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We will explain some results on commuting n X n matrices and on com-
muting n x n nilpotent matrices over an algebraically closed field K. Tony
[arrobino will explain some applications of this subjects. Let M(n, K) be the
set of all the n x n matrices over K. Let N (n, K) be the subset of M(n, K)
of the nilpotent matrices. For C' € M(n, K) let Z¢ be the centralizer of C' in
M(n, K). We first need to talk about some elementary results on commuting

matrices.

If C'is a diagonal block matrix and any eigenvalue of C is eigenvalue of
only one block then any D € Z( is also a diagonal block matrix with blocks
of the same orders as in C'. This applies in particular to the case in which
any diagonal block of C' has only one eigenvalue, which happens if the matrix

C is in Jordan canonical form.
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where D; € ch and D, € ZCQ-

Let I be the identity matrix in M(n, K). A matrix with only one eigen-
value A is the sum of A I and a nilpotent matrix, then its centralizer is the
centralizer of its nilpotent part. Hence in the study of many properties of

commuting matrices one can consider only nilpotent matrices.

Let us fix B € N(n,K) and let u; > ... > u; be the orders of the Jor-
dan blocks of B. We will say that (ug,...,u;) is the partition (of n) of the

matrix B and we will denote this partition by P.

Let Ap be a basis of K" with respect to which B is in Jordan canonical
form. For any X € M(n, K) let us consider the matrix which represents X
with respect to Ap as a block matrix (Xpx), h,k=1,...,t, where Xy is an

up, X Ui matrix.



Example If

and X € M(5, K) we write

¥ _ (Xn X12)
Xo1 Xo
where X1, € M(3,K), Xo € M(2,K) and Xj5, X are respectively a

3 x 2 and a 2 x 3 matrix over K.

Lemma 1 (H-W. Turnbull and A.C. Aitken, 1931, [2]). If A € M(n, K) we
have AB = BA if and only if for 1 < k < h <t the matrices Apr and Agp

have the following form:

1 2 Up,
0 ... 0 ay ay ... ay
1 :
s 0 ay :
hke = - 2 ’
Ah
1
0 0 ap
1 2 Up
App, Qg App,
1
Agp
. 2
Akp
_ 1
0
0 U

where for u, = up we omit the first up — up columns and the last up — uy,

rows respectively.



A matrix R € M(n, K) is said regular if the minimum polynomial of R has
degree n, that isif I, R, R?, ..., R" ! are linearly independent. The subset
of M(n, K) of the regular matrices is open. The regular matrices of N'(n, K)
are the matrices conjugated to the Jordan block J,, € N(n, K). R is regular
iff different Jordan blocks of R have different eigenvalues. By Lemma 1 we
get that B is regular iff Zp has minimum dimension n; this property extends
to any n x n matrix. If R is regular then Zy is the vector space generated

by the powers of R (including also R® = TI).

Let
C(n,K)={(C,D) e M(n,K) x M(n,K) : CD=DC}

which is said commuting variety. The open subset of C(n, K) of all (C, D)
such that D is regular is irreducible and is dense, since in the centralizer of
any matrix the subset of all the regular matrices is dense. This is the easiest
proof of the irreducibility of C(n, K); this result was first proved by Motzkin
and Taussky ([8]) and, independently, by Gerstenhaber ([5]). From this it
follows that C(n, K') has dimension n? + n, that is has codimension n? — n.

It is a conjecture, due to Artin and Hochster, that the n? equations for
C(n, K) given by the condition C'D = DC generate a radical ideal.

The irreducibility of C(n, K') also shows that the maximum dimension of an
algebra generated by two commuting n X n matrices is n, since it is the di-
mension of the algebra generated by two commuting matrices such that one
of them is regular. This result was pointed out by Gerstenhaber ([5]). It isn’t
known if the maximum dimension of the algebra generated by three n x n
matrices such that any two of them commute is still n. This is obviously
true if one of the matrices is regular or, more generally, if two of the matri-
ces commute with a regular matrix. Neubauer and Sethuraman ([10]) have
shown that this is still true if two of the matrices commute with a 2-regular

matrix, that is a matrix such that for any eigenvalue there are at most two



Jordan blocks. This is a quite interesting open problem.
The irreducibility of C(n, K) has been extended by Richardson ([12]) to the

variety of the commuting pairs of elements of a reductive Lie algebra.

The variety N(n, K) is irreducible of dimension n* — n. In fact, let D be
the subspace of M(n, K) of all X = (x;;), i,j =1,...,n, such that z;; =0
unless j —¢ = 1. Since any matrix has a Jordan canonical form, there exists

a surjective morphism
GL(n, K) x D — N(n, K);

moreover N (n, K) is the closure of the orbit of J,, which has dimension
2
n* —n.

We now recall some properties of the following variety:
H(n,K)={(C,D) e N(n,K) x N(n,K) : CD = DC}

One of the main reasons of interest in this subject is that the variety C(n, K)
is closely related to the Hilbert scheme of n points of an algebraic surface;
this relation will be explained by Tony Iarrobino. H(n, K) is related to the
local Hilbert scheme, that is to the case of lenght n schemes concentrated at
a single point.

