oidinales W' b foaskeSiam Coeidhinales
X' so +Rab

ds*: dxfdx' = (@x'V+ - 0+ (t:;?)("‘)"J
and, m dern L R b b2 s, JRe Qi sk sabisgy Lerbain
Lowdibions . We ey exlend e -l@e,a«a of Euclidean shaces
L'ES madm5 Shaces w wRick +Ha distowce’ ds s &im Ba (3.5)
Lok ik, & &4 do wot Sa..l—i.séa +Ze Ewclideawn Cowdibows.
Suek o S«‘w-&e n 2alld o Kiewmannion .g%a.u g n- dimentions  and
1 dewcted Esa V.. An E. & =& \En.ul—te»&a» ia‘::. o Vo, . TRe
O({MQSS«:\ 6s) w 2afd 4  melic g’ +=  Va.

Comsidter, +Re Wé’m ”QF o S*zee)\.e g Arndius o, e
Co-ovdinales of @ bowd ow e Swufiee wae B and @ and &
&m{w is o  hoo- dimensiowal Shace. ™Re daskawce belweon koo
“&8Qbm;\~é pomts  on KR swfhce w  oblosned \ba f-mﬂ-ma r: a
m e  exbiressiow B.3), 1e.

ds*: a*(de? + si2odeé?). (3.¢)

In &Ko tase Gu = a® Q2:Fa * O, Qat &Fsw?B. Ik o et possibl

b <f'.:.ol Co- st dialtes (x,a) SR dRal (B.L) ke +Re gow\ ds* dxndaﬁ

Se i swuafhee s o VG, bul wet an K,

I & swfare 1w developable , sweR as a Glder ov a
Come, HRem * w Euclidea .

We tam 5%&.&2:5@ shee é?u».l-’c?w Considerwm s\:.a.ces i
W&icl dg? b wot ata«kessi't&g s a CV,\.adJ«a,Hc &;g%ewh‘aﬂ, {o«w\
omg alse l:a Cam.Sio(Ma M«FQU@% ée«w)sai Sharess M w&icl s,
te. ¥e distomee betweew koo v\@%@bo—w@aé powts |, is  net d%%‘v;ed.
&oﬁ.as\aa@ehc&ﬁﬁdanmdedeﬂm{Qm

w eRse S%xa.c.u.

3.3 Tewser aloebro

AR ;
Consider  aun [ witR Lo-otdimates ¢ (i= 1,.,n), awd
LounsSider anmcte, Lo-ordinale shew 2 , w&ere

st = 2 (wd) (3.7)
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1; P Res Lo-orvdwmares x' %" W e oo sé&Lems and o
“&&&W& Tpewt @ 'Ka.s‘, Co-egg.‘;no.—l-i".s x‘+dx‘,xfl+dx",+%4

dxt’ = Sh eXD)
Where b v  aSSumed Hal e (r-odivnale Lﬂmée«mal-im (2.7) Gud
U mvense :

¢ = %t (wl’) (3.9)
Ore .olég%%h‘ab—?z dnd  Raue how - Zere Jacobion . Note “4Rar
Co-crclinate WSfﬂ‘-MmHM Maa be Cowsiclerned as & Aeﬁa.beblg
g & powb m B by ot as a ma{p[:whé %f a }::o—iml— wm owe L,
onlo @ bowml wm amotEa L. ,
e ]’é e 'H,%Séy\wxa,\—imd are Linean, e qpromtbibiec g—:; ound
>ni’ one Longhawmls.  Howeoer, %%Mal, Sz e ::Vu%l—-il-iex QA
Femctions £ e x! amd x| Aeswﬂ%&, amd He valses of
-e)i\mess-xm im»—u‘&:—-{m& HR e q(,\w-\'i-—ie-s Uy B pomb o petb
D%‘MHM. '

(i) A ser of " trwmbowenks A€ Wum% QCM& o ¥
Ocla«ess«'c'\n. L oewmd!
‘ At Sl A (3.10)

s o Lowkouvatiomt Lectov, o+ 4 LoewHalariawl  bewev of It ocue,
v a (1,0) lewsor.

({Y A sek £ w towmbonents A Hw@»«m\;«a Wol.m% o e
exbaession

ax‘.

A= i Ay B
IS o Lovaritmb vcky | ov & tovariomt  lemsov  of Aamk ome | ov
a (0,1) henser. e
(i) A set € N Componeds T4 e wgﬂmé w& o

e s TN =t e
Tua - . St Setr 1 tte ~ (3.123

& a Loewboagarient  lease of rankk = , o a (r,0) feaser.
(W) A Sek ca n’ c,m\;»o—wem}-x T

Kyoe L mesgnm@a au-e«dm& ()
e Law | a_x"'l
TE.,’C;’ o i'_f s ;C.l Sle T ... s (3_,5)

s & Lovariamb temser of sow o, o~ a (0,0 Fewmser
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vy A ek g ' Cc-va[rc-v\-&,\hs T;"c;: (a+b = ) l-ww.gfa—\».ma
Loty o 42 Cow 5.4 = . o
% i'""' ;'A, . ?_!‘.l.' aw ax‘ a'ﬂé" ...B_x&"' Th-u ta
T&.'...d: ="' S.;._‘" S‘;&' Sndb &I”.dh <3|+)
'S a mixed lewsev o rank N ot a (@,b) lewsor.
iy A %MH% ('\b AR el Aewaains Mc@m&aa\ d.gwa “+&e  tg-orChinale
w&&mahm ’].e.

¢,= ¢ (319
s Lafled o Scalan e wavariamt m Ln.

(o)_f:wu(s.s) +He  cooctdinale differentiols  dxf mhﬁ% e  LowdiHon
@.10) Gre So are e Cs-mlwxewht £ a o boaiant peckon . Neote <4RaL
e ‘Car-o*\»d-iwa.l-e.sa“l_::_c‘ ate  not WX Combowenks o a vecler | Since +2e
2qpmation LM I Kolds G"\'\-% wle. +=2 Hm@nnah‘m are Linear
and Romogemeons. In 8o fae & x| ae & Components of o
teshiicted  Ctonlavariant veckot.

