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WRere A v A sealan . In Fack , A wmust be & towshawl becawse
Combtontvng  (3123), we Rave R: n), o Ra 4@ Cishein loaco
A T
i - iRz o (-Drgy.
i fnd ez G4} 2 O, & Lleas 4Rad A = O, Cm%u.‘é eqmation
| (3.122) wiR %'EJ, I el

i Q;{: K("g-& ‘gi&.) s K(.\-.)a;k} (3.\14)
So HRal @ 's}au:z &GP Lowslawl  tuwrwvedae 1 a s{pzc.ie.cl Lase of Ga
| Emshein space . Note 4Ral  R: nm-)K | o 48k 4R Ricci sealin £ o

sl,qu if Lowshaml Lurvattre v  aflse a« FonShan |-

’ 3.24 CVK@G.Q Shaces

I§ hwo  Shaces Vi, Vo dxe Sunll 450 2D weliie fewsor ane
‘ relaled %Mu{»«esﬁm gﬁéﬂ.\




|
|
|

74,

g;d' s ?.2,8;‘& 5 (3.125)
where o W o sealon f.uv\_d‘to‘\. ¥ & Co-ondinales , Hollews  HRas
e Ma&uimdu of e d:‘s\:-?.abw vethns ak P-oﬂ:..i-s‘ e Vo aud \—/,"
W e  same  Co-sdinales  are Propothional , omd -Re amgles  belwea
bwo C&ﬂ&{r:\&.g direckions ok trnethonding  pomit ae  equal . TR
fhaces Va, Vo oare Said o be Lofornal  Lomespondence b each
iRew , md R MQ.H-w\a Fven ha 2qmakion (3-125) mabs  V, Comfrinn ol
owlo V.

Faom eqpmation (3.125) e Rave

g'& z 3'2"'3/;4, _ (3.120)
amd  iRe C&{S/\—_ugd befe wm  Ya and V, are selaled ba
%i * {adi + éﬂi % +‘§§‘T)i "8-'&32&0',4‘. (3.127)
If Asé denctes 4R Jranting
Ay = Oy —o0 (3123)

WRere e Semi-cobon  dewrtes Covarianl digperetsakion wheg {%f med ok

.{Q(,%m@&%%wmgVawzmgAdmd

. e-b‘—ae\cdk s Q““d"‘ * el *314 Agt " g&j Ak~ JuA, +(gﬂ3;é gaag;a)o;mo‘,", (2125
18 ere o™= 3""‘0‘;,\. Qmmb—ﬂvm& Al &-.(%\'K“ on baned and  uwnbamed

Cy\&a..d—i(ri-e-t fae  daiged and Lowened ba g'}i @nd 8d ,AesPef.kua,-&Qe_

expresgion (3.129) Cam he rewrillen as.
o € 3 .
le‘&&: R :'4,&. + J&Ae& +g;d':°\‘k -éil\“ °gi{A4
‘-(513:&- - ¢ g:i)mu""“‘ (3.130)
d
Re .!',a-m?vw»-‘-: og e Ricel lecsern aue S,‘u-e,__ .
Ema é";uﬁ Rig + A + A “nA. -g-‘& Aaa‘ "8«'&("'\)07...0',"
e E‘;,h.- Riw ~(nojie ~oio%) = (a-algie (58 4 o3ei) ;G
where a—.’dd- : gada-‘.a&_
TRe Kiced sealars | R aud R, ae ieloted
R = R- (.\-.)(v\-ﬂo:d-a,é -2(\«\-!)6';'-"-.& (3.132) -
TRe Wewl oo fotmal Govatve  lowser Catdk w d%ﬁn&d Ba
& 38 L (R p. R R PS
Ci&&. = Qid& T on-2 (‘;; vk -S«Q% “'&kié ‘S‘JQﬁ
—_— £ £
. _(r\-l){-\--'t.'}(S kg\a = &J'%:-i) i (5.I33)
Faow -ecv..a-Hcms (3-130) ko (3.133) d—&r&ms “4&at  huo .S'l:m.s are  im camcfc—\ma_Q—
WSWMP. Wit efatR  oHde :(-i Qund c'h.‘% g e \A%e, fem 2ot




