
Multi - Rees Algebras of
strongly stable Ideals

'Selvi Kara,
/ University of Utah/

~ Combinatorial Algebra meets Algebraic combinatorics ~
2022

Joint work with Kuei - Num Lin and Gabriel Sosa
,



BIEuplR-ees-d-tgebrasb.wsV varieties

☒ S : coordinate ring of V
☒ JI : coordinate ring of W

Blow - up of V along W = Proj ( RCI))

where
✗

RLII = ④ Int
"

s Slt] (graded ring)
n=D

Rees Algebra of I



BIEuplR-ees-d-tge.br# mm,

example! •

☒ WEV varieties

B S : coordinate ring of ✓ vlft-kniytn-n-y.to]

} Blow-up☒ 5/2 : coordinate ring of W u
117 attach

Blow - up of V along W=Proj ( RCI))

where
✗

RCI)= ④ Int
"

s Slt] (graded ring) projcRcI#
no

• I = Crecy )

Rees Algebra of I
• s-tkcmyfenz.gr

• RlI1=S[uÑYxv -yu)



M-ulti-R-ees-n-lgebrasb.si
commutative ring

• In . . . . Ir collection of ideals

• The multi - Rees algebra of In .. . . In is defined as

RII.to . . -④Ir) -15! ..IT?--.tiESLtn....tD9ii--.iAr70
*

it is also the Rees algebra of the module I. ④ - - -④In



D-efi-ing-d-eaoftk-muti-Rees-n-lgebrab.IN
. . . .IR collection of monomial ideals in S=lk[a. .- inn]

• Ii=<Yi;mg;g÷i> and G = Ñ {ui.jiiejs.si}i=L

•Consider the S -algebra homomorphism

4 :S [Tiij : iii.jeg] →
Slt , , . .. .fr]

Tiij → Uiijti

B RLI,-0 - - -①Irl -~S[Tip/Kerce→ defining ideal of the Rees algebra

B Special lmulti)- fiber ring : 5- II.④ . - -④In)=RlI, -10 - - -④Ir)④slk

→ defining ideal J= key
'
where 41--61

,k
.



MnainmQuestions

• Find implicit equations for the defining ideals

of the multi- Rees algebra and its special fiber ring
(I = Kell and 1- Kee)

• Side question : investigate Koszulness

→ Need to focus on special classes of ideals



stronglystableideab.brA monomial ideal IC-S-tkcnin.mn] is called strongly stable
if for each monomial MEI , we have Borel more

m→ Rj Mri
Nj Mg. C- I whenever U; divides m and jci . forxilmandjci

ni⑥ Ekanmplf : 5- lkcnnxi
Borel generators

Ii = Cni , Kim , ni> strongly stable AM monomials on top
of the Hasse diagram

niIa- <ni , ni> not strongly stable Ii
-

-Blni)
Hasse diagram t

Borel generated



Qunrmstrategy-

• Given a collection of strongly stable ideals In . . . .IR

focus on three parameters :

• I : number of ideals

• gi : number of
Borel generators

=

• ¥ : degrees of Borel generators of Ii where di-deglui.it
for Ii = <Ui, , i - - . . Uiis;)



whatisk-nown.tl ( Rees world as r= 1)
• [DeNegri , 99] FCI) is Koszul when g- 1 .

• [ Herzog- Hibi- Vladoui , 2005] RCI) is of .fi#yp-eforr-- 1 .

(I = I + ( relations of the symmetric algebra ))

• [Conca -DeNegri , early 90's] Consider E-Blair? .ae!.se?xiri).Tn?riTxio-T?ainpis a minimal generator of J

→ 5-(It is not always Koszul when g73 .

• [DiPasquale-Francisco-Merrin -Schweig - Sosa , 2018] RII) is Koszul for g--2 .



