Daniele Turchetti

Université de Caen Normandie

GAelL XXVI
June 22, 2018

1/18



@ Uniformization of curves
© Berkovich spaces over Z

© Schottky space and universal Mumford curve over Z
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Let X"/C be a compact Riemann surface of genus g.

There exist Q C Pg™ open dense subset, and I C PGLy(C) a free group
of rank g such that Q/I = X",
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Schottky uniformization

Let X2"/C be a compact Riemann surface of genus g.

Theorem (Koebe Riickkehrschnitt theorem)

There exist Q C Pé’an open dense subset, and ' C PGLy(C) a free group
of rank g such that Q/I = X",

Let K be a complete non-archimedean valued field, and X/K a smooth
projective curve of genus g with split degenerate reduction (i.e. all
components of the stable reduction of Xz are P1).

Theorem (Mumford)

There exist Q C PR open dense subset, and I C PGLy(K) a free
group of rank g such that Q/I' = X",




P™ = {x : K[T] — Rxo multiplicative semi-norm : xx = |-|x} U {oo}

Example
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Berkovich's Tate curve
Let A € K, Ay = K[X, Y]/ Y2 — X(X — 1)(X — ), Ex := Spec(Ay)
Ex*" = {x : Ax = Rxo multiplicative semi-norm : xx = ||} U {c0}

Example
If 0 < |A| <1, Ex*" looks like:

v
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Let (k,|-|) be a complete valued field. We denote by Pi’a“
@ the Berkovich projective line if k is non-archimedean;
° P:(l: if k=C;
e P{/Gal(C/R)if k =R.

Let T be a subgroup of PGLy(k). It acts on Py
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Schottky groups

Let (k,|-|) be a complete valued field. We denote by P,
@ the Berkovich projective line if k is non-archimedean;
o PLifk=C
o PL/Gal(C/R) if k = R.

Let T be a subgroup of PGLy(k). It acts on Py

We say that I acts discontinuously at x € Pi’an if there exists a
neighborhood U, of x such that

{v €T | v(Ug) N Uy # 0} is finite.



Schottky groups

Let (k,|-|) be a complete valued field. We denote by P,
@ the Berkovich projective line if k is non-archimedean;
o PLifk=C
o PL/Gal(C/R) if k = R.

Let T be a subgroup of PGLy(k). It acts on Py

We say that I acts discontinuously at x € Pi’an if there exists a
neighborhood U, of x such that

{v €T | v(Ug) N Uy # 0} is finite.

A Schottky group over k is a finitely generated free subgroup of PGLy(k)
containing only hyperbolic elements and with a nonempty discontinuity
locus. The complement .Z of the discontinuity locus, called the limit set,
is compact and contains only type 1 points.
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n,an

The Berkovich analytic space A,

Let (A, ||-|l) be a commutative Banach ring with unit. Let n € N.

The analytic space A}™" is the set of multiplicative semi-norms on
A[Ty,..., T,] bounded on A, i.e. maps

| A[TL,....T)] — R,

such that
Q@ [0)=0and 1| =1,
Q@ Vi,g e AlT1,.... Tl If +g| < |f| +gl;
Q@ Vf,g € Al[T1,..., T, |fgl = |f||gl;
Q Ve A |fI<|fl.




The set A" is endowed with the coarsest topology such that, for any f
in A[T1,..., T,], the evaluation function

AV — Ry
[ = [Flx

is continuous.
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The set A" is endowed with the coarsest topology such that, for any f
in A[T1,..., T,], the evaluation function

AV — Ry
[ = [Flx

is continuous.

The space Ay™ is Hausdorff and locally compact.
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To each x € A™", we associate a residue field
J(x) = completion of the fraction field of A[Ty,..., T,]/Ker(|-|x)
and an evaluation map

Xx: A[T1, ..., Tl = H(x).
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The structure sheaf on A}

To each x € A;™, we associate a residue field
H(x) := completion of the fraction field of A[Ty, ..., T,]/Ker(]-|x)
and an evaluation map
Xx: AlT1, ..., Ta] = H(x).
For every open subset U of A}*", ¢(U) is the set of maps

frU— | | 2%
xeU
such that
e Vx € U, f(x) € #(x);
@ f is locally a uniform limit of rational functions without poles.



n,an

Properties of A;

Theorem (Lemanissier)

The space A7™" is locally path-connected.

Theorem (Poineau)

@ For every x in A7*", the local ring O is henselian, noetherian,
regular, excellent.

@ The structure sheaf of A7™" is coherent.

Theorem (Lemanissier - Poineau)

Relative closed and open discs over Z are Stein.
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To v € PGLa(k) hyperbolic, we associate
e a € PI(k) its attracting fixed point;
e o’ € P1(k) its repelling fixed point;
@ 3 € k the quotient of its eigenvalues with absolute value < 1.

For o, o/, B € k with |B| € (0,1), we have

M(Of, Oé,a ﬂ) = (al__ﬂﬂa/ (Bﬂ; i)g/al> .
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Let g > 2. The Schottky space .7 is the subset of AX¥~>*" consisting

of the points
Z= (X3a'"7Xg3X£7"~aXéa.y11"-7yg)

such that the subgroup of PGLy(57(z)) defined by
I-z = <M(O7 oov.)’l)) M(17X£7_y2)7 M(X37Xé7y3)7 RN M(Xg,Xé_7yg)>

is Schottky.
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Schottky space

Let g > 2. The Schottky space . is the subset of A§g73’a“ consisting
of the points
z= (X3,...,Xg,xé,...,xé,yl,...,yg)

such that the subgroup of PGLy(.7(z)) defined by
rz = <M(Oa OO,}/I)’ M(]-axéayQ)v M(X?)?X:/’,vy?))v ey M(ngxéa}/g»
is Schottky.

Theorem (Poineau - T.)

The Schottky space .#; is a connected open subset of A;g —3an,




Universal Mumford curve
Denote by (X, ..., Xg, X3,..., Xz, Y1,..., Yg) the coordinates
on A3 and consider the subgroup of PGLy(0(.%)):
[ = (M(0,00, Y1), M(1, X3, ¥a), M(Xs, X3, Y5), ..., M(Xg, XL, Ye)).

Theorem (Poineau - T.)
There exists a closed subset £ of P;Z“ = Sy X pm(z) Py™" such that

Q@ foreachz e S, N prfl(z) is the limit set of T ,;

@ we have a commutative diagram of analytic morphisms
1,an
Pyg -z




The Schottky space .7, and the universal Mumford curve 2 fit in a
commutative diagram:

%,

-

N

anQ'(_m%%

Mg <~——
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Connections with .#, and M;,mp

The Schottky space ., and the universal Mumford curve 2 fit in a
commutative diagram:

U, <— X,

|

Mg <—— 7,

0q
0q

[\

Theorem (Poineau - T.)

The topological space /\/I;rOp = uRi(OG) can be embedded into ..
Moreover, there exists an open subset %, C ., and a deformation
retraction of %, to Mg*°P.




What's next?

Homotopy type of .75
Teichmiiller space over Z (cf. Culler-Vogtmann “Outer space”)

Steinness of .75
Periods (gij)1<i,j<g and Jacobians (Manin-Drinfeld, Myers)

g-expansions of modular forms (Ichikawa)
Schottky problem (= characterize the Torelli locus inside .27;)

@ GauB-Manin connections
Picard-Fuchs equations (Gerritzen):

<dul> zg: dqgi;
for1<i<g, qij ’

V(pi) = 0.



