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We think of a matroid  on ground set  defined by its lattice 
of flats . 

• A Boolean matroid has  and thus the set of flats, when ordered by 
inclusion, forms a Boolean lattice .

M = (E, ℒ) E ≅ [n]
ℒ ⊆ 2E

ℒ = 2E

Bn

Boolean matroids
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The permutohedron of order  is a 
polytope whose vertices correspond to 

 and edges correspond to 
transpositions.  

• The normal fan  of the permutohedron 
is the type-  Coxeter fan 

• The associated toric variety  is called 
the permutohedral variety 

• the cohomology ring of the permuhedral 
variety is given by the Chow ring of the 
Boolean matroid 

n

σ ∈ 𝔖n

Σ
A

XΣ



The Chow ring of a Boolean 
matroid  isBn

Boolean Chow ring

A(n) =
ℤ[xS : S ∈ Bn∖∅]

I + J

I = (xSxT : S, T 𝗂𝗇𝖼𝗈𝗆𝗉𝖺𝗋𝖺𝖻𝗅𝖾 𝗂𝗇 Bn)
J = (∑

S∋a

xS : a = 1,…, n)

A(n) =
n−1

⨁
k=0

Ak

;
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ℓ

∏
i=1

x fi
Si

: ∅ = S0 ⊂ S1 ⊂ … ⊂ Sℓ,

fi < |Si | − |Si−1 |

We call these Feichtner-Yuzvinski (or ) 
monomials.

FY

Degree   monomials, , form a basis 
for .

k FY FYk

Ak

Corollary [Feichtner–Yuzvinsky '04]

The Boolean Chow ring is free as a 
-module, with -basis given by:ℤ ℤ

;
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In general, for  

 

Thus, each  is a permutation representation itself.

x f1
S1

⋯x fℓ
Sℓ

∈ FYk

σ ⋅ x f1
S1

⋯x fℓ
Sℓ

= x f1
σ⋅S1

⋯x fℓ
σ⋅Sℓ

∈ FYk

Ak



Hilbert and Froebenius series

∑
n≥0

Hilb(A(n); q)xn =
(1 − q) eq

eqx − xeq
.

Fact [Ancient]

The Hilbert series of  is computed byA(n)

• Hsin-Chieh Liao provides a geometric 
interpretation of these! 

• With Robbie Angarone and Vic Reiner, we 
showed that the sequence of permutation 
representations  is 
unimodal and palindromic

(A0, A1, …, An−1)
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Theorem [Stembridge '92]

The Frobenius series is computed by

where  is the Frobenius characteristic and   where  means the 
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This construction defines a Boolean multimatroid, first 
defined by Bouchet in 1987.  

It was recently used by Clader–Damiolini–Eur–Huang–
Li to study moduli space parametrizing pinwheel curves 
via multipermutohedral fans. 

If , this defines a delta-matroid where 
. 

If , the multipermutohedral fan is the type 
 Coxeter fan. 

π = (a, a)
E = [a] ⊔ [ā]

π = (2,…,2)
B

π = (3,2,2)

Let .  
Define color classes  and  .

π = (π1, π2, …, πn) ∈ ℤn
≥2

Ei ≃ [πi] E := E1 ⊔ E2 ⊔ ⋯ ⊔ En

x12

x1

x2x1̄2

x1̄

x1̄2̄ x2̄
x12̄

π = (2,2)



-colored setsπ
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Define color classes  and  .
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• Let . Ordered by containment, this is a meet-semilattice. 

• Given a -colored set , define .

S ⊆ E π |S ∩ Ei | ≤ 1 i ∈ [n]

𝒮π = {S π-colored}

π S S̊ = {i ∈ [n] : |S ∩ Ei | = ∅}
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Given , we get the ground 
set .