=

Ane  identical |ie
-Ce:d‘,,_ = C & (3134)

TRe expression (3133) doea vw#- exisk wRen n:= 2. However, &
Lam be Rown 4ok gV meliie | e a Jrodrate  digperential Lo
W hoo  Lariabfls , Cam  ba  Aeduced o 4R

dsts AGel, e [(ohe! ' 1+ (et ] (3.1356)
Lo tRak o.«.av,, W b’aﬁi—w«d Loa.aﬁwi’u V.. In 4= tase %‘a\!&,i}-
Com bR Rovsw, Hal C..éz._ “w ldeu.i-«ca.ﬂ’a Eero.

15 a Vi w Lonfrwmal b an E, (ue.-ca,gm,m Rave e
Same Sigwakue as W V..\) +en, Sunce IRk Neaﬂ ten s f Y% Ea
» 3oho e &r@ms “+a V. .Sa.i-isg—ee,:

c‘&& s o (3138)
A N. (n>4) s«hs&ama e LowdibHon w» Said b ke %@M% Lok .
As dan ke Seom How eqmabion (3135) — V, w c"“c?““"-‘l"g £or
“vweuu. al o, - Vi tabigfies R Lowolibon (3|3{,), 2w dloes
not \w\pea Wak a Vi w n-eceuqm% &vgvvmoﬂ@a ot heces::e.%
ond  Sugficiemk Cmdlibion  for o Wy Tk be ComBorimaly Lav o Ral
e Colon- Yor &k lewcor

v - 2Q£~m (Qéu_é-é'ij);'\ (3137
vomisBes. TR Lomdibion tam ofio be <ovillen w 162 Bt
Qia;& = QE&;‘& t b‘?(g;-a Q.é -8.'39.4..) = 0 G.128)
v Riggel * # iRyl = O

% Py Yo B Lmfonstty fhae

Gy A Vv, = Cm{o-{maﬂﬁa £oav i€ amd oy £ 42 Collew - Yotk
LOV\-SW Ut cles .

GiYA Va (n>3) n %Mﬁ% fr £ a.\alam.%g’ 2 L«I«aél lewsoy
Vo gles.

Fiowm 2qmakions (3122) aud (3133 W Followss  “2d Ay shaee £

lonthaml  Luwrvrtue © cn&—w@maé?w,‘ bur 4Re cowverze W not
r\%ess.m.iea e .
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4

3. 25 Isomelrvies and Ki%é veclers.
ber g"(vd) be & Lewhvowrasiawhd  vecher Fiekd  defined w V,
AR HE  medic

Ckl: &.-&dt“o\u.d'_
£I~Fresre- Wk eatl. pevd of & V, & .su.h&e.d-ecl b an iPinthesimal
bmqg«ma.l—im .
2t . 2t 4 §l$.b (3. 139)
ke Sm® s §ES!-
S(dwt) - d[&ni)-‘ 5{',36(1&:& (3. 40)
S(g;é\ s 8"3"‘*‘2"‘&’ 8‘4"‘5“‘“ (3. 141)
In gueral e fack of ek o Rangfmalion wonld be b
dishoihk -2 “wc”b“’”icfﬁfu‘igt T Lel 4Rav He mebic
AQumaing  Woarant  wdet HR  Hassfotwalion (3.135) , 4Ren HRis e sfrtumalion

