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Toric Ideals

Throughout this talk, £ will be a field.
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Toric Ideals

Throughout this talk, £ will be a field.

Definition
A toric ideal is the kernel of a monomial map between polynomial rings:

o klxy, ...,z = k[y1, ..., ys]

o(Ti) = my,

where each m; is a monomial.
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Toric Ideals - Example

@ klr,y, z,w] — k[s,1]

px) =t, ly) =st, p(z) =t p(w) =5t
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Toric Ideals - Example

@ klr,y, z,w] — k[s,1]

px) =t, ly) =st, p(z) =t p(w) =5t

ker(p) = (zw — yz, 4% — w2, 2° — yw)
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Toric Ideals - Basic Facts

o Toric ideals are generated by binomials.

o Multigraded using the domain polynomial ring

o Toric varieties are defined by toric ideals, but generally one
requires that a toric variety be normal which is more restrictive.

o Toric ideals are used in integer programming problems, algebraic
statistics, algebraic models of chemical networks, etc.
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Toric Ideals of Graphs

Given a (finite, simple) graph G = (V, E') on vertex set
V ={z1,...,2,} and edge set E = {e1,...,e;} we define a map

o kler,...,el] — K[z, ..., ]

€; > Ty Tig

where e; = {z;,,z;, }.
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Toric Ideals of Graphs

Given a (finite, simple) graph G = (V, E') on vertex set
V ={z1,...,2,} and edge set E = {e1,...,e;} we define a map

o kler,...,el] — K[z, ..., ]

€; > Ty Tig

where e; = {z;,,z;, }.

The kernel of ¢ is the toric ideal of the graph G which we denote Ig. J

Biermann, J. (HWS) January 20, 2023 5/ 22



Toric Ideals of Graphs

In a graph G = (V, E), a even closed walk is a sequence of vertices
Vg, V1, - . ., U2p Where

o {vj_1,v;} is an edge in G for all 1 <i < 2p

@ Vo = V2p.

Given an even closed walk W = (vg, v1, ..., vap) with {v;_1,v;} = e; we

define a binomial
P P
fw = H€2i - H62'L’fl-
i=1 i=1

Biermann, J. (HWS)
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Toric Ideals of Graphs

In a graph G = (V, E), a even closed walk is a sequence of vertices
Vg, V1, - . ., U2p Where

o {vj_1,v;} is an edge in G for all 1 <i < 2p

@ Vo = V2p.

Given an even closed walk W = (vg, v1, ..., vap) with {v;_1,v;} = e; we

define a binomial
P P
fw = H€2i - H62'L’fl-
i=1 i=1

I = (fw | W an even closed walk in G).
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Example

T €1 17'2 €2 fg’,
€6 €7 €3
4 . 4  J
Te €5 xIs €4 T4
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Example

il (&) .1‘2 €9 %))
66 67 63
[ 4 ]
Te €5 xIs €4 T4

IG = <6165 — €6€7,€2€4 — €3€7,€1€3C5 — 626466>
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¢  J

66 67 63
[ 4 ]
Te €5 xIs €4 T4

IG = <6165 — €6€7,€2€4 — €3€7,€1€3C5 — 626466>

ereses — exeqeq = es(ejes — eger) — eg(egeq — ezer)
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Weighted Oriented Graphs

A (vertex)-weighted oriented graph D is a triple D = (V, E, w) where
o V={xy,...,2,} is the vertex set
e F is a set of ordered pairs of elements of V' where (z;, x;)
represents an edge from z; to x;
o w=(wy,...,wy) € N"is a vector which assigns weights to the
vertices of D
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Toric Ideals of weighted oriented graphs

Given a weighted oriented graph D = (V, E,w) on vertex set
V ={x1,...,2,} and edge set E = {ey,...,e;} we define a map

pklel,...,e] = k[zy, ... 2y
'LUiQ
e; — xi1$i2

where e; = (x4, 24,).
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Toric Ideals of weighted oriented graphs

Given a weighted oriented graph D = (V, E,w) on vertex set
V ={x1,...,2,} and edge set E = {ey,...,e;} we define a map

pklel,...,e] = k[zy, ... 2y
'LUiQ
e; — Tiy Xy,

where e; = (x4, 24,).

