Math 4220/5220 -Introduction to PDE’s
Homework #2 Solutions

1. Use separation of variables to solve the non-homogeneous problem,
Gy = a*pe +1 for O0<az<L,t>0,

for ¢(x,0) =0, ¢(0,t) =t, ¢.(L,t) = —co(L,t) where ¢ > 0 is a constant. (Note: you won’t
be able to solve for the eigenvalues exactly).

The first step is to make the boundary conditions homogeneous. To do this, we write ¢(z,t) =
u(z,t) + z(x,t). We will want u(0,¢) = 0 and u,(L,t) = —cu(L,t) in order for us to have an
eigenvalue problem. First, u(0,t) = ¢(0,t) — 2(0,t) =t — 2(0,¢) = 0 So we have z(0,t) = t.
The other boundary condition is a little more complex. We will want the following:

uz(L,t) = —cu(L,t),
(bz(L?t) - Zm<L>t) = _C<¢(L7t> - Z(Lvt»’
2, (L,t) = —cz(L,1).

So we have two conditions on z. We will guess the form of z to be, z(x,t) = a(t) + b(t)x. The
first condition gives us a(t) = ¢t. Now we apply the second condition,

b(t) = —c(t + b(t)L),

—ct
b(t) 1+cL’

So,
ct

1—|—ch

z(z,t) =1t —

We need to find the equation that u will satisfy.

C

e = 1 —
GOy = up + 2 = up + 1+0Lx’
d)at:v = Ugy
o(z,0) = u(x,0) =0.
So putting it all together, we must now solve
U = a2 Uy + ‘ x
t — T 1 —|—CL )
u(z,0) =0,
u(0,t) =0,

uz(L,t) = —cu(L,t).

We want to find the eigenvalues of the homogeneous problems so that we may guess the form
of the solution. To that end we consider the eigenvalue problem,

X"(z) = N2 X (2),
X(0)=0, X'(L)=—cX(L).



With this choice of eigenvalue problem the equation for the associated time component is,
T'(t) = —a*\*T(t)

We can solve the eigenvalue problem to get the eigenvalues are solutions to the transcendental
equation,
An = —ctan(\,L)

The eigenfunctions are then given by sin(A,z). We now guess the form of the solution to be
given by,

u(a,t) =Y o (t)sin(A,z) . (1)

When we substitute this ansatz into the equation, we will wish to have all of the terms inside
of the summation. So we will now write the function W(z) = 572 as an eigenfunction
expansion.

W(z) = Z wy, sin(A,z) ,

where

pr— . 2
1 +el N L(1 + cL) 2)

Plugging (2) and (1) into the equation we get,

2 /L cx sin( A1) y 2¢(sin(A, L) — AL cos(A\, L))
0

e}

Z(an(t)’ +a* Moy, (t) — wy)sin(A\,2) = 0.

n=1

Thus, a,(t) + a*\2a,,(t) — w, = 0 for each n. We can now apply the initial conditions which
give us a,(0) = 0 for all n. The solution for «,, is given by,

an(t) = C:;J;\LZ (1 - €—a2)\%t> )

Thus,
u(w,t) = ; ;:;% (1 e’az’\’%t> sin(A,x),
and finally,
_ Wy, —a?22t) o cxt
qﬁ(z,t)-nZIQQ—/\%(l—e >51n(/\nx)—|—t—1+cL,

where w,, and \,, are as previously defined.

. Show that the equation
U = Uy + Q(x), 0<2x<L, t>0,

with the boundary conditions u,(0) = u,(L) = 0 has no equilibrium solution unless fOL Q(z)dx =
0. In other words show an insulated bar, to which energy is being added (or subtracted), can
not obtain a thermal equilibrium.



This question if actually quite strait forward. For an equilibrium solution, we set u; = 0. So
we have ug, + Q(x) = 0. We integrate this from 0 to L,

L L
0

So for an equilibrium (or steady-state) to exist, we must require fOL Q(z)dx =0

3. Find the solution, u(z,y,t), to the following PDE:
Up = k(Ugy +uyy), 0<z<1, 0<y<1,t>0,

with the boundary conditions wu,(0,y,t) = u.(1,y,t) = 0, u(z,0,t) = 0, u(x,1,t) = 1 and
initial conditions u(z,y,0) = ¢(x,y). Note: you may leave your answer in the form of
an infinite series, but be sure to define all the terms of the series in terms of the
given functions.

The first thing we must do is to make the boundary conditions homogeneous. We thus let
u(z,y,t) =v(x,y,t) + z(x,y,t) We want to find a function z such that v will satisfy a similar
PDE with homogeneous boundary conditions. As in question 1, this will result in the following
conditions for z:

Zl’(07y7t) (17y7t) :07
2(x,0,1)

z(x, 1,t)

Za
0,
1.

After looking at these conditions, I will try z(x,y,t) = a + by. With this choice we find that
2z, y,t) = y.
Now v will satisfy the following PDE:
U =k(Vgp +0y), 0<2<1, 0<y<1,t6>0,
Um(07 Y, t) - Um(17 Y, t) =0,
v(z,0,t) =v(z,1,t) =0,
U(ZL‘7 Y, 0) = gb(l‘a y) - Y.

Since I have already solved similar problems in class, I will just write out the form of the
solution.