; —_ 29, . ,
Lb)gf qb is o Sealax ,3;'&0«: ;_%e by‘:\%l—‘hu S -Sahsc% e equakows

Eig 3t S

to  HRak 2‘3" HM&«M ke a  Covariauml pector. Lk i collod +Re
gﬁad,ienl/ f ¢ ond is wilen B s s%.g-.;..\a e crerant
cKaraoter,

@) TRe Kromecker delia, S5, w defived by

« _ 14 ‘=
c(d- = {o ;*‘5_‘ (3.16)
Tl S L Ty o
l\(o—u.) 'gd P oswd | 3w 3wy 3’ 3w ¢, S é(i v A mixed

lewmson o rowmd koo [ te a (1,1) lewser, ag  wdicaled E.a_ “Re.

&u%;xes. ) 7
i . € )

_ g 4R combonents of o lewser AH Sakisgy AdT = AT Yz

A4 s seud ke he Symmekde  h 4&e  Sufpires ¢ owd 4. If A4t —p'H

+e lewser iz gaid te ke %H%MMQMC (cr\— S&'&.ﬂﬂ‘:_mw\.wf-) m e

Sfixes | amd & Ir 5 @s«-@a Ko 2l Smemebiy pro hakies

£ o kwsow ate pessoed under hamgBumabios  as -@av\.é as 4R hain

g L ixes e et bt Subseripls o bot® Supersenibbs . I geh,e*a.ﬁ,
‘e &auw\e,l-t.a properdies ase wot Aelaiied & owe index 5 a Subeeript- ownd

e W a &WM T&e Krowecker della v am exceplion .
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setond - ramde lewser T wm be wpiHew wm 4<e Frm
Td = [T s Td] ifTid -Ti], (3.17)
awRicl Bevic Rk Gw..a Sueh  lenmzov Moa be )\an.hded G e Luw o
o pesk wRick w S&mmtmc fnd o pek  WRIA w
a,iuc.\ Fn.o' ag &a%ixm. We

G«H&amelﬁc wooo
w\l“\-od.ucg ~te
- = d [T Ta: &
()P 2L 'rije... * céd(...j, G.ag)
Tﬁ[ci]{... = é[Te_;J.c,_... = ngu...._].
é,.\ 422 Symmeltic  and QM.L"\‘%MMWC partx £ a  fewsen Taije.. @R
Aeshect b @ bad o S ixes . TRe Sy mmetvic and M{—icau\mwc beats
Wit Aespeek Ry wow- a.c‘a'o—c,ﬂw..'f SofPixes  are  densted by

T gy

T‘R

5[7&%& + Tiee], o
3.4 O?e,wi—iom.c wnte  lowssts.

(i) Addibion awd subdcachiow.

IJ A;"} osmd B;‘t fne hoo {ewses of *Re Soue |a,}=.=, e, bt
fw,n) tenser , 2 +&,u~. St o

e
L s tik ¥ >
A&...‘.{t z 811 = c&...ag
1§ also a Llewgor 42  Cowme la\-e Fex. exn.m‘»&, Lowsider,
cd = AU £ gW
5“.“! ! {" T
-3~ CLFE-V)
. o2t oy

an' 3wy QH.
f‘(v*—c Koy e

Wy (;a..so«x wmust Le added ot Subkacled o) 4@2 e Fo-'«':‘r,
Aenwise i 3wy Wil net Roave = Sowe ua.m.ad‘lmA'd ac £ B3,
amd So is not & Commnon éa.o’fw.

(i Ouler m&\-tllaLc‘.a.\—\ok

Twe lewsots, &
ko

A, Andl Be. T cam ke aliiplied  togelis,
lve & new lewses Cizd:P = AN, BT, 4o0Bosk ranf B @ suwm ao
e  Asmks < e hoo fewsots  omd wRR Ras @U&u«ﬁ o bex aéP
Sebsevipls and suposanipls. [F 0 easily SReww Ral CEY kansguws s sl
aleuso«wcz_”” ) b u vl
Cled = AL B T B S

i o2t e 3x el
3xi S e A

- "
% ot 2 e anp By, p
Ix’ 3 /ot 3l =™ = = n
s S ) 3= 5x1 A d’k BQ-\ I

;A.“P
Vel

g R L T
A

n
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(_iin Lanes Muﬂh%&c@hm

]_(S 4Re above lewfons e mulbiplied Lcae,l—&u bovr i
ixes | He Aesulk s @ hewsSe
ramk S

s & Scalax

Swrwmalion guer @ w S-
fowen raul. Fou 2x Qe A'd 5;““?: C%:P w  a lewses
e  wwer  prosuck of twn veckos A and &,

L-%M&ﬁ. - a-u’l.’ l_ axé . .
Al- 6 o B = A = 6 = é‘d A‘ 6 & A: . Adg
so Bav AR = ¢, e scolen ’Pwobucl— o -k&% hoo \rec,l-ﬁs

(N)&»W&h.

A wmixed tewset Sucl  as T’ié oz be  cowhaeted Ba &Mg
a &ABWH amd @ Subaprseribt  as R Sawe &u&,eg. T‘l-t&,’ff?\b
a,w—m X Gamkity Wik ad  w co-w\lpm\.eu.l—s , mslead o n¥ Combonenks,

Mga'(w\& as a UC(‘J-m 1L
3"-" a_’:d ;"‘R -r
-ré‘ Z T J e axd St
= S & a;’-'il T'"d

z 3'—“3"1'& - Zﬁfré
ILKV,&MKMaWWd%BﬁMM&gﬁm%}
g e c'vaum-fl lewset | @ (wm,u) tewSen combatks o a (m=1,n-1)
lemson,. Nrte W%Wm%a&wma walbiblicabion [ ¥R
Codiantion of = w&{wwb-g sder  wunlp.
v) Quotient TEeoteum.

