Math 2505 - Explicit enumeration of Q

The purpose of this note is to construct an explicit enumeration of the rational numbers.
That is, we want to find a sequence (r,,)>° ; such that
or, cQ, foralln € N.
e For every s € Q, there exists n € N with r, = s.
o If n.m € N,n # m, then r, # r,.
Thus, n — 7, is a one-to-one and onto mapping of N to Q. A one-to-one and onto mapping
is called a bijection.

Our first step is to construct a bijection between Ny and Z. Note that Ng = NU {0}.

Recall that, for z > 0, [z] denotes the greatest integer less than or equal to x. Define
p:Nog — Z by

n-+1

p(n)=<—1)n+ﬂ ; J Vn e Np. (+)

So, p(0) = 0,p(1) = 1,p(2) = —1,p(3) = 2,p(4) = —=2,p(5) = 3,---. Another way of
defining p is to say p(0) = 0, p(2k) = —k, and p(2k — 1) = k, for any k£ € N. It is clear that
p is a one-to-one function from Ny onto Z.

DEFINITION: For k,n € N, we say k is a factor of n if n/k € N. We say n is a prime
number if n > 1 and the only factors of n are 1 and n, itself.

The prime numbers are like the multiplicative atoms of the natural numbers. It is easy to
show that any natural number can be expressed as a product of prime numbers in a manner
that is unique. We want to formulate this statement carefully. Let P denote the set of all
prime numbers.

PROPOSITION A: [Euclid] P is an infinite set.

PROOF: Suppose, to the contrary, that P has only finitely many members. That is, we can
list the members of P as p1,po,--- ,pk, for some k € N. Let N =1+ py -ps-ps---pg, one
plus the product of these k£ prime numbers. Let ¢ be a prime factor of N, so N = qM, for
some M € N. If ¢ = p;, for some 1 < j < k, then L = p; - ps - p3---pr/q € N. But this
means that

l=N—pir-py-ps-pr =qM —qL = q(M — L)

and M — L is an integer. This is a contradiction! Thus, P is an infinite set. 0
1



We can easily identify the first few members of P. They are 2, 3, 5, 7, 11, 13, 17, 19, 23,
29, 31, etc. using induction, we can define p; € N, for each j € N, so that
ep; € P, forall j €N,
® p; < pj1, forall j € N.
OP:{pj jEN}
So p1, p2, p3, - - - is a list of all the prime numbers in increasing order.

PROPOSITION B: For any N € NN > 1, there exists a unique &£ € N and unique
a; € Ng, 1 <7 <k, sothat a > 1 and

N = pi'py® - pet. (%)

PROOF: Fix N € N. There are only finitely many prime numbers less than or equal to
N. So there are only finitely many prime factors of N. Let p be the largest of these. Then
p = P, for some k € N. Let a; denote the maximum natural number a so that p{ is a factor
of N. That is p* is a factor of N and pZ’“H is not a factor of N. For 1 < j < k, let q;
be the maximum number in Ny so that p‘;j is a factor of N. Then (xx) holds with these
values. 0]

Some examples; 2 = 21, 3 = 2931 4 = 22 5 = 203951 6 = 2!3!, etc. Any natural
number larger than 1 is uniquely expressible as in Proposition B. Another example is 2548 =
2239507211913, Play with finding the (x*) form for some integers between 100 and 10,000
to get a feel for this unique representation method.

PROPOSITION C: For any r € Q,r > 0,r # 1, there exists a unique k£ € N and unique
b; € Z,1 < j <k so that by # 0 and

r:plflpg2-~~p2’“. (% * %)

PROOF: Simply write r = N/M, where N, M € N and have no factors in common other
than 1. Then Proposition B is used to get the representation (x %) for r. O

We use the bijection p between Ny and Z, defined in (x), to distribute the exponents of
the primes and create a map between the natural numbers and the positive rationals. Define
®:N—=Q"by &(1) =1and, if N € N, N > 1, is written as in (xx), then

B(N) = D(pps? - i) = o ps ™ -,
For example, ®(2548) = ® (223°5°7211°13") = 27130507-111°13" = 3.
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It is easy and natural to extend this to a map ¥ of Z onto Q by reflection. That is, for
MeZ,
—d(—M) it M <0
U(M)=<0 it M =0
O(M) it M > 0.

PROPOSITION D: The function ¥ is one-to-one and onto from Z — Q.

PROOQOF": This is just a simple matter of checking the cases. 0

Noting that n — p(n—1) is a one-to-one function N onto Z, we can now define an explicit
enumeration of the rational numbers. Define

rn = ¥(p(n —1)), VneN.

Then Q = {r, : n € N}. This enumeration of the rational numbers (in bold) starts out as
follows:
7“1:\11(0):0 7“2:\11(1):1 7’3:\1/(—1):—1 7“4:\11(2):
rs =¥(-2)=-2 rg=¥(3)=3 r; =W(-3)=-3 rg = W(4) =
g = \IJ(—4> = —% 0 = \I[(5) =5 11 = \IJ(—E)) = -5 T19 = \I[(G) =6
It might seem that we will never get through all the rational numbers at this rate. However,
because of the explicit nature of the enumeration, we can easily find, for a given r € Q, the
585

n € N such that r, = n. For example, consider 557. For what n € Nis r,, = %? To answer

this, we first factor the numerator and denominator into powers of prime numbers:
585 20325170110131
302~ 23305072

We note that p(6) = —3,p(3) =2,p(1) =1, and p(4) = —2. Thus,

= 273325177211%13%.

585
(269, 680, 320) = (263351 74131) = 273325177211°13! = 202
Now, if n = 539,360, 642, then p(n — 1) = 269, 680, 320. Thus,
585
T = —.
539,360,642 392

Try one yourself. Pick a fraction, either positive or negative, and figure out which r,, it is.
It’s fun!



