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Symbolic powers

Let I be a homogeneous ideal of R = C[zy, ..., z,] that defines
a projective variety. For each integer r > 0, the r-th symbolic
power of [ is defined to be

aa1+"‘+an

7" — A
(€ R g apm

flelforala+---+a,<r).

Fact: 1) = J.
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Problem: Find a formula for I(") for any r > 0.
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Partial answer: In the case where [ is generated by ¢
squarefree monomials, it suflices to find a formula for Eq(,r).
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Problem

Problem: Find a formula for I(") for any r > 0.

Partial answer: In the case where [ is generated by ¢
squarefree monomials, it suflices to find a formula for Eq(,r).

Partially partial answer: We found the formula for 552).
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Monomials v.s. vectors

Pro tip: There is a bijection between the set of monomials and
the set of vectors of nonnegative integer entries:

cmny



Symbolic polyhedron
0000000000

Monomials v.s. vectors

Pro tip: There is a bijection between the set of monomials and
the set of vectors of nonnegative integer entries:

Xb:xgl...xgnH(bl,.--7bn):b'
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Monomials v.s. vectors

Pro tip: There is a bijection between the set of monomials and
the set of vectors of nonnegative integer entries:
xP =l ab s by, by) =D

A partial ordering on Z%,: a < b if x* | xP.
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Extremal ideal [CEFMMSS "24]

We adopt the notation [¢] = {1,2,...,q}.
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We adopt the notation [g] = {1,2,...,q}. Set

Se=Clya:0# AC[q]]
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Extremal ideal [CEFMMSS "24]

We adopt the notation [g] = {1,2,...,q}. Set

Se=Clya:0# AC[q]]

€; — H T A

i€ AC[q]

Then & = (€1, ..., ¢€q) is the g-extremal ideal.
Example: £ = (e, €2, €3) where

€1 = Y1Y12Y13Y123, €2 = Y2Y12Y23Y123, €3 = Y3Y13Y23Y123-
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Extremal ideal

We note that monomials in

Se=Clya:0# AC[q]]

. . q_
are associated to vectors in Z2 1,
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Extremal ideal

We note that monomials in

Se=Clya:0# AC[q]]

. . q__ P
are associated to vectors in Z2*~!, whose standard basis is

{ea|0#ACq]}
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Let ¢ >0 and b = Z baey € Zzzqo_l.
P#AC]q]
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Let ¢ >0 and b = Z baey € Zzzqo_l.
P#AC]q]

Q@ The following are equivalent:
(a) y? e gq(Q);'
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Let ¢ >0 and b = Z baey € Zzzqo_l.
0#AC[q]
Q@ The following are equivalent:
(a) y> € gq(Q);'
(b) > aceba =2 for every cover € of [q].
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Let ¢ >0 and b = Z baey € Zzzqo_l.
0#ACq]
Q@ The following are equivalent:
(a) y> € gq(Q);'
(b) > aceba =2 for every cover € of [q].
(€) o ace ba > 2 for every minimal cover € of [q].
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Symbolic polyhedron

Let ¢ >0 and b = Z baey € Zzzqo_l.
0#ACq]
Q@ The following are equivalent:
(a) y> € gq(Q);'
(b) > aceba =2 for every cover € of [q].
(€) o ace ba > 2 for every minimal cover € of [q].

Q Ify® is a minimal generator of Sq@), then by < 2 for all A.
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An integer programming problem

Example: y® € 5352)

cmny



Symbolic polyhedron
0000@e00000

An integer programming problem

(2)

Example: y? € 532 if and only if

b1 + baz > 2,
by + b + b3 > 2, by + b13 > 2,
bi23 > 2, b3 + b12 > 2,

bia + b1z > 2
bio + bag > 2
b1z + baz > 2
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An integer programming problem

(2)

Example: y? € 532 if and only if

b1 + baz > 2, bia + b1z > 2
b +ba + b3 > 2, by + b1z > 2, bio + bag > 2
bi23 > 2, bs + b12 > 2, b1z + baz > 2

Minimal solutions:

by 2 1 1
b 0 1 1
bs 0 0 1
ve | = 2], |2, |1
bis 2 1 1
bos 0 1 1
bias 2 2 2
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An integer programming problem

(2)

Example: y? € 532 if and only if

b1 + baz > 2, bia + b1z > 2
b +ba + b3 > 2, by + b1z > 2, bio + bag > 2
bi23 > 2, bs + b12 > 2, b1z + baz > 2