The irreducibility of H(n, K) is much harder to prove than that of C(n, K).
It has been proved by Baranovsky ([1]) showing that it is equivalent to the
irreducibility of the local Hilbert scheme of n points on a surface and us-
ing the quite difficult proof by Briancon ([4]) of the irreducibility of this
scheme (which assumes char K = 0; a variant by larrobino ([7]) assumes
char K > n). Then I ([3]) proved the irreduciblity of H(n, K) only by calcu-
lations with matrices and with the small extension to the case char K > g
Recently Premet ([11]) proved this result as a particular case of a theorem on

the irreducible components of the variety of the pair of commuting nilpotent
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elements of a reductive Lie algebra, without any hypothesis on char K. These

methods give both independent proofs of Briancon’s irreducibility theorem.

Let
NB:ZB ﬂ/\/(n,K)

My proof of the irreducibility of H(n, K) uses some results on N g which can

be used to get other information and I am going to explain.

Let ¢; € {1,...,t}, i=1,...,t, be such that ¢ = 1, wg, = ug,,,—1 > Uq,,,

foro=1,...,t =1, ug = u.

Example If P = (5,5,5,4,4,3,2,2) then ¢ = 1, ¢o = 4 (that is the index
of the first 4), ¢3 = 6, g4 = 7. There are four subpartitions such that the

numbers of each of them are equal.

Let A € Zp and let us consider again the matrix (Ayy) for h,k = 1,...,¢.
Fori=1,...,t let

A; = (a},) where i
(@) { G<hk<t i i

Lemma 2 A € N iff A; is nilpotent for i = 1,...,t, hence N'g is irre-
ducible.
Moreover for any A € N'p it is possible to choose Ap such that, besides B

being in Jordan canonical form, A; is upper triangular fori=1,...,t.

Example If
Js

J3
J3
J



the generic element A of N'p is

1 2 3 1 2 3 1 2 3 1 2
ay; a1 a1 aig  A1g  Aqg Az Q13 A3 Ay A1y
1 2 1 2 1 2 1
app ary (PR GD) Qi3 aig A1y

1 1 1

any ayg ais
1 2 3 1 2 3 1 2 3 1 2
a1 Gz A A3y A3z A A3 A3z g3 Aq G2y
1 2 1 2 1 2 1
Q1 Qg Qg Qg9 Qo3 Qa3 Aoy

1 1 1

Aoy Qg9 Qo3
1 2 3 1 2 3 1 2 3 1 2
az; Az a3 A3y A3z A3z a3z Q33 d33 A34 Q34
1 2 1 2 1 2 1
asz; a3 Qzg Q39 Qs Q33 a3y

1 1 1

asgy asg ass
1 2 1 2 1 2 2
Qg1 Ay Qgo  Qyo Qg3 Qyg 0 ajy

1 1 1

Ay Qg9 Qy3

ajy ap; aj
where | ad; a3, ad; | is nilpotent.
az a3 ag
For any A € N'p it is possible to choose Ap such that A has the following

form:



2 3 1 2 3 1 2 3 1 2
0 aj; ay Qg Q19 Q79 Qi3 Qi3 Ajg Ay A1y
1 2 1 2 1
0 a7y Ay Qyg ayg a3 ayy
1 1
0 ayg ayg
2 3 2 3 1 2 3 1 2
0 a3 ay 0 a3 ay Qg3 Q3 Qog A9y Aoy
2 2 1 2 1
as1 5% Qo3 Qag Aoy
0 0 ass
3 1 2
0 a3 ay 0 a3 aj 0 a3 ajs; Qszq A3y
2 1
asy as3g asg a3y
0
1 2 1 2 1 2 2
Qg Ay Qgo  Qyo Qg3 Qyg 0 ajy
1 1 1
ayq Qyo Qys

In the study of the geometrical properties of these varieties it is helpful
to describe the relation between the partitions of two nilpotent matrices
with the property that the orbit of one of them is contained in the clo-
sure of the orbit of the other. For this purpose, in the set of the orbits
of N(n, K) under the action of GL(n, K) the following partial order is de-
fined. Let O¢ and Op be respectively the orbits of C' and D. We have that
O¢ = Op iff rank C™ = rank D™ for any m € N. We say that O¢c < Op
if rank C"™ < rank D™ for any m € N and there exists m € N such that
rank C"™ < rank D™. The following claim is the basic theorem on degenera-
tions of orbits, due to Hesselink ([6]): Oc < Op iff O C Op.

We have that O < Op and there are no orbits between them if and only if
the partition of C' can be obtained from the partition of D in the following
way: subtracting 1 to a number and adding 1 to another number which is

smaller than the previous one of at least 2 (in particular, also to the number



0 considered as last number of the partition). We can consider this order on

the orbits as an order on the partitions of n.