LcCaQﬂzJMismi,ga o motien of e V.. In 4G case we Zave
é(ols")'ao

(e é%;édm.“oluf + a.-ié(d?;")o{nj + 8'& dx‘.é(dx&l)- =D
v Giy, e B dniibd 4TgyEl dtuxite < g5 O §1, 9 5k -0
Q«zm.a;_a WRin eqmakimm w2 oblas,
¢ E S tivo (34
Gie$ * 3ie% oy T3S =ine)
Sice 3;6;4': O, we Loue 3;:3‘4‘ = i&ra“j + ctfg;g . b\:a.‘,.,a e vaa_lﬂ'u\
(2 #1) becowes
§ 3 * . fe
(lgeys©+ Eﬁi&‘«g IS YO
o gashiy gt o
T (2
TRese eqpadions (o4 2quakions (3142)) are calledl Ki%g‘r Qapations . aud
Solabione € oae fnown  ax Ki%é veckns.  TTReae pectes define
Ke possible nfinilesimal  isomelies o 4Re form (3135).
In Vo & maximuwwm  webed (g G\d.e\:-e....sl%\r Seludrions "S e Ww
(B143) w in(n+) Gud 4R Vi 4 adil R maximwm  hemebes i o
r-..ea, i V, » a -V[:M‘.e o Lomshany Lwwvotne . Ig R V. adumits M &in(n)
mdepemdlent KiQlig 1Rehes, 4Ro. e Vi b Said kb adwi aw
r;lgb@we}u (%M«b of ~ehisws (et isomaedeies). Ig Vi @dwits Re  wmaX imioim
ramloon o K:GLJ\% uehkes tRem U w0 fd o ke marimally Symmedeic.




17.

Exm}&s.
L Fiad #&  mdependent Killing vwechns of Eg
ds*: d-c‘drd.a"'.
Siice HRe  CRishfRl Spmbols  aie Foro Cqpeakions (3143) become
Sig i 7O
Wi ;'<S lrule..:,\a & values 1,2, ve.
gl,l = 0O,
gr,z k. §'z.| = 0,
‘;z,z = O
TRe gush  equakion Reus Wal €= fly) and R R eqmakion Rows
Kar gza Scw.)_ TRe setowd 2qfakion  Hen &Auu
£ia- -8n = &,
WRoe 4 B o Cowsbawk, Shce e By side b a Pawebion of g oy
M%}v&@%w qéu«pl-\mgxaw%%u
'§‘= f- Q34Q,
fz= g: -k + €, _
Lowshands. TRus ,H#Berz osue Hher Lowshaul partueless
&g 1R  mdependen Ko vechns , o3,
£ 1,

Wlre K amd £ are
M Ria 20fubiow
(;‘ P\A.ir ‘&:.E:D

r

¢ = Fc = (1,0) (T‘*MQ&’-«% w x- doechon)
() Pk £=R:-0 E\ K
é\; = E: s (0,0 (oo, i a—d«k&d‘iw)
@) Pr @20 , ksl _
g}.‘. = g: = (é,-x\ (Rtodrion wa P‘Qa-.e).

Seew E, v & Shace of Conslamt (3ene) Cwrvmbune |, b admiks
+e  maxivuwm huuw\‘bn-b\, 3 ; g K\@,«—\a vechkeis

2 Fid Gv\dﬂ_{;.@.-\_c'ew\r K veckos g e ik S{:-Qz\e.
ds*: de' +swedg’
TRe w.% wow - 3eh0 C@g%gex sa,..\lw&s @re
(1] - -sBesm® , {hl-cote,
ond Ha Ki%:«-&'s QVAG-HQ'\-S RKave - é’dv—n




.

8, =0 (3144)
8,24 €, = 2{ufe,: Zato s, (3.145)
S.ac {32]g, = -suoemot, (314e)
Dl&z&%\-‘;m g%a.}-im (3.145) Witk aespect ko~ and use (2.144) |k oblain
San - 2et65., + 200’0, * 0. G
To sefoe R % pul  §,: uSi® wlee Ws u(8,3). Equaren (3.147)
“em. beteomes
W,y + w = 0
le. e A(P)eoo® + Bld)Swme
ter €i: Ao SNE + BG)SaE (3.14%)
wa&HM«l\% Fv Bi i 2pation (B146) wf dbha
-SwBer@ €, = A, 0Bl O +B,5we
te. € - -A, -B,kae (3.149)

