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Definition. A Stone space X is a compact Hausdorff space such that
every connected component is a point.

Definition. A continuous relation on X is a closed subset R C X x X
such that

1. R[x] is closed for all points x € X,
2. R7U] is clopen for all clopens U C X.

(Continuous relations on X generalize continuous functions on X.)

Definition.
CR(X) ={R | R is a continuous relation on X}

RS <~ RCS
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Proposition. CR(X) has joins.
RVvS=RUS
Let aN be the one-point compactification of N.
Proposition. CR(aN) does not have meets.
Proposition. CR(aN) is not distributive as a join-semilattice.
Definition. A join-semilattice L is distributive if

a<bvVvc — (3 <b) (3’ <c)a=b V.
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Definition. A Stone space X is extremally disconnected if the closure of
every open set is open.

Proposition. In this case, CR(X) is a complete lattice.

VR =d (U R,~>

iel iel
Theorem(Bezhanishvili, K). In this case, CR(X) is a coframe.

Definition. A complete lattice L is a coframe if
avVv (/\ba> :/\a\/ba.

i€l iel
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Proposition. For general extremally disconnected X, the frame CR(X)°P

1. is zero-dimensional,
2. need not be algebraic,
3. need not be spatial.

Let AN be the Stone-Cech compactification of N.

Theorem(Bezhanishvili, K). CR(SN) = I'(N x 5N).

Corollary. The frame CR(SN)P is
1. algebraic,
2. spatial,
3. not a coframe,

4. not a Boolean algebra.
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Definition. The Vietoris space V(Y) is ['(Y) with the topology such that

X

N

Theorem(Bezhanishvili, K). CR(SN) = I'(N x 5N).
Proof.

CR(BN) = C(BN, V(BN)) = C(N, V(sN)) = T(N x SN)

O

Proposition. The function N: V(BN) x V(5N) — V(SN) is not continuous!
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Definition. A necessity operator [J € NO(B) on a Boolean algebra B is
0: B— B, (00 =0, D(al/\az):[lal/\Dag.

Stone Duality. B = Q(Spec(B)) NT(Spec(B)).

Jénsson-Tarski Duality. NO(B) = CR(Spec(B))°”.

0 <O <— (Va S B) ia < [ha

Corollary. In general, NO(B) is a meet-semilattice that
1. need not have joins,

2. need not be distributive.

Corollary. When B is complete, NO(B) is a complete Heyting algebra.
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Proposition. Let B be a complete Boolean algebra, and let 0 € NO(B).
The following are equivalent:

1. O (/\a;) = /\Da,-,
i€l 1
2. Oay Vap = 1iff a3 vOfay, = 1 for some OF € NO(B).

Definition. In this case, [ is a tense necessity operator, ] € TNO(B).
Proposition. TN O(B) is a frame.

Theorem (Bezhanishvili, K). Let B be a complete Boolean algebra.
The following are equivalent:

1. TNO(B) is a spatial frame,
2. TNO(B) is a complete atomic Boolean algebra,

3. B is atomic.
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Definition. A complete Boolean algebra B is measurable if there exists

w: B — [0, 0]

1. w(a) =0iff a=0,
2. p(a1 Vv a2) = p(ar) + p(a2) whenever a3 A ax =0,

3. 1 (\/ a,,) = \/ w(an) whenever ag < a; <---,

new new

4. 0 < p(ay) implies that 0 < p(ag) < oo for some ag < a;.

Example. The complete Boolean algebra RQ(R) is not measurable.

Theorem (folk?). The following are equivalent:
@ B is measurable,
@ B = M(X)/N(X) for some decomposable measure space X.
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Let B be a measurable complete Boolean algebra. We paraphrase.

Definition (Weaver). A measurable relation on B is a relation
R C B x B such that

Va,\/b|erR «— @iel)@ieJ)(anb)eRr.
icel  jeJ

Proposition. There is a one-to-one correspondence between
1. measurable relations on B,

2. tense necessity operators on B.

Theorem (Weaver). Let 0 € TN O(B). Let c1,c € B with Ocp V o2 # 1.
There exist complete Boolean algebra homomorphisms 7;: B — B’ with

71',-(c,~) =0, ayzVar=1 — 7T1(31) \/7T2(82) =1
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Let B be a measurable complete Boolean algebra. We paraphrase.

Definitions (Weaver). A tense necessity operator J € TN O(B) is
1. a measurable graph structure if 0 < id and Of = [,
2. a measurable poset structure if 0 < o and OV O =id,
3. a measurable equivalence relation if 0 < id, Of = O, and Of = O0.
4. a measurable function if id < Jo O and O 0 O < id.

Proposition. There is a one-to-one correspondence between
1. measurable equivalence relations on B,

2. complete Boolean subalgebras of B.

Proposition. There is a one-to-one correspondence between
1. measurable functions on B,

2. complete Boolean algebra homomorphisms on B.
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We compare two perspectives on complete Boolean algebras.

Spectral perspective.
1. Complete Boolean algebras are dual to extr. disc. Stone spaces.

2. Tense necessity operators are dual to interior relations.

Localic perspective.
1. Complete Boolean algebras are dual to discrete locales.

2. Tense necessity operators are dual to relations on those locales.

Complete Boolean algebras generalize sets in point-free topology.

Similarly, quantum OMLs generalize sets in noncommutative geometry.
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