The kernel of ¢ is the toric ideal of the weighted oriented graph D
which we denote Ip. J
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Ty €1 Z2

€4 " €2
[
Tyg es I3
w=(2,3,4,3)
3 4
€1 — 129 €2 — T2T3
e3 — I45L‘§ eyq Ilfbi
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Ty €1 Z2

€4 " €2
[
Tyg es I3
w=(2,3,4,3)
3 4
€1 — 129 €2 — T2T3
e3 — I45L‘§ eyq Ilfbi

Ip = (ele§ — 6%64)
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Dl : @ > DQ : @ >
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Ip, = (e1e3 — e3ea)
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If C, is a weighted oriented cycle on n vertices, we say C,, is balanced if
n is even and the products of the weights on the heads of the arrows
pointing counter-clockwise is equal to the products of the weights on
the heads of the arrows pointing clockwise.
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If C, is a weighted oriented cycle on n vertices, we say C,, is balanced if
n is even and the products of the weights on the heads of the arrows
pointing counter-clockwise is equal to the products of the weights on

the heads of the arrows pointing clockwise.
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D, is balanced while Dy and D3 are unbalanced.
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Theorem (B-Kara-Lin-O’Keefe)

Let D be a weighted oriented graph with a single cycle. Then the toric
ideal Ip is non-zero if and only if the cycle is balanced.
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Two Cycles - Example 1

Ts5

w=(2,2,3,4,6,1,4,2,3,2)

The toric ideal of the underlying graph is (ejeses — eseqeq).
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Ts5

w=(2,2,3,4,6,1,4,2,3,2)

The toric ideal of the underlying graph is (ejeses — eseqeq).

2.1 13 12 26 156 ,26 ,12 ,2
Here, I’D - < g 45666367 68611 - 61 3 65 68 610>
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@ < L 4 > 9
€1 Cs
€9 €4 €6
\ Y \
€3 er
o ——>»—@ < ) J
i €3 Te

w=(2,2,3,1,2,2)

The toric ideal of the underlying graph is (eje3 — eseq, ese6 — ese7).
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@ < L 4 > 9
€1 Cs
€9 €4 €6
\ Y \
€3 er
o—>—@ N 4
i €3 Te

w=(2,2,3,1,2,2)

The toric ideal of the underlying graph is (eje3 — eseq, ese6 — ese7).

Here, Ip = (e1e3e2 — e3esed).
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Theorem (B-Kara-Lin-O’Keefe)

Let D be a weighted oriented graph comprised of two oriented cycles
Cm and C, satisfying one of the following:

e C,, and C,, share a single vertex,

o the set E(C,,) N E(C,) induces an oriented path with at least one
edge, or

e C,, and C,, are connected by an oriented path Py of length s > 1.

Then the toric ideal Ip is generated by a single element if and only if
at most one of its cycles is balanced.
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Ts5 Ts

w=(22,221212) w=(22221,2,1,2)




x5 Ts
w=(2,22,21,2,1,2) w=(2,2,2,2,1,2,1,2)

.2 2 43 233
Ip, = (ezeg — egefy, e1e5€3 — eseqeg)
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Ts5 Ts

w=(22,221212) w=(22221,2,1,2)
— [p2 2 4.3 2.3.3
Ip, = (ezeg — egefy, e1e5€3 — eseqeg)
2 4.3 2.3.3
4.2 2,22 2 4 2.2 2 2.4
I’D2 == 6163656769 - 62646668610, 6163656769 - 62646668610,

4,33 _ .2
€1€3€7€9 — €3€5€70
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