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Theorem(L. Jiu and D. Shi)

1 2 - o
Let W,E ) = —4(2k+1k7;(2k_1) and w( ) = . Define (Mp k(X)) k=0

by the recurrence

1 .
M) = M)+ (x - 2) M) + 0 My 1 (%),

together with initials Mg o(x) =1 and M, «(x) =0 if kK > n. Then,
when k = 0, we have

Bn(x), ifj=1,
Mno(>) = {E,,(x), if j = 2.
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1 (2K 1/6\ 654
C"'_k+1(k> C3_4<3)_4-3~2_5

Cx = # of Dyck paths from (0,0) to (2k,0).
Recall

(/,—),\‘) = (l,Sk, tk) = (1,0, —lf)
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Example n =6

—61 = ¢ = (—1)* (322717 + 222217 + 122217 + 2°1°1% + 1%1°1%)
Euler number E, is given by the weighted lattice paths (1,0, —k?).
> E2,,+1 =0and E, € Z;
» (—=1)"Ep, > 0.

n|0|1| 2 |3|4|5| 6 |7| 8
E,|1|/0|-1]0|5]0| —61|0/| 1385
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Generalized Euler polynomials E;”(x):

2 P tx - (p) t"
<et+1) e =2 B0

n=0
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ky+-+kp+k=n

Question: inverse formula

En(x) = f <E,(,f1)(x), L E,Sf”(x))?

- B (0).
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3-dim

» Consider hitting times on
spheres of different radii, we
could derive some formulas
involving (generalized)
Bernoulli & Euler
polynomials

» Example p =1, »n =2, and
r3=3,

3" {B (X+5> B <X+3>}
or1 ot P n+1 P

1 e (X243
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» one can only jump to sites that are NOT to the right of the
current site, with equal probabilities;

> steps are independent

JP’(6—>6):-~~:P(6—>1):%.
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Transition matrix

1 0 0 --- O
1 1 o0 ... 0
s=| 0 0. :>(Sk+1)N71:}P’(nk+1:1).
1 1 1 1
N N N N
1 k?
Mn—i—l,k(x) = Mn,k—l(X) + (X - 2) Mn,k(X) - TMn,k—‘rl(X)y

where M, o(x) = Eq(x).



Transition matrix

1 0 O 0
L 1 9
s=| 2 ? | = (s
: N,1
1l 1 1 1
N N N N
Mn-}-l,k(X) = Mn,k—l(X) —+ (X — = Mn’k(X) - —
where M, o(x) = Eq(x).
X*% f% 0
1 x—% -1
0 1 X—%
r_| o 0 1 -
: ao1

=P (nk+1 = 1) .
k2
4 n,k—&—l(X))
0
0
0
(k+1)?
4
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