T&En asws uwus ke k&mﬁo&&wwasd—g%mﬁa
- HR Componamts g o lenser.
TRectem. A sor o %Tmbves,-«ﬂasa prodict (inner oo ov-..J-e;\,} “RHE  aua
Mka)z Leu\,S-er a lewcor | é—(ms @ lewser.

bet Ay be Re ot L gpbets ahaa"onuauua
lensor | and &A\w{wu-‘ea-i-

AL e)& - CL

2

Muecvaaw N{le—uﬂm%#\&baw,
TMS&’(M% v a T f.am.e,.we Rave

v

& T el
A&e &

L 6&, ct ahe le-s&e«_&, Lre QM )
47 &4 ool
gd = 3\] c - a..,ic
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M\-d J"&-LLS ’ . 7
Do g e
Atdf A 8 = i-tif’c . d
x4’ At ;xﬁ y ‘;~6
( ' . A d) R4 - 0

_ % i P
Svace R4 s OJJ:ML\‘Ua We  Lam LEoose (ks Co'w\.":»omevs.\'s kb be (1,0,0,... .
wd Wew (0,4,0,...), amd S0 on. TR SRouc Kok 42 Grsmabiby
w e brocker s ifdwe,a.ﬁpa 3o, e ‘

B Al o 3xY Al
au.Ad G~
¥ o g x4 .
e waulbibRicokion Ba Sxk! Floes
el 2x’ Oud t
Ay s LAY

So  +2ak Alg s a lewsen of +e Iake ndicaled “a ke SufPixes.
(vi) %u&@% lensats.

Censidey & %MMM Covarigmt lewsor 3% Wit deleminant
aalg;a!vl-o. ler G4 e Rpator of R element g w YR
u\e,l-e«miwm\.‘r'. e SKell wow SBow ok au = Gu/g g a Samw;ewg
Covariamlr tewsoet .

Frow <& 4-% of delaminamts  we Raue

2o Rek clivicin a%Gk‘j‘ : 82;' 4487 - 3‘5&& &1
) ividing by g, we &
; _ e s L
gigh < &, gygt e g G2y

CRovse  fun m.bii—«cu.a Lovloariomt  pethor Al | Henm E:;:a;éAé is also
Oan a;,},iko.;.a vecket | Quucx 814.-0 mplies  YRal HZe Cambowenks of AS Com

(»Qu.‘za_c be talouwlalted ébow\ ‘sza&i—%m Now oo Sowe
NR; .= 3‘:!3:4&«{ = & A% - oA,

us«;\é 2qmakiow (3.20). Hewce, by % quotient “Rotem, éc{ is @ ConMovariawt

Le«\,sﬁ.i) band U gv&m.as el b is %w.me‘-&dc. Lo 8'4 . TR lewsSets
8_;;\ 5 8'& sre foid kb be Aﬁu'\né'u.aa.l-e o e Qo
(\(ii ) 2 T‘W mv}a-tx\—{a'u.s.

I ge&eubs a&w +e {-&Mgmw\e-‘-im Lougs  4Ral i adQ Cormbonents
g a a,(u-eh lenser UomiSR m twe Cr-oidinale %&L&m , e 2l combonenks
rouis  w all  fo-svdinale Sa&!-ems Hewce | g a F.Q.%&icai Yo w exbressed
Mmg,,v&,o“s&saa,hé%mmsw _qmals AmotRen | HRew | Sice
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e diferenoe £ W lewsets it 3ene, U Pollrws HRak HRe  lewsets

are -eq/ml - Sy ARy Lo- sidunalde %S-LEAM, So Rak 2= w..O..oL«i—‘a
l% = Lfao is qu_bmal%L g ¥ co-sidinale Saﬂ-&m. %(:-Qoaecl Alse
':X o lewser Jacv,\a,l-{n is  establisRed w o shetial  Lo-ordinale %;L%,
¥ew * i3 valid wm a-emewoﬁ

3.5 Tewtov dewmsibies.
Given a L-Lam.sge-«ma,t—-ian; of Co- ctchinotes

x>t = x‘-,(x"),

12 femote by J R Jatoiom delerminant g e Hamsfoimalion,
. ax"
le. J= awt'|. té .

We de&o;\e. @ Aclalive lemsot &i.__z’ﬂ.s a cvucm.i-mla wrRich
Lucurg srtotding o 2 sule.

%\W\S &i'--.&’a wa,_,-,__t'f.‘ -;_;g_A" a_x&l ) a_z—l L'_S
& ..p 7 Josa Sxd w3V R (3.2.1)

wRere W Vo a positior ov negabive integer. & v tad b ke o
felative lewser of Meigky W J&mé Lovariant amd Comwhavariant
horectenishice of imdicaked Ea 4B SufPixes .

Ig W=0, 4#& srelakive lewser is au ovclinary  lensor. It W1,
e aelative ltemson w called o lense d'&x&i':%.

TRe go&m.,.;ﬂg ARsSuRbs  are ea&i% Preed :

() & addibion oo Subliastion of hoo  Aelabive |tewson of R Some
{-a‘;_e, Bund we«‘&at— resulbs  wa  new Selotue lewceas of 2 Souwe lag.e,
O me‘«a&\—.

(1) TRe oculer produck of hoo  Aelabive  ftewsers i3 o Aeflalive  lewsSor
wﬁosszmaﬂkh %Mw\g Qem‘cgw-s $ U fetois,

) A aclotive lewsen may b2 Conliasted , seducing  Us  Aank %Luo,
b 2““""-"‘2 ks m&a\- unaltered .

Note 4Rat area amd  Volume elbents e Huser dansibtes
g 3o romk | e, sealon dewsities.  For 2xRuble | ln E.Slu&&a Conbesiam,
Cn'-e’k-da;a.al-e.i, Re volume 2lunenr dV w
av = dxdad% : cloe! goer dx?