π = (2,3)
E = {1,1̄} ⊔ {2,2̄, ¯̄2}

;

1 1̄ 2 2̄ ¯̄2

12 12̄ 1¯̄2 1̄2 1̄2̄ 1̄¯̄2



Multipermutohedral Chow ring

The Chow ring defined by 
 isπ = (π1, π2, …, πn)

I = (xSxT : S, T incomparable in 𝒮π)
J = (yi + ∑

S∋ai

xS : ai ∈ Ei, i ∈ [n])

A(π) =
n

⨁
k=0

Ak

A(π) =
ℤ[xS : ∅ ≠ S ∈ 𝒮π][yi : i ∈ [n]]

I + J
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x fi
Si∏

j∈Z
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Z ⊆ S̊ℓ .
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Feichtner-Yuzvinski (or ) monomials.FYπ
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Hilbert series
Theorem [N. '26+]

For , the Hilbert series of  is computed by|π | = n A(π)

where  is the elementary symmetric polynomial.ek

n

∑
k=0

ek(π1, …, πn)(1 + q)n−k(coeff . of xk /k! in
1 − q

eqx − xeq )
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Hilb(A((π1, π2, π3)); q) =

Theorem [N. '26+]
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∑
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1 − q

eqx − xeq )

A2

A3

A0

A1

1

3q2

3q

1

0

0

0

0

k = 0

e2(π1, π2, π3)q2

k = 2 k = 3

e2(π1, π2, π3)q

e3(π1, π2, π3)q2

e3(π1, π2, π3)q

k = 1

0

0 0
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Hilbert series
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Hilbert series

Define  to be the generating function for the 
coefficient of  in , with  
tracking the value of  and  tracking .  

This function is computed by 

 

F(x, u; q)
ek(π1, …, πn) Hilb(A(π); q) x

k u n − k

F(x, u; q) =
1 − q

(eqx − qex)(1 − u(1 + q))
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Define  to be the generating function for the 
coefficient of  in , with  
tracking the value of  and  tracking .  

This function is computed by 

 

F(x, u; q)
ek(π1, …, πn) Hilb(A(π); q) x

k u n − k

Corollary [N. '26+]

Each coefficient of  in  
is itself palindromic centered at the power 
of . Equivalently, we show

ek(π) Hilb(A(π); q)

qn/2

F(x, u; q) = F(qx, qu; 1/q) .

F(x, u; q) =
1 − q

(eqx − qex)(1 − u(1 + q))

Theorem [N. '26+]

For , the Hilbert series of  is computed by|π | = n A(π)

where  is the elementary symmetric polynomial.ek

n

∑
k=0

ek(π1, …, πn)(1 + q)n−k(coeff . of xk /k! in
1 − q

eqx − xeq )



Group action
Let  define the -symmetry group  

 

We also consider its subgroup 

π π

Gπ := 𝔖m2
[𝔖2] × 𝔖m3

[𝔖3] × ⋯  where mk = #{πi = k} .

Hπ = 𝔖π1
× ⋯ × 𝔖πn
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Hπ = 𝔖π1
× ⋯ × 𝔖πn

π = (2,3,3)

E = {1,1̄,2,2̄, ¯̄2,3,3̄, ¯̄3}
Gπ = 𝔖2 × 𝔖2[𝔖3]

= 𝔖{1,1̄} × [(𝔖{2,2̄, ¯̄2} × 𝔖{3,3̄, ¯̄3}) ⋊ 𝔖{2 ↔ 3,
2̄ ↔ 3̄
¯̄2 ↔ ¯̄3}

Hπ = 𝔖2 × 𝔖3 × 𝔖3

Each  preserves cardinality and inclusion, so it presrves  and only 
permutes the monomial basis  and each graded subset . 

σ ∈ Gπ A(π)
FYπ FYk

π

]
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Theorem [N. '26+]

The graded equivariant Hilbert series of  under the action of  is given by 

 

A(pn) Gπ

∞

∑
n=0

χ(A(pn); q)xn =
(1−q) T(qx) T(x)
Ω(pqx)−qΩ(px)

.



;

1 1̄ 2 2̄ ¯̄2

12 12̄ 1¯̄2 1̄2 1̄2̄ 1̄¯̄2



THANK YOU
;

1 1̄ 2 2̄ ¯̄2

12 12̄ 1¯̄2 1̄2 1̄2̄ 1̄¯̄2


