Manipulating polynomials

Let a(r) = ap + a1z + asx®* + agz® + ... and
b(x) = by + bz + bax* + bPx°.

Product:

a(x)b(zx) = Z (Z akbnk> z".

n k=0

The coefficient of 2" in the product is

n

Z abp— = apbp+aib,—1+asb,_2+. . . +an,_1b1+ayby.

k=0

The sequence formed by the coefficients of the
product is called a convolution of the sequences

a, and b,,.



Multiplication by x:

oo
ra(z) = apr + a1 + asr’ + ... = E Ay
n=1
Similarly,
oo
rla(x) = apr’ + ajx'™ Far™ + . = g A",
n=t

Note that the coefficients of 2 2!, ... 2! are
zero in this product.

Division by x:

0,9)

alx 1 a
Q = ag— + ay + aox +azrt ... = Zaon” Sl
X X — T
And thus also:
a(x) 1 = a
0
ﬂft — CLOE—’_' . '+at—|—a‘t+1x+at+2x2+- o= Z an_HfL'n —E— ..

n=0

So multiplication and division shift the sequence
to the right or the left.

ai—1

X



Substitution

Example 1:
=14z +22+22 4+
1—2z
Substitute z = —2z2:
1 2 4 6 8
1+2x2:1—2x +4z" — 8x” + 162° — . ..
Example 2:

(14 2)" = y (Z) 2

Substitute z = 322

deap - 3 (D)o



Take derivatives:

d ,
a(r) = %a(a:) = ay + 2097 + 3azz® + 4aur’ 4 ...

d"(z) = —al(x) = 2ay + 3 - 2a3x + 4 - a4z’ + . ..

In general (¢-th derivative):

(0. 9]

oV (x) = Z nn—1)---(n—t+ Da,a"".

n=t

Example:

1 d 1
(1_33)2:&{3: (1_33) — 1+ 20+ 3% +42° + ...




Bonus question:

Use generating functions to prove the follow-
ing relation about Fibonacci numbers:

- InF, .| — NF,
ZF’fF”—k: nk, 1 —(n+1)

k=0 0

Hints: left-hand side is the coefficient of a
product. Also, use the fact that

z 1 1 1
f<x)_1—x—x2_\/5<1—f—1_1—1>’

T2

where r; and r, are the roots of 22— x — 1. You
can verify that (1/r) + (1/r3) = 1. See also the
notes of class 4.1.



Graph Theory

Example: directed graph.

(c,b C
_.--"loop

\ ">~ vertex (node)
edge (arc)

beb is a (directed) cycle of length 2.

ceed is a trail of length 3, but not a path.

cadc is a cycle of length 3, and hence also a
circuit and a closed walk.

cab is not a path, because there is no edge (a,b).



The length of a walk is the number of edges in
the walk.

A closed walk is a walk where the first and last
vertex are equal.

A trail is a walk without repeated edges. A
closed trail is called a circuit.

A path is a walk without repeated nodes. A
closed path is called a cycle. (Note that in a cy-
cle, the only repeated node is the begin/endpoint.)
The definitions of closed walk, trail, circuit,
path and cycle are analogous to those for di-
rected graphs.



Example: undirected graph.

C

\ >~ vertex (node)
edge

cedc is a cycle of length 3.

cedca is a trail and a walk, but not a path.
ceced is a walk, but not a trail or a path.
cedcabc is a circuit, but not a cycle.



An undirected graph G is connected if there is
a path between any two vertices of G.

Any graph that is not connected can be de-
composed into a number of disconnected com-

ponents.

k(g) denotes the number of components of G.