Qg u.SAkg St:»?.-euicd ta-oe.cu«s - i

VT il drdodd (") Sinac du et doe®




S0,

I s Wacsoimction fimn o o o, 0[] erare cua a
Re velume eLements u"cw.a
doc'do da® = J b e
s o ¥ uvofume 2luments are sealon  denSihes.
Consider & Combovariant fontor donsiby of Ak n el
Wik wn O*Hsamm;duc AR M Resbeekt  ho 0oy SufpAx . Ths CO'\M.%‘O'\--G«LS
(13 V-] dteLe,NMm.xe.o‘ as go&aw

E,"k' A : O ,g a«a o &u@xes e e Same
= ‘E td’"' 1k v om fwew parmutabio. i 1,2, wqn
= -g* ) d‘...,k w am 0dd permubalion o 1,2, n
[f = Some £o-ovdinate S%"""““ we ke &7 2 4+l e a e
F&,\Mﬁd S'ag)'&w\ _ éz_‘" a;:ﬁzr ' &x“ 5“ &
£ = J 2l amy S
= JIK .,
. av.‘ =
wlee K w ¥ determinamt xml-e ¢y eﬁbw..eu.\— axd |, fe K= Ia_ié'l.
xt 2wt ;
Now JK = l?;"u'_'l Ian \ lé l By Ty , ond Rewez &

LeBros 4Rk £F7H fas 4R some cml:mw; 0,21 & all Pomes.
TRe  lemsov densiby £97% s fuown as 48 Lewi- Civde
bowsov d%% , oV He busmulot-ion -S"ﬁubc{.
e delowinants og fetond -ramt lewseors are selalbive
PITO S S-v-000, T S =y exembls g A'd n o oa Lovaricn bonset | HTen

A ’d/ = a-u‘ :'_Ef] A‘
a-«.‘ %t
1-2. Ll&f\ T l.
e |A€4\ = (3.22)
S0 *al [A;U vi e Aedakuve MuaMm\- 2.

5@&2@.%, 2 delaminant AJ[ a" @ Conblvavariawr fewser U a
rcfoive  pa @A Bunls %g m‘aﬂk -2, wRik =  delerminant (ALJ‘,! g o,
mixed tewsor IS G mu-arianl

&b hueitsl dishlocement  Snd covariont difPerentiakion.

In otder b Rawe M@v oparalions  «witR  tensers,
‘& ae«\uaﬁl S%ﬂu ke mustk Kove Sowme Shuwchae. In pardicular,




v
5i:
sai«.s{w-na d%?&mi‘-icm of &%MHMW ocf tewses w0 gt possible
+<e BQ.S—('C Lh- .
Now 42 t;.a}./naﬂ derral-ive g a  lewser (ots@s How. a .rca.Qa.kX
is wot o lewser . R OCMP&.KAEQ & ectot | +Zen

e
AL'I S~ A{. )

S0 4Rak
A -
S=d’ = A‘-,’ra'
" o' &
(ﬁi’A‘)»&’ sh
S - ‘
{ g‘-l A‘_»d’ +5;:"7é’qr Al
ot B T, Bt .
2. AL:&’ T 3wt anyg’ A» ' + alt“and’ Ac.. (3_23)
net a  leasor, wnless we a secluicled )

Ias 7&&%& ~H<al Ad,é "
Lineasr i—m%«\mﬂﬁa\s.

hek Pand Q he nRigRbrwmig  pokt Wit o eedlinates x' awd
xada' amd Lk A ewd A vdA; fe AiGdidul) 5 4 d) vdar] be +Re
vetdm s "5 Q.  Lovariomt  Uecker é«‘eﬂo‘ aSsociobed MR P and Q. Suce
#Redaz lemses ate  associcded <k dége\e.d— ponks , =i L\M%Fogmah'a'\
foye 4wl ke diferent | Lo HRel d%@\e«cﬂ. VAL i@ gt ke & Lecke.
Hv-u}m, )

d;:- ] g_:JA =, (324)
ed dwd 0 e vecker | oo Sx) Cammdl be a lewser | as before. In
oder ko obhain A deriveakive wRick v a bewsor e mwsh N
& procedise wKicR iwvufoes Lomparison of hoo  oeehms d&%'neol ak
e o {aﬂ;\\-.

In an E. . a uveckorv A o M%&A parelle d|'£}aQuwa~P
guok & poinb P b amctes ’(:»m:u.'l' QR &% =31 W Su.g-:us o .Caa.».%g
w m&mﬂ-«de ond  direchtine l;g‘ Aewl-um&«ﬂaa/ tarkesSiam. Lo-ocdinates dre
uployed Woon e MishRaged veckwt Wil Rave e  Sawe Cotmpreneuts
s e cigiwel  uvechker |, bad I1¢ ewrmnlinesr  Lo-oidinales que used |
We Lowbowedts g R lishloted vecton  and e  sciginal ve ket
Ari® not Rave e Scume MM%H'MQ%M“ ab Pam.le
LR m}&\ é%ewﬁ., be i & Gawe direebions. In ¥R wike
%e.,&a_,o_ L., we J.’aa Ha paralel d;\‘SHM‘.w%l- (in Some M)

tokes  place Aivwg us a displaced vecket il Combowents A +SA;
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mRick Lo be ch\.kxa.}./?.d R e f:e,Qd veeksn A +dA; v 4+
Soume t;m;.'c- Q. Svce Hear are bot®  veclets d%?iv\e,d ab 4Re couuwe
bowil | HReu dxgueucn dA; -SA, w o uvecln. Gme\o..&&w\a (3.24)
e Lrile
dA: - SA; - A.,ddxd (3.25)
e, !aa H=  quobient ralle
as "4 Lovardownl devivalive of A:.
We &auve d%ud%ﬁ%d&%mgawkw
g kn;.a.QQ,e,Q_ dix-!a-@amw, but we Raur g o clﬁa'u.e box o202 displacement
o Ln. TRe definiHon Rat we  adopt  wmust cmespond b 4R usnal
definiion m En sace K, b a speeisl tasz of Lo [n En | wfeo
tahesionm Lo-endinales e used, e Caﬂ-\%»crwevd-.s cg’ a veeker A demain
wneRanged oud alss 4R stalon produck A8 of hoo veckos  mush
mmkmcﬁma‘zd(&&mwhawﬂm)&ﬂu%wg&m
e uvecteorr w  LowsShanl. Ia L. «we W%M%A{M—vécﬂ&
L&:w;uugd paralfef  isplacement , ds  S2alor  preduch WK awm th&
veckot B fewains mlaniaat.
To dﬂ%&nﬂ- barallel disHa:.wa«.\- woobn, Ltk Comsiden A veckew
A; v E.. Lek x' be Lwwslinean fLo-ovdinales omd &b+ = be Aechongulas
LarAesiom Lo-ondhinaotes wm E,.. TRea