&Ls«Hm&-{«g v & vn 2qmatiow B 14a) sRows Rak B, :0 ,re. B:p, aconshaul.
.Swhwm..;g v S omd B, R quakon (3.145) gioes
AL, + Aleo'e -zre) + 2pSmBeoB = 2Ace0 +2L0Bc0B
Le. A,zz_A- A=07
A= xepop + Ka.,.#;,
URee %, ¥ ane Lomshans. Hewce, we Raue
5[’ n-c.si...qb -'(&s::qb
E,: (xeop +¥snf)sibemd + fal6
pwuﬁé oL = |,F>:=‘6= © ;, Pra=0, X¥:=1 ; f=1 ,x=%:0 , AuFec}%vaVa,m
obbasa e Heo Gnde\un.dw Ki-@.bg veckete
E)L s (st , cnd coB sin®)
gc z (~cop, SNP cab 5inB)
S = (o, sue)
und e Aﬂ)\u\:—c\-\d&.’a C;UNL\WR...L Loamponeatt  are
g‘ 2 (swd, crnpcstd)

]

E‘ z C-Cﬂd’,&ﬁﬁb&ﬁ'&)

5, : (@)
T&e S\:»Que A a Spate g Lawslonl posiiue Lwvatuae sund Glam dunibe 4=
maxinmue  Wawbea ag \-(»Qﬂm% veckens.
Nete dRad jp e exighs & froockiwde  System % LRk o g

Kam& vecken Ras e PLowm €':(0,...,0,1,0,...,0), e § = $h, 8o Kk

TP e bt i e
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-‘-eemm(‘-crmk;m—»ew‘reg-&uew h'imdﬂﬂ@m%mg
e, e  eqmabion (3.142) ajeﬂ.ck a;d,.ﬁo , WRICR  implies Rk e
mekiic lewsev: B mdapendent of x™ W 1R Lo-ovoliade  wyshe . I8
2X Gn b2 {, koo o e Killeg vectee @e (1,0) and (0,1) Qnd ¥R
melcic  lenson W &d«lazwolu.'r o x °‘“’<‘& In examb& 2, HRe WRud
K:%;g vecken  SRews HRal WRe mehiic Ruson 9 mdepewdent i b

326 Lie dorivelives,

TRe dirvtctional dariverive of a  Sealan £ Q.Q.vw% o given
VLA 5‘ n ol%%im_a( as e  inwes  product  of ;i PR JNT=3
%kaaliw o £, re. ‘ A

VGf- f.3 (3.150)
In c{w, e ] cv.».awdﬂla VT;-F.SE w R &'.nge, A under HR Iv%f\'m'ieafmaﬂ,
wgo‘tma.kiw (3.129).

TRe Lie dardvahve of a stalan Pumchion A Respeck ko

e vechr Cf,«iol g defined o be R diechomal dervakine e
JC{ = Vf -fng (3.1871)
For o uvecten é“eﬁo\ At woe otoz%hg e L_;-e derivalive wiig

Aesheck o §‘u-&68a Commulotny  of - a...a!A
%A [g,A] R AL

= A» -53: _-5 Aa (3.152)
v w» 2asily samn Rar %mu Whmﬁ%
LA s ,égé =255 - Ad (3.163)

s 46 gw{, Nl AA w o Setalan awd also QCVAQJ-\NS (3.150) and
&Qisa) , we Knd  HRal = L derivalkive o &  Levardaml veckov »
[Q.S‘.Su.\-wa w2 L}’Abv\ﬁb Aules @w diPeren imbion) - |

i Ac ., §cr + gd A (3.154)
Le. {EA “dgé & ;d : d (2.155)
gimiﬂuﬂa ,&a—\ a tewser Ttd ’—(ﬁ‘ Lie ol.u.'.ua.hue va C,%—,w"d o be
<, T - T W€ - T g - =TTl THLS, Gy
pand, o;gcu«. 1Re cava.Mam.\r derivalives Law bo Aa{z{u:.ﬂ_d b-a bauliol
deriv-airves |
In parkicular, -’rﬁeLiedeahraHuﬁg@ meleic  lemsed 3'2\‘;°