U({L‘, Y, t) = Z Z C’mne—(n2+m2)7r2kt COS(m’ﬂ'ZL') Sin(mry) .

m=0 n=1
Note that we must include the terms for which m = 0 as these are still non-trivial solutions
to the eigenvalue problem. Now we use the initial conditions to find,

Con =1 [ [ 600.) = pysintonmy)cos(maz) e dy.
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Finally we have,

u(w,y,t) = Z Z Clune™ I gin (nary) cos(mmzx) +y

m=0 n=1
4. Use the Rayleigh quotient to obtain an upper bound for the lowest eigenvalue of
(a) L2 4+ (A —22)¢ = 0 with 2(0) = 0 and ¢(1) = 0.

dz?
First we must come up with a test function which satisfies the boundary conditions. To

keep things simple we can use u = 2> — 1. The Rayleigh quotient is given by,

fol ulLu dx
1
fo u? dz
U 1 U
—u3—$|(1) + fo (fl—z)2 + 2?u? dx

fol u? dx

RQUu) = -

o
147
So we have A\ < zl”—z.

(b) L4+ (A —2)¢ = 0 with %(0) = 0 and %(1) 4 ¢(1) = 0.

For this problem I will let u = ax?+bz+c. 92(0) = 0 tells us that b = 0. 22(1)+¢(1) =0
tells us that 2a +c+a+c= 0. If we let ¢ = 3 that a = 1. So we will use u = x> — 3.

Now
1
uludx
RQ(u) = —fol—
fo u? dx
U 1 U
_ —u3—$|(1) + /5 (Z—m)2 + zu? dx
fol u? dx
5
T2
5. Consider the eigenvalue problem,
d2
CE -6 =0,

dx?

subject to %(0) =0 and %(1) = 0. Show that A > 0 (be sure to show that A\ # 0).
We use the Rayleigh quotient. We pick a function u which satisfies the boundary conditions
and we have,

)\1 S RQ(U) )
fol ulLu dx

fol u? dx

—ut|l + fol(j—;)2 + 220 dx
fol u? dz
fl(j—g)Z + 22’ dx

0
fol u? dx




First,we note that RQ(u) > 0 since each all of the terms in the integrand is greater than or
equal to 0. Now all we have to show is that the integrand cannot be identically 0.
If the integrand is identically zero then,

dUQ_ 2 2

(%) =—Tru

22 ) . . .
So u = Ce* = . The only way to satisfy the boundary conditions is C' = 0 so the Rayleigh
quotient must be strictly greater than 0 and we are done.

. A rod occupies the interval 1 < x < 2. The thermal conductivity depends on z in such a way
that the temperature ¢(z,t) satisfies the equation,

¢t = A2<x2¢x)x

where A is a constant. For ¢(1,t) =0 = ¢(2,t) for t > 0 and ¢(z,0) = f(z) for 1 <z < 2,
show that the appropriate eigenfunctions 3, are,

and work out the separation of variables solution of this problem.
First we find guess that ¢(x,t) = X (x)T'(t) and plug in to get the usual,

T/
AT

First lets solve the eigenfunction problem we get from the X equation.

=22X" + 22 X' X = —\.

22 X" +2:X +AX =0,

is an Euler equation. We make the guess X = 2%, and plug it in. We find that a® + o+ \, so
o = —EVIAA V21’4)‘. We must consider three cases. First if 1 — 4\ > 0 then,

X = Azx™ + Bax*?,

where a; - are, _l_gm and _1+‘ém. If we apply the boundary condition at x = 1, we get
A = —B. Then we apply the boundary condition at 2 and we find A(2*" —2%?) = 0. Since
a1 # ag, we have A = 0, so we may ignore this case.

The next case is 1 — 4\ =0, or a; = @y = . For this case, the solution to the equation is,

X = CliCa + Cgl'a IH(I) .

Now X (1) = Cy =0 and X (2) = (52%In(2) = 0. So Cy = 0 as well and we can disregard this
case. The only remain case is for a; 2 to be complex conjugates, o 2 = —% + i—vg\’l. We can
take the plus case for now. So we can write one solution of the problem as,

X(x) = AL ,

1, VA1
elrl(u’zf?+1 2

)

Y

R Sy
— Leiiv 4;71 In(z) )
NG



Using Euler’s identity, we can write two independent solutions as, X; = \/%E cos( V4g"l In(x))

and Xy = \/%E sin(¥2=! In(z)). The general solutions is just X (z) = AX;(z) + BXo(z). We
apply the boundary condition at x = 1 and find A = 0, now we apply the boundary condition

at r = 2 and get,
1 . vi4r-1
—SIH(T

7 In(2)) = 0.

So V%_l In(2) = nm, n=1,.... This gives us,
n’r? 1
)\n = + -,
In*(2) 4

with eigenfunction, (,(z). To get the separation of variables solution, we solve the time
equation T". + \,A%T,, = 0, which gives us T},(z) = T,,(0)e *»*** with X, defined above. We
will then guess our solution to be in the form,

ol t) = i Che 8, ().

n=1

Now we use the initial conditions to solve for the C),’s. Before we do that, we note that the
(B,’s haven’t been normalized. So,

1 2
Co =5 / F(2)Ba() da

In this case it is very easy to find ||8,||3. It is

21 mnlnx
2 _ T o2 d
||ﬁn|l2 /1 T sSm ( IH(Q) ) X
~ In(2)

So,