(14 St

A 7 ki Ay awd Al T Snit AL (320

g Al b parollly dishRaced Liow Pl Q, 2 caukesion toubonednks

A-;_/ do ot &M&E le. SAU = 0. F:(m B.z2L) we Koue

A;;& w o Seeond xan  feutor  Knewm

]

sA; - S(Eiar) - s(E))a,

./ vl
" oiiaey iy (3.27)
Sww\ﬂ-l—u_x.;ﬂé £ Au, we i d,,
gSAL = St ;“& 3&" A.g‘_d"(
e, SA; - ["’VA,,,_de , (3 23)
ArBese o ‘u-." 3_*4
R (3.29)

Cméo&w\-m& H: 4Cia , AR % SA; ‘N\ Lo \;a (a 28) , wlaie
‘e ha %%L‘ Lec [" are d«d%umeé QJ\/'D-\L‘\GM‘% ak -eu-ea %g—\..\i- g
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parkial dersvatives o & espesSany, rdan . TRe Jamti Hea r‘f"‘ ore
e Aounbomenks cg Om.  Of2wi WRieR s{»u@u O ﬁw\.e .Ca'h.\-\e%cn\,
between poinks  of L.
We wow Rave
dA;- SAL = Agiod A--o\m:l -wfin,‘ax},
So R covariowl derivoHuee 1 Fiven Lg

Aii,g

(330
Ond dBia v o lewser .

Nete &k A-i& und L,& Are eqmal ip Lowa ponenks of [-;-k
VomisE  guern  Sowe heaaa-u. o Lbn. TR 48 be lege em-?a o -&-K,.
Aeggmewu fumﬂ 2mploged ; Hm-.sgv\ma-lﬂm o qnotRen Liame wndR, in
-6\«.-@&61.9., ARSuRY m-é-v«n F.{; Ow% Lovariant deriatives Lawm a\;iﬂ_‘,&
wm lew Se GGVAAGLL—\.N «RicZ are to bz Hue w aR a?\Me:

3.7 TMM&«MQJ.-‘M Bud  brobekies of 4&_@.&\&

A%a& 4o Ccmw g % %%"M‘a Maa be e&osew &;\B\Hw\a%
™ o.ma Her gba.o\«.e, Bre g\xﬂd Ea % ngcnma.\*\m -ﬂa._g wmRich. e
2Zall new .

Sz A‘». n o lensen  we -Raw-e
d 2'&.3__3

v 3é, oxt’ Sm ¢’ L;d_
ond also ,
e
Ay = ax’ A
l\(m
&-f
Ay = Ay - M
SO +RKa 3 5 a b 3 d
- > -x_‘- »
= ¢ B s % 2
2’ 3y’ A“‘d T 3l 3wy A g +a’""é e ™ AA* ;:“ 3.31)
g—u,"/
Ala = t. r’& Ag
a,‘n. ;‘aéA _,A E 4 I"tk au‘ '3"-@
-2, ax' Eué’ "J& = a:q.‘ éwtd "‘6 - (} >t Ak 2 (3.32)
Cm.,\\:.w.\% (331) omdt (3.32) we Rax
&' a_._x_& . i:'_i_t_k + h& bu Dué
i’d’ e ’- i yxd’ Y et 2"3-&

Mo 24 %—%\;«.& bt 2iden ga Sor ke e ot

2 A o
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{r a:." a_.;' a_ns é.,“-' al.x‘

- —_—, — 4 T
rrir r - om % 3. bud' rr'd + It Sxiomd (3.3'.‘5)

wick » HRe -&ecvw«led Lw..gmma,um\ Lo .

F. o p e

ABva ervnh (333) w2 Spe <@l g —e Con ponents aﬂ rT.‘&
are e v owe écam\g' -’ﬁ?% are et wecenw% 3o . a..a ARan,
gkau-n.e. Ia é:uc)r, - éewuo.ﬂ,-ﬁae v éxw - WECA e Cor powenhs
Uomisl  pved o Matm gf L.

Ra Ma_('}ot ’(:woF'-uh-eA bd'P Lon, oc-%"n.f ‘—a are ;
0 1g r"-:-& B Sgmwelic iR aespeek o i and | W ome flome | Ken
- W samme_ka‘c wa every éko.a-we.

i) T&a digference of koo afPinilies, defined oven a Aegion of La, v

A lewser Suwnce .y
n® L ER . EET R _qe
,:;4, ;&; = D3 Dt g ‘é 'é)'

?«m(s.ss), So et ﬂ%-ﬁa v & hewsos of hand +HIes

(@) TRe average A(TF ¢ Tf) of koo affinibiec  4n afpnity |

é‘m(&z?a).

() 1k &c&q@s 4Rl WR Lo urile
FE ® l‘“’(:;, * F[‘;J,

So et My @ @ lawser  and O o an a@inity I TRy b zemo

A owe (?(ame ‘e W w0 e PN %&w& o albernol-ioe proef o ().

) ]S we are reshkicled b Linean L&Mfr\mml—im, o, FZ " -

fenson , befawg: & Lol keren w (3.33) wx@R e ke Jere.

() Fou fuy afPiniy e fow make Clp = O o & &ag cue

Lo-primalte System ak one powl

Bt Let 48 given powiv b O and Lk Uk ke 4B otigie »p R

Le-ondinale %sl-em So b ok O, x= O, Tm-ﬁ&-‘.w\ e a new

to-rdinate  Syslewm =t/ by R hensRaation

xis Smt v dal =ty =¥, (3.34)
wReie +e a.;fw are  LeowShombs. New
R L T
31-2;, % o *
2% -
o Oy’ T a:i,'., G mmn
A O) x = O, 8o , ;
. L
axt” F e ) SmtAwy F o‘&’i’ .