R R




8o.
um(g 4Re é«u +RaV Qim0 i uw
{384 56' (3 157)
I {» o KiQe.. veckey | e QT«OJ—\::M (3 143) Sfoyt HRah e

M&KL- Land side < +H2 abow ev&a-ln‘o-\ va 3o, So e lie denivotive
Ug HRe melsic |tewsew AR AQSP..ch o a K'&‘Mé vechor, i a%o ’u
i"‘“’ Means +Rak +Rere VI ho :Raw.&e. e mebeit lentor m 4Re

DY - N %g 4R K*‘Q‘Lw-é vechot , WRickh w wa acced 4+ e d«?{%uihm

gg Q. .
Anrﬂ-@eu d\%ﬂ\.lhc‘w °<f e hie derivalbive (ﬁ [-:c (P)J (A nepresents

ol 4Re lewsow Suffixes  omd %' (P) aue e Co-ondinales of e P""“" P)

noas. Loltews: Make aw infinitesinel  of  Re Lot (3135) | ie. P = F

ba, = (PY = >t (P') + §"(P’) , wRere &' 0w wPiniteSimal and So Lam bz

evolioted @itRea ar P o Pl Afso wake om :gn;mmd Cor-orckinake

homsPrmation  1Rab makes & humerical values of 4R Co-erclinates

of P’ iRe Same an Hlose o f wm e otiginal Co-endinates e

x'H(P) = x'(P)

TRem a2 d«:&@.c
‘Cg &% Py - ;a-‘:o [8%(e - @Inf"'ﬂ. (3.158)

Ik con be sZowm Rav HRin definibon 0 2gquivelent h HRose o equakions
(G158, (3.152), (3154 ), amd (3.154),

23.27. T—gg %%g,_«n.ﬂatzﬂ.d Kronecker dolha .
QMQ.Q\;QG‘ K\mMuLde.Q:‘:m S d,‘__ v d%\;wed as
L I T
S;:;: £ é{’ é«_i"' ' .Sdf (3.59)
L G in '
T

\A['a;@u. Cc= 1 , "g@n va “'@ \L:AA\G-Q ‘(Mnﬁd‘.& AQLFG« &; . \A[Rm = ? "
b ) S"' ta Y octa
s T L W S (=.10)

& nitn 4’42
In %&Z&\%Oﬁ’ Sd""/}" W e  Sum of o leras |, caeR g wficl W &

’F»ndmb %{ ~ Kionechor dellas. Sice .S‘ woa (1,1) lewser |, & Follews

Bar Sd ge ©oa (0.0) lewsen




8.

Suwea  HRe 3*%/“- ﬁ o delorminant cé?m-..ae:. P i..'f-vc&a»ae e '
owy poin o AowS oF of Coumws | U Follows HRar e gewerad 3¢9 I
Krowtekar delbha 0 ambigyumelic i bet® 4Re upbes and & Lroes
Seks %-g .g»&?ik&s. TRus . i(«f f>n, He diwension g 4R V. , ‘Rete
pmust be ok foastk owe Ae.\.—.nau.{—ed &u&\‘x w Coef g e uH;.u -=

lowsern Seks | S +Rak ) .
,5;';:. - © 'é ~>n. G
TRe a%.ucu@/{‘aad Kaoweeked della im Vo w Aeloted s e
bormulakion lensow Q7| degived by equokionst (3110) -(312), by R
ga-el:owa sellabions . , . _
/tz"" {Yd""é": * SA""-'.;}: ; (3162)

Wlere e mba;.\.\\—a WA S«(‘&AA. Lo-b\.eS%vnd\s b H<akr W avm.\—cﬂ (z.uo),
TEese Aclotionms Lan bz arillew w +ce e%imv (?g-u.‘.