Minimal solutions:

by 2 1 1
b 0 1 1
bs 0 0 1
ve | = 2], |2, |1
bis 2 1 1
bos 0 1 1
bias 2 2 2
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and permutations. There are seven minimal solutions here.
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A guessing game

Fill in the 777:

1 q=1
3 q=
There are 7  minimal solutions if ¢ =3
15 q=414
777 qg=>5
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Main result

Theorem (CDFHMS ’26)

Minimal solutions to the system ) 4 s ba > 2 where € is any
minimal cover of [q]
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Main result

Theorem (CDFHMS ’26)

Minimal solutions to the system ) 4 s ba > 2 where € is any
minimal cover of [q] are those of the form

h Y e Y e
XCAC[q] 0£ACX

for some subset ) # X C [q].
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An example

A minimal solution to the system ), b4 > 2 where € is any
minimal cover of [3]:
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A minimal solution to the system ), b4 > 2 where € is any
minimal cover of [3]: The case X = {1}:
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An example

A minimal solution to the system ), b4 > 2 where € is any
minimal cover of [3]: The case X = {1}:

1+ Z epq — Z Y=

{1}cAClq] 0£AC{2,3}

el
+

— O R =B OO
|

O = OO = = O
Il

N O DN OO N
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Main result

Theorem (CDFHMS ’26)

Let I be a squarefree monomial ideal with ¢ > 0 generators.
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Main result

Theorem (CDFHMS ’26)

Let I be a squarefree monomial ideal with ¢ > 0 generators. Then

Bu(I?) < B(ED) = (q) (20% — 1)

for any integer k.
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Main result

Theorem (CDFHMS ’26)

Let I be a squarefree monomial ideal with ¢ > 0 generators. Then

BuI®) < e = (1) @+ -1

for any integer k. )

The Betti numbers [ (I) measure how far the module I is from
being free. A module M is free if 8;(M) = 0 for any k > 0.
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Higher symbolic powers

Let ¢ >0 and b = Z baey € Zzzqo_l. The following are

0#£AC]q]
equivalent:

(a) yb € gq(2)7'

(b) D aceba =2 for every cover € of [q].
(¢) Doaceba =2 for every minimal cover € of [q].
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Higher symbolic powers

Let ¢ >0 and b = Z baey € Z2>q0_1. Fix an integer r > 2.

0#AC[q]
The following are equivalent:

(a) yb € gq(r);

(b) D aceba =1 for every cover € of [q].
(¢) Doaceba =1 for every minimal cover € of [q].
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Higher symbolic powers

Let ¢ >0 and b = baey € 721 Pz an integer r > 2.
>0

0#AC[q]
The following are equivalent:

(a) yb € gq(r);

(b) D aceba =1 for every cover € of [q].
(¢) Doaceba =1 for every minimal cover € of [q].

Problem: For a fixed » > 2. Find all minimal solutions to the
system Y 4c¢ ba > 7 where € is any minimal cover of [q]
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Another guessing game

Consider the system ) 4 .¢ba >3

cmny



Next steps
00@000

Another guessing game

Consider the system ) 4.¢ ba > 3 where € is any minimal cover

of [g].
1 q=1
q=2
There are 13  minimal solutions if ¢ =3
44 qg=4
e q=>5
q = 6.
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Another guessing game

Next steps
00@000

Consider the system ) 4.¢ ba > 3 where € is any minimal cover

of [g].

There are 13  minimal solutions if
44

This sequence is not on OEIS.

q=1
q=2
q=3
q=4
q=2>5
q = 6.
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Looking for a particular CW complex

Fact: A CW-complex induces a chain complex of free modules.
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Looking for a particular CW complex

Fact: A CW-complex induces a chain complex of free modules.

Goal: Find the minimal free resolution of 6}52), which is a
special chain complex of free modules.

Concrete problem: For each q > 0, is there a “natural”
CW-complex A, with ({)(297F — 1) k-cells for each k > 0.
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Looking for a particular CW complex

Fact: A CW-complex induces a chain complex of free modules.

Goal: Find the minimal free resolution of 6}52), which is a
special chain complex of free modules.

Concrete problem: For each q > 0, is there a “natural”
CW-complex A, with ({)(297F — 1) k-cells for each k > 0.

1 1
12 12 13
2

Al AQ Ag cmi
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THE END

THANK YOU!!
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