' Rl g & &’
l.e. HLC;J,) = é'& &LI 6dr r-I + Jg Q—af

Yy

(‘J‘




&3

Nag-v.e, wR  neole YKok ju:rh\ (.5 34-\ 0.:;:,‘ w %uuq)—uc 8% Lgmsua
Ryir vn HRe  Lotneck way (‘d’ = O (QJ' O oy,

QQ',_’, = "'Sl £4 I p{,&)
Sl A Lo- crdhinete saw v ,c,aJ?.Qp_d a geade.:«zc. Lo-rdhinate Sﬁsl,-e.“

 Re powmb O, sk is Us  bofe Iv\m&asa% f M€ o
samnu-uc, e Covariowl Oud bardial derivatives me denbical a+ O,

WRICR o useful Sicz, € a leafer equakion W elid W e Geodesie
Fasiem,vr v lalid w ol é\aaae,ﬂ.

3.?.MM&_;5_M-
) A we Rauva

For 0 Couarianr vechor .
a“u;{-k = A;,é -rS A, (335
For ctRen o lensor  aoe Fnd:
() Sealoan , WeRen ¢ Md@éa& baro el &sHacw%k— P Atmaing
wwollered | ie. SP = and o
i = i, B.36)
MR o @ veckn, as  Aequired.
(i) Conbavariant veckor Si Nows AR W a staflan , So
(A:8);: « (A e‘)
rae. AL 6‘+A8‘&= 6‘+A8‘
SR SR e A SRR Y
-r"Aie s - (8% -e‘,d)A
Bt,& A‘-" (8‘ + l_'& B8%) A:
CRocse A, b be dn a.\bd-«ma u-ecA-w So '
85 + By « r';d g% (3.37)
wkich n &2 Covanioamt  dervivative R*. .
(iv) Tewser '.D!&_ Re Hw&:—w\ Like A 6 Li a"'\d e &l\d b
:de P Dd&x + F’M Dd F’ L. r’u Dc;m. (3.33)

TRe extension h lewsews e all Aoumbs: al:-u-ims.

TRe wuswal 9ulec at.HaJ?a 23 Cooa)ar{mb dg%%Hme e
e Td"‘* = Atd-&,-t & 6(;«;%- (339)
c0 B+ AL B, (3.90)

(Gl\ Ig Td_.k & Atd&. + e;;_k ?
(b) Ig T o= A8 e Ty - A
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Note Rar & Kaonecker della o o powchadt unden Cruvaniank
d%%hahm , Suce
By o 8 Lt - P
' did T 2k v Uiy = sy,
by é(d'*' = 0, 3ec

iy 5 r—rl‘ ‘r?l. .
gk ¢t T gt O

35 &xmﬁ .

Considern 8n E, xR plome polar Lo ctdhinales (~,6). Take
Lartesiom Lo- grdivoles (x,&) as e MP\A‘Med %&L&u\ omd (F,8) as HRe
primed Sas»l-owu , te. (x.é) = it et ) ;0 (re) = (e %),

: i I ~ P-3
xX: ~coead 5,= ~5a© ~z .xx‘-& , Fap = =.

€
For HRe (x,y) shem My =o.
'3 ! ' ot
e’ e 4 e L e axt
Ix! T CIB,  Sxt * SmE, w T TEMO | on - RGeS
Dt e ! i S atxt o
axn'rhu =2 0 . ;x:]axa‘s:‘ i~ g ax—"a:." : CemB , ax_“ax" @ -2t
! axt 3 ;
Sulea l"fd =0 , 1"'1-,6, T 3wt 3mi’any! omd s -fa"*‘"\-wf—. Ten
ot v
el | f".,z, s CoB (-SwB) +5.0(co8) = O,

/
r';rz.r s C20( -rcgB) + S ® (- !‘SIM.B) PR
n?'z, . —L500(-358) + femb(esme) = L

’ . ;
Mg = ~ESwB(-reod) + LB (-raie) = o

1

2! 2!
Le. Mg = =0 amd [T, = r'z.,, 2 ‘!r-‘- Le &R ne(.,} now -3eho s,

310. Curl of o  Lovrariowt Ueclor

Cimmroen @ Hediidont Geshw Al TR A,
aM.HgaMmeJ—uc_ paxk £ R, exprescion w

2'4‘[51({1 =2AU}JJ -ZF&]A& (3.41)

'F&(%xu v v HRe  Covaniaml tanl | e etond lowe 0 2
Mahmé Lund (A;,é -A&,i) tnd R 1Rud lowm w & lensor . lewce e
ordkinang €l B a bemsec. If F% D Sgamebuic, ¥R tovaniant Ll
oo oxotim..\% rl  sae  idemlical .

LA _p(& g
d“A"c} r"‘&Ae\,T e 4

3. Covarniewt d&%ﬂerxewhohm-.. o-(_{'_’ reladive  tewsorc.

8& ushg W comcept of parallol  displatoment  and Aeqmining

HKar ‘Re ecovariomk denivatives o 4% and S fdwc"-ﬁ% oo
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(W%RM‘RE Somne Com%-m\&x\‘-f- MO&R&‘—M&; Mo'o—l‘kﬂg-t:oxl«h)’:
J o be SBeouwn Hary ke Lovarmank desivative %70\ Aclodtue

T o .
¢ iy » &2 4 + r'{d't‘j?'; —Pgéﬂ-i —Npi&&‘tg, (3.42)

and | i porkiondas , fr o addakivz  mveniank 6¥,
& - R, - WM R (843

3.12. Geodesics.
SW-;..,& Wit Sowme %mﬂe&iud d@}ﬂm%v ke . dedl , mb w

Peval P, e o paralef - honsheuk R veckn R.Q-cm.a ds  cwn  dieckon

fo & bowb Pl T ives A hew l;vgiwi'res‘iw\d rechor ab P 4Bal 4o fan
ispPase R,Q,,.\.a ds  cww ddeckion b P Caml-immvxé 485 process  wx oblain
& broken - Zie Lurwt P p

Hewer | twe  com parallel - Mawspouk 4 uechr  dact Cfm“ oy powt fo  Sowme
eten. ’Po-\.'..tv‘, As 4&e S«‘ée g e disla&\cw%i- lends b 3o, H  backen
&nQWM&WW&M.W@M%M%PmQQ
mdi-da%;we,o\ dineehion And Lowbnwes b Gty powd Al & fnile
L Shomee . Suelh a bz v Calld a éeod-e&'c.