( multi - Rees world a r> 1)

Multi - Rees algebra and its special fiber ring are Koszul

• [ Lin - Pollini
,
2013] powers of the maximal ideal

• [ Sosa
. 2014] principal strongly stable ideals satisfying an

"

ordering condition
"

• [DiPasquale-Jabbar Nezhad.2020] principal strongly stable



0urResults-LK-l.in - Sosa ,
2021]

(1)The multi -Rees algebra of strongly stable ideals is of fiber type .

If G is a Griibner basis of T ,
then

Gu { Ritu - kjtviicj.u.ve Ik and nice ikjv]

is a Grribner basis of I.

(2) We found examples in the spirit of Conca -DeNegri to eliminate

classes of strongly stable ideals . M3 , gin 2 . di72

r=2
, gig2=2 i died274

ri 2 i gi=g2=2 ,
di-2.dz24



Potential collection of Strongly Stable Ideals-

nwhosnemultineesnalgebranareanwayskoszul

r :# of ideals gi :# of Borel generators di : degrees of Borel gens .

r=2 gi=gz=2 Zed ,EdzE3

r > 2

gi-i-gr.z-1.gr#-gr=22Edr-iEdre3r72
gi-i-gm-1.gr £2 anything



(3) RCI ,-①Iz) is Koszul when g=d=2

I. and Iz are strongly stable ideals with two quadratic Borel generators.

bi di
Ii=B(Ha ,Kb ,

, Rand ,

) : : :
I < I

- ' \

" " " " " " " " " " " " " " " " " "

,

" "

Ci
. . . . . . .

i. : '

I2=B(NazNbziRzRdz) - i
'

: : :
" ^ " " "

;

"

"

ai

cicaisbicdi for i. 112



Key IdeasandTod#

• Recall the toric
map 4

':ÑÉgÉgÑ]→ sctiz]
Tu l→ at

2- v l→ vz

BWe find a quadratic Groibner basis of 1- Ker y
'
wrt to

"

2nF (head and tail order)
bi di bz dz

•variant : •: :÷÷↳
'

.

. I
' C2

••

,

a '

rev- lexlrlex) az
"

mixed
"

rev-lex lmrlex)

Tu >Ti2)Tzz) - - - - ) Tad
,
) £1bn, ) £2bn ) - - - ) Zczdz) -211) - - - ) 2-azbz

☒ teres : rev - lex on R induced by this variable order



Grébnerbasis : G = G. UGZUG, is a Grébne basis of J wrt
"

ziit order where

• G
, _- { Tutu - Tutu : uv=u'v ' and unfair

'} GB of T.CI , ) wrt area
=

• Gz
.

- { Z¥v - Zu , Zu : uv=uV' and avg.ree.ir
'] GB of JCIZ) Wrt >mrlex

• Gz={Tu¥- Tui 2-v1 : uv=uV ' and vk.ree.it}

Fiber graphs : rµlInIz) : fiber graph of I. and Iz at µ wrt G. (Mescher)

y
'
: R → said

• PµlInIz) is a directed graph with

• vertices : monomials VER s.t.tl 'lVl=µ

• edges : V→ V
'

if V
'

is a one step reduction of V Wrt G .



Ekanmptln : I
, _- Blazes ,xz% ) and Iz=B( sea?Ns%)

µ=xzNzNIkg%tZ
¥

PµlIitd :

vi.

V=

D. V→V
'

b/c Tag 2-34 -1-352-44 c- Gz b/c MNuZmree✗Ñ



nwdyfibesgraphs ?

The collection of (marked ) binomials G is a Griibner basis of J

if and only if

Pµ II.Id is either empty or has a unique sink for every multidegree µ .

( Proved in different contexts by differentgroups)



ConcludingRemarks
. What about remaining classes of SS ideals from our list ?

☒ Fiber graphs efficient /useful in higher degrees ?

☒ What about normalness ,
Cmness?



/
Thanks I

^ /
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Exemplar

① his

gi72

gives a cubic en
di >12

syzygy

② r=2

91--92=2
gives a cubic ← dudz>,4

syzygy

③
e- r=2

• g. =gz=2gives acuibic ←

syzygy
di-2.dz>4

-