&c....c. 5-&..-- o 5;'.'-1';: . an
To \a.«.coe 12 Aesu - _m;«'d« “ece ‘Leu.SW o
Ad"" " : & Ed""é" - &d"“d- * (3.149)

TRiA  tewsSe W r,@uu..% MH:ammekic va botR  sele < Sofgixes | Seo =2
bw-l?a possible  new- zere  Lomponen)S  eour R ... Ly Od 6....&.. oue each
a H\mt&.\ﬂ'r\'\ g’ L2, , re IRe o«.% possible Wow - Zeno Compon cuks
Be of We Lo TALTL L Howeves |, feom equation (3104), we see el

12---n

12Z..-m

) . A:::: = & Eia...n 'slzu-r\ = 1-1-=0
\'Lewce, A;:;: = O amd Qq/mcuﬂ'm (3.153) amd  (3.162) (fveﬂa—-)
I Lan be SRoeww HRan
S + 1 (3_“35)

amd HRax

Ciooribipbrgrnnskin | (oo le
AL Wi byl ® 2 t-r)- Sé""d" , (3.166)
Ir\ %ONMM B o \/2 RS ~¢ Siaz\-nai-w\.g +2 , he. (—;*‘ )+ -+)) Yo Aesulix ae:
7 ® Quie - T&Y (3.167)
wigh o -6t (.
ﬂz‘-&‘ -&"2&\'&&-\ - kw\ ) 16R)
iy MRiwmn ~ 'Zgiz ) (3-169)
ik i
’rl d‘ &AZR.--;P ™ o SEO\P& ) (3!70)
il.& 4 _ (3.‘7‘)




$2.

Exbamding e delovminant (3159) & lewas o e elments of
e Lok rew | we oblam

éi,...l:p . Sir Si....cr‘j _ L S . " 8'-. :&"n elcrnl‘l' e

d...‘ar d,.- d’""df“ d.r| LJ" WE
* (-l)"'é ; 8 * cl' L (3T
[ S '-IA" R L. i,...;._, Cpenadl ,__‘t.,.,__l o "0‘&") lan iy
é’ e L ) hs&' dr" g SA\ i Ladl e éd' ‘dr ¥ <\) 4 (
s (n- r-+\)<§t‘ ;’:". 3.473)
Qomhml-\;a LT Loads o
S" ) ;:&r 3. (n- +2){n- t-+\) d' . ) (3.174)
Oamnd | %mo/\aﬂ, o gl
! 1orebg dger o de -s)! € -1
éa.éér 4 T ()t Sd""di (3.'75.)
Tw Fe.&)nc,uﬂ,o.u - ,
I.L._ n,
‘ S&‘,...d,. : (™! (3.176)

ExM = 2 . N % . .

i, fjj{, S8y - Sl ) =« Slels 58
Se sw R" i 5 RMp = SuR e — Rhunp + 85 R + R¥ s - 82 R,

260, Ry, - 2@% . - 285 Rem
Iv\a.\/,_,gtig*o, Soe wm @ V, 4Re obouve 2gmotiom bads
QR&“P ¥ ‘gam‘Q&.p = 3‘1, Reum '
hewee , va a V, +& Cowsluae lensot o Conplalely  shecigied by HRe
Ricei lensor -

[

2. W a V3 Lo siden +Ze Q&Pl.esslﬂ é“‘? Ae.l.é
éf“% A-& z Amuh -AHPD\ - AHMP + Arwu. + A"P"‘\ A}mm 7
Ig Aﬁ\.& Y-S Amm%& o-w'r\%umd—hc levson | Ren Rb aAue.S

h\\gP A‘“& & GAM\LP-

Ingw,gmawar'sn,mﬁm

5;' Ar Pty © ~! Ay de (3.177)
P'»e-u—tdad tRal  Ag s Gy " MH%MM{L‘V;C v el g ks 3@*&&. Sh-i-Qw.Qa,
" ; i e
S g v Gmh.falﬂwm&t—\ﬂ(_ w aff g &,&? xes ,
Syl By e (3.173)