Now inbcoduse a  parameles fo desigmale ponts alomg 42 ewwe.
L&s&&omhmsgﬁmasﬂdfcﬂi%&wdbkmm
roniowtr Uokia ok P oamd P TRew T B o vecke . TRe condikion
K 2 eodesic is +Ral e Components  of e  veckr Ca?')p dicplaced
b oo bewk P ore idenbical wiR HRose of HRe  vecks (% )er , ve.

(%) - ML Blaxt = () (3.44)

d :
wloe Axk mﬁfﬂ\ds Fo doc usad ch.\aJ-‘\'m-\ (313),&’@« {)ccm\i:&
:D(mol,\;..a HRaa QvAaHm ba Os, +&&e d(s}:lax.%emlr %.4-\“ Pk P{} B

s L s A Qg
*‘”““‘a Din [ (%asder = (FWds)e o0 dmd A

As»0 [ As i gt &z as 2 D

e. FE +MuTE co (349)
TRa »n Re QGVAOJ-—\G\\. gc-‘l a &ude&\‘c - leraans { a gealan t_,g,\%q,l%
s Ko > Lunwe, Nete ek, i Ea wsd«ca) tardesian Cr-ondinales (3.45)
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becomes ‘é%‘z 20, mRick n e eqmabion oo mm&m Luces. Hewce,
v En éwdesics are .sl-waak- Lines.

3.3, TRe Rivmann = CRMicoprl Luvabue leasor.

IS 0 vechon w,\do,-aae.: porallel e 2 aberdk o tlosed pai
w Ewn, tRew “Re rasuliouk uechor it idewkical wi€
e W%lv\.s& one. Howeven, wa 5@‘«:&&&1 , W o nel
kue  w & Gowed Spoce . For  xawble , Considey
2 Sunfarz of @ .r];»‘?me on Wwick Here wn a
sk@w@aﬁ LMMS& CdM{aOSZd of 5&:0&5«& RS-y
(€. hoo Lones tz_f -?m\.gi'l-ude ond  HRe eguoto

W&ew A v parallel - kauspevted F finally

becomes D F A .

Cowsider 2 change wm & compowents of & uveck wnder
\mmw dispZacemet about am infinestiimal alosed pat& Ae&'wea
by fouw Cowes of e hoo poiawele seb

et o L)
het 4Re  potR  pass HBougR Re
Cfo-...u (:w—\:nh
Alu,o) ; Blurdn, o), ¢ (wvaun, vear); Dlu,vear),
So +Rarx ABCDA W o Combplete  Licuit.
Now <& absebule Ronge & & vecke Ag
due by paraller dishlacement HRowgh oed o
SA; = dA;-A;’.édx}_ Bl 4Re  fuwm na’ dA{ Arewud R Comblele Licuil v
Zoe , S0 4wt ifwote d G ©Rar Ll As we go hewd 4R eseuir
m&w... A kb B, e absstie be\am.az v —A;,-él?i"du, dalelaled fom -,
(i{)d&q‘“ B8 kv ¢, & absclule :.&ahaa v -Ac;&%":}f&w, olowtabed Ht WA,
(iii)é\ﬂ\nchab. e abgotule cﬂ-o.—gc " “'Ai;(‘saa_,:f‘*‘*- calewloled S o,
() formn D ho A, FR obselle tRavge @ +ic;&%—’;‘°m-, talcadased £ w.
. Faow (i) omd (v) HRe web Aesnld & 4Re difforence of e <hamges
A{’.&%:JAU— alk W+duw awd al u,/f.esfy.d—\‘uo%. We Azcv,ule not ﬁ@;;é%*Aw)Au‘
buv +Re absvbule d.;gu.m

( B"!J" B'N'LA

- (A, 3080 )50 B




Iwg Imt
- "Ai;d“ 35 3o Awav, B.+0)

Swence  dxd =-§':;}A"’ w e  Soume S (i) awd (iv).
£cma2uea () o (i) Que
+ Au','&k Ju v
S0 ok YK btal absolule Laﬂ.a%z Avund e L Cuilr
sy ® (Ac,.&&_ Aa;e&)?ﬁ?’f“““‘ (3.47)
In o Eucidesn Spate, HR Coverianb ond  parkial  denivakires
e  dewical emd (3.47) wornld be 2o sﬂc-ur\:-\.a 4Ry HEere 1 wo
absotule cﬂ.au.\g_ w e vecter om parallel d{skf.nwawk Aownd A Cacwilk
Heowever |, w dwa—?,, we  Rove Ac;é:,_ + A‘”‘& S0 HRak Al €2 be
homged skon we reath HRe iiHal poiik Now

A'::vd-“'- = (A;'Jé - FEAK,)r-k ® F:«(Am,&'PidAL) - Pd‘i (A'::"V\ 'rﬂf\-\ A-e.),
A_ﬁ‘gj = (A&~ r'ie\.k Ac.):d‘ * f—'?;- (A-‘.k' F:&Aa) - r‘&é' (B e -l"f_\A‘_),

