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Ehrhart Theory
Let P be a lattice polytope.
& How do the numbers

2p(m) = # lattice points of mP
=p(m) = # interior lattice points of mP

behave as m grows ?

The answers connect beautiful combinatorics,
&algebra geometry.

For unimodular zonotopes , the answers are matrital.
[Stanley '91] , (Beck-Johemko

-McCullough 19]



Graded EhrhartTheory
For each number m

, graded Ehrhart theory constructs

ip(m ; g),p(mig) = X (g)
such that when get,/

ip(m; 1) = 2 p(m) and [p(m; 1) = [p (m)
.

& How do the polynomials
ip(m; g) and (mig
behave as m grows ?



Graded EhrhartTheory (of Unimobular Zonotopes)
& How do the polynomials
ip(m; g) and (mig
behave as M grows ?

Our work answers this for unimodular zonotopes.

In own answer
,
we find lots of interesting

combinatorics
, algebra & geometry.

The answers are matroidal!



Unimodular Zonotopes
Let A unimodular zonotope Z is the projection
of a unit cube vir A : R" : Ro

,
a totally unimodular

matrix. ·

EXA : (*) Z=:: M = U2
,3

The matrix A determines a matroid M that knows
a lot about 2 . Let Tm(X,Y) be the Tutte poly. of M .

IhrmStanleym1)m=mTu



Orbit Harmonics
Let Given Xc1" finite, let Orb (X) = 1R(x, . . . .,xj]/grIx
where grIx = (fulf :-fit-i-to vanishes on X7
Ord (X) is a graded ring w/ total dimension equal to #X.
· ·

-ExZ · . ·

X =Z122
⑨ ⑨

·
x(X-1)(X-2) vanishes so x'EgrIX
· y (y-1) (y-2) vanishes so yegrIX
· (x-y- 1)(X-y)(x-y+1) vanishes so yex-xyzgrIx
In fact

, grIx= XXy', yx-XYY .



Orbit Harmonics of Unimodular Zonotopes
Let For Rom .

let Hild(Rig)dim(mg
Let Let

, ip(mig) = Hild(Orb(mP1 : g)
plmig) = Hild (Ord(int(mP)1%; g) .
·· izkig) = 1 +2g+3y+ 93EZ =%
(1ig) =1

iz(2ig)= 1+2g+ 3g2 +4g3 + 5g4+3g5+g
↑z(2ig)=1 +2g+3y+ g3



gEhrhart Polynomialsm-1Let [m]g=1+g+...+g
Tr (Crowley- P. )

m (n-6)
(migT/m,aiz(migl=g

z(migl=gm(n-6) ImigT(mg

iz(m)=moTn(m
Stanley:(m)=maTu (mm*, 1)



gEhrhart Polynomialsm-1Let [m]g=1+g+...+g
Tr (Crowley- P. )

m(n-6)
(migT/m,iz(migl=g

-
m (n-6)

ImIgTIm gniz(migl=g

=>Ja "g-Ehrhart poly.
"

fzQ(g)(t] stfellmig)=z(mig) .
Ez is "quantum integer-valued" [Harman-Hopkins'16].



gEhrhart Series
Let Ez(t ,g) mig and Et ,g) mig
Thrm(Crowley- P.]

Ezlt, g) . Ezlt, g) are rational .They have the form
-

Nz(t,g) - Nz(t,g)
Ez(t, g) = (1-t)(1-+g)..... (1-tg") Ez(t, g) = (1-t)(1-+g)..... (1-tg")
where Nz .Nz(t,g) . They are related by

gaEzlt, g)= )-1
*

Ez*g
*

)
.



Algebra & Geometry
(Reiner-Rhoades'24) construct a bigraded ring
Hp and Ideal #petp such that

Hild(Hpit ,g)= Ep(t,g) Hild(#pit ,g)=Ep(t,g)
For unimodular zonotopes Z, these have geometric origin !

Thrm [Crowley - P.]

Hz is the coordinate ring of the matroid Schubert
variety iz under theSegue embeddingz4(1Y" 12-*



Algebra & Geometry
Thrm (Crowley - P.7 He has an explicit presentation !

· R(Xs : S<(1,2, 33) Jeg(Xg)=(1, 3)
EXz= ... Hz

⑧ +X-X3) 1XX,XsurYset : S.T=9t.2,33]
A =( *) ↑circuit-like

relations

↑

Segre equations

With work of [Ardila-Boocher 16]
,
[Brion'03]

. (Crowley- Proudfoot'23],
1 hrm (Crowley- P.)

Hz is Cohen-Macaulay. After a degree shift by
g-degree 6, Ez is the canonical module .



h
*

-Vectors & Gorenstein-ness
The numerator of EzCt ,g) is quite mysterious...
·

-git- (g+2g2)t+ (2g+g)t+ 1
z= ... Ez(t ,g)= (l-t)(l-tg)(l-tg)(l -t g3)⑧

1 hrm (Crowley- P.)

Hz is Gorenstein iff M is Boolean or a direct
sum of circuits . In this case, the numerator

of Ez(t ,g) is "guantum palindromic".



Thank You !



z=% felt) = 1(]+(g+2g)(z)+ (g+3g5 +g4 - 2g2)(2)+
M = U2

,3 (g* +299gt-g- 2g5-g4)(s]eQ(g)(t].

Ez(t,g) = -g(t - (93- 293)t2+ 1292+g(t+1
(1 -t)(1-tg)(1 -tg2)(1- tg3) Ez(t,1)=Et(1-t)3

Ez(t,g)= -g
++- (g)-2g2)f+ (2g2+g)E+t
(1 -t)(1-tg)(1 -tg2)(1- tg3)