Examples
(5,3,2,1) < (6,3,1,1) < (6,4,1)

(6,4,3) < (6,5,2) < (6,6, 1)

Let Y be any irreducible subvariety of N'(n, K). For any m € N, m < n,
the subset of Y of all A such that rank A™ is the maximum possible is open.
Since Y is irreducible, the intersection of these open subsets is non-empty.
Hence there is a maximum partition for the elements of Y and there exists
an open subset of Y whose elements are the elements which have this par-
tition. Since these elements form a dense subset of Y, the knowledge of the
maximum partition can be useful in the study of many properties of Y. This

applies in particular to the subvariety N p.

With Tony Iarrobino we have studied the problem of finding the possible
partitions, or the maximum possible partition Q(P), for the elements of N .
We have solved this problem only in some special cases, by using the follow-

ing results.

For s € N—{0} let ¢ and r be the quotient and the remainder of the division
of n by s. Then (J,)® has r Jordan blocks of order ¢ + 1 and s — r Jordan
blocks of order gq.



Example If n =7 and s =3 we have ¢ = 2 and r = 1 and we have

Jr 1 er—eg—e5—e4—e3— 69— e — 0

(J7)? - er —eq4 —e; — 0
66—>€3—>O

es — ey — 0

that is (J;)® has partition (3,2, 2).
Examples (Jg)? has partition (3,3,2), (Jy)® has partition (3,3, 3).

Hence if vy —u; < 1 B is a power of a regular nilpotent matrix. The next
proposition shows that this is the only case in which B commutes with a

regular nilpotent matrix.

Let n; € {1,...,t},i=1,...,rp, be such that ny = 1, uy, — Upn,,,—1 < 1,
Up, — Up,, > 1 fori=1,...rpg—1, Up,,, —up < L. We have that rp is
the minimum possible [ such that there exist partitions P, ..., P, of natural
numbers which together form P and such that the difference between any

two numbers of P; is less or equal than 1 fori=1,...,[.
Examples If P = (4,4,2,1,1) we have rg = 2, if P = (5,4,3,1,1) we
have rp = 3,if P =(9,7,5,1) we have rg = 4.

Proposition 3 There exists a non-empty open subset of N'g such that if A

belongs to it we have rank A =n —rg (that is A has rg Jordan blocks).

Example If P = (7,6,6,5,4,2) we have rg = 3, hence any element of N'p
has at least 3 Jordan blocks.

Let s be the maximum of the cardinalities of the subsets
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{i1,..., 4} of {1,...,t} such that i; <--- <4 and u;, —w;, < 1.

Example If P = (5,4,4,2,2) then (5,4,4) is a subpartition of P such
that the difference between its first number and its last number is less or
equal than 1, moreover it has the maximum possible number of elements

among all the subpartitions with this property; hence sgp = 3.

Examples If P = (5,4,3,1,1) we have sg = 2, if P = (7,5,1) we have

8321.

By Proposition 3 if sg > 1 we have Q(P) > P; the next proposition claims
that the partition of the sp-th power of any element of Mg is less or equal
than P.

Proposition 4 For any A€ N and m € N we have
rank (A°2)™ < rank B™.
Now we describe some partitions P such that the partition Q(P) is easily

found.

Let u; = tp, +---+tp,,,—1 fori=1,...,rg—1and let u,, = Up,, + U
Let P = (Uy,...,0p,).

Examples If P = (5,4,4,3,2,2) then P = (54+4+4,3+2+2) = (13,7);
if P=(7,5,2,2,2,1) then P = (7,2+2+2+1,5) = (7,7,5).

Proposition 5 If sp =njp.1 —n; =t+1—-mn,, for t=1,....,rp —1 we
have Q(P) = P.

Proof. There exists B € N (n, K) with partition P such that B = (B)*?,
hence B € N p. Then there exists a non-empty open subset of Mg such that

11



if A belongs to it we have rank(A®2)™ = rank B™ for m € N, that is A®? has
the same partition as B. Then A has partition p.

As a particular case we get the following result.

Corollary 6 If sg =1 we have Q(P) = P.

Examples If P = (5,4,4,3,2,2) we have Q(P) = (13,7);if P = (5,5,3,3,2,1)
we have Q(P) = (10,8,1); if P = (8,5,3,1) then Q(P) = P.

In general it is not true that Q(P) = P. In fact, it may happen that there ex-
ists m € N such that rank (A°2)™ < rank B™ for any A € N p. For example,
if

it can be shown by a calculation that the maximum index of nilpotency of
the elements of N'p is max{u,s + 2}. Then Q(P) = (max{u,s + 2},n —

max{u, s + 2}) (since rp = 2), which is different from (u, s) if s > u — 2.

Examples If P = (3,1,1,1) we have Q(P) = (5,1); it P = (7,1,1,1,1)

we have Q(P) = P = (7,4).

Another interesting open problem is to find for which partitions P the va-
riety of all the pairs of commuting elements of Zp is irreducible. This is
obviously true if B is regular. Neubauer and Sethuraman ([10]) proved that
it is irreducible if rank B > n — 2.
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