20 Ear
Saee M - Mg 5 & tease, U forllews WRab e quonting ¥ Re gost backer
b a  lewses . \AL?. wrale

& - ~
A*‘id.k’ Aiiié = R Yk Ae - (Pd&'r'ld')Al;m G4
,L)e@uv.
& ™
Qa.'é& z r'f&"é = F‘%)& = f"mér*?*-r‘ﬁtr*g (3.50)

s & &m&#ﬁ-m& lemsor fnown as W Riewawn- C&A%ﬁnﬂ FenSes |
et  Luraratuie  Hewle. l\(-a‘t-e +Ha ¥ Q&;d&_ » %H-Sa_umal-vto v &md-&.
Ig +Re Q%In{k-a v %\Mme)-vis‘- He..
Aise - A = R‘.a,.‘ Ao (3.50)
. In Aezd—ma,...{?_u tarteSiom Lo-otdinoles A;;&,;,_- Aai““& :Aguk-ﬁgl;‘d=0
So R4 =0 £ Euelidean shace | and | sirce U od oa bewser, ki be zen
wlolever. Co-sidinalz sam n wsed w W Space . TRe misﬂ.d\g o Qa;é&_
aromtess Hoak ME:JH-GA-& vecter il wot ,t!.a\m&a. wader  barellel
dishRac oamenr. IF Lllowse “Rab Q“;&& 20 & necessary dund  sufPicient
Londibion £ W= Shar o be  flak (Enclidean ) 8md, on e ofQn Rand,
ides a weaSwie t{ e Curvntwie of v\_m_gf.o‘l- shaces.
Fho (347) 4oe See +Ral & absstule thamge A townd a cheed
Chew

ik

g 22§ 2w
aA = R & Ay 5 Bo Qud ‘ (3.52)




éo.

Sice 1Ko expression  Lowhadns ma.% Sorst otder tvms W Au, B¢ Lk w

rmote  pretise b ke P g
Ao Aear t Rg‘a“ A,‘Z‘j?;. (2-52)
3.4 Ciopakien of e Cowoboe lensor.
o Ig Q’}ék v c?;muea Witk Aespeck ko R ad obkain
e Rice; lewsew Riz = Rhpy = -REyp , wRee .
Riw = r'r&& -Fca,&. rM oM = MM (3.54)

P o B woin of Q‘*;AQ ArtR  Aesheck b R and ¢ P—«:d-ncel R tenset Sia

a"m b‘a ‘ 4 &
Sd_{c, Y Q &di = r’kklé PKA «- (355)
(i) Uus»;\a (3.50) :Ma mca.o.% Fwe\\mu.l-\..\a 6= am‘ Sofpixes , awe oblade
Qé&k - PJL l'“‘*,“er'm.“l'“‘i . F'ﬁ,
R¥wy = M - -l + CATG -Fjd Ak,
and addm\a 18eqe ho (259 aAdJS
Re‘;da_ B R;_l,_g + Q‘\&_,:d- 2 Ae‘."‘:i + A&l e ¥ A“j‘.- +F’{‘ Alg._ "rr A-‘- 4—!" A: 1(35L'

3 : & .
i ene A‘“‘ : r"'f‘ -r':i = 21 e - 1\(,54( -{Qa_b{ ig r';‘-’ v: %mme‘-\xc ,-‘Rk

e

(iiy CRoose a 6¢Qda&c‘c Co~ AAin ale SasA-e.-\ @ Sowe  powb . TRew, o+ &

\:\om;\:" r'? , bt waol vu_cdiﬂ—sf% s deniretives ) Vowdisl | So o (3-50) becovies
¢ za'g_ = |—1<§ r’gk
£ = ‘ |} % UR
1e. ea;da;z » Qe}a.n.s : r'fa.ée —r'?&.u.
NMH.,..% doww oo Similan ext.u:ssﬂ;' obbtawed La‘ zac&‘cdﬂ-a ]:&uulwi-a Jit b we fud
2 & ; < 5
RMyee * Qeg;y + g0 (3.5¢)
Sz Br v o kg, 2qmakion dmd valid & 4B geodesic fame, ib sk
be  valid i afl Lames. Alo , 1R Chosen peil Cam be Gey el of Lo o
valid aF o powts. TRe expression (357) 4 e Riamc( idenbiby :

Us«ma\:v%me F—oﬁwvu-u-udin.aiu w By sRow HdRer +HR  twwultwe
]

~: x' ©= xt I\fm-ézho Ms  axe r'\zz’ r':.t 3 :—’r rraz : -0

Curvotbure tensey mkwu-.—wl-s must be o* ‘*'aé’ew Re‘(,a Sencz Kk w
MH%\M.M{.WC m e Last  Lwo Su@‘xei..

w

® =4 -4 " €
Qt\z_ = r‘&21 "r-rc'.a.z +r1mir1iz 'r.luzr‘1
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Igﬁ.{-i o Ratl: 2, Combowents  aie 3o~o Swnle 4ot Hew Loss
Mg o oo 1's oo a2 2's, Da.% ARer,  Lomponedks  are
Q‘znz = r—';.z.l = r-';nz &+ r—;‘lmr-r:; = r’v{-u'!. r-r:'
2 My -0+ o -
T -l = (-r)Y4) 0.
Rva ¢ Muy =Mya »Malg -Mal™y
I-"'2 - QO + I"j, r",‘z - O

12,
L + 1 e

= - > —

Hewee , ol Components  of Qﬁ;&,‘= o.

3.15. Q\'ma.wn,\oa\ S!?cu:'.p_. '

We new LokRen  Specigy R speer L by wheedicing 4R idea
o ‘dishamee |  betweew m&esm i,w\\s TRe w &iven by

ds? - g'd ' dwe &, (3.59)

WCae +2 Wl %u%&. g @ &*:wgieéa&%ea F"‘""‘" o bn
Cowme Co-odinale %s«\-em wei  a S{:m s Lalled o Lenaaian s{:m
omd n dewcted by Va TRe expression (3.69) w talled % mektic £ V.
amd  toneghonds ho 4R Losk Fmdamentol  Loim L a bow- diwcengiral
Sunfore. TRe W\—ua ds o  Aegarded a5 an iwwatdank £ awy oo
v\e,%&bma powbs | S0 4 &reﬂ.e«)& ol 8:& w o fetond —ronl  lewcer
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