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Bernoulli and Euler Polynomials
Bernoulli (Bn (x))

∞
n=0 and Euler polynomials (En(x))

∞
n=0:

text

et − 1
=
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n=0

Bn (x)
tn

n!
and

2etx

et + 1
=
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n=0

En(x)
tn

n!

Theorem(L. Jiu and D. Shi)
Let w (1)

k = − k4

4(2k+1)(2k−1) and w
(2)
k = −k2

4 . Define (Mn,k(x))
∞
n,k=0

by the recurrence

Mn+1,k(x) = Mn,k−1(x) +

(
x − 1

2

)
Mn,k(x) + w

(j)
k Mn,k+1(x),

together with initials M0,0(x) = 1 and Mn,k(x) = 0 if k > n. Then,
when k = 0, we have

Mn,0(x) =

{
Bn(x), if j = 1;
En(x), if j = 2.
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Euler numbers

Mn+1,k(x) = Mn,k−1(x) +

(
x − 1

2

)
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k2

4
Mn,k+1(x)

Note En = 2nEn(1/2). x = 1
2 :
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1
2
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1
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.

Dyck path:
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Catalan number Cn

Ck :=
1

k + 1

(
2k
k

)
C3 =

1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2

= 5

n = 6:

Ck = # of Dyck paths from (0, 0) to (2k, 0).

Recall

(↗,→,↘) = (1, sk , tk) =
(
1, 0,−k2

4

)



Catalan number Cn

Ck :=
1

k + 1

(
2k
k

)

C3 =
1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2

= 5

n = 6:

Ck = # of Dyck paths from (0, 0) to (2k, 0).

Recall

(↗,→,↘) = (1, sk , tk) =
(
1, 0,−k2

4

)



Catalan number Cn

Ck :=
1

k + 1

(
2k
k

)
C3 =

1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2

= 5

n = 6:

Ck = # of Dyck paths from (0, 0) to (2k, 0).

Recall

(↗,→,↘) = (1, sk , tk) =
(
1, 0,−k2

4

)



Catalan number Cn

Ck :=
1

k + 1

(
2k
k

)
C3 =

1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2

= 5

n = 6:

Ck = # of Dyck paths from (0, 0) to (2k, 0).

Recall

(↗,→,↘) = (1, sk , tk) =
(
1, 0,−k2

4

)



Catalan number Cn

Ck :=
1

k + 1

(
2k
k

)
C3 =

1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2

= 5

n = 6:

Ck = # of Dyck paths from (0, 0) to (2k, 0).

Recall

(↗,→,↘) = (1, sk , tk) =
(
1, 0,−k2

4

)



Catalan number Cn

Ck :=
1

k + 1

(
2k
k

)
C3 =

1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2

= 5

n = 6:

Ck = # of Dyck paths from (0, 0) to (2k, 0).

Recall

(↗,→,↘) = (1, sk , tk) =
(
1, 0,−k2

4

)



Example n = 6
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−61 = E6 = (−1)3
(
322212 + 222212 + 122212 + 221212 + 121212)

Euler number En is given by the weighted lattice paths (1, 0,−k2).
I E2n+1 = 0 and E2n ∈ Z;
I (−1)nE2n > 0.

n 0 1 2 3 4 5 6 7 8
En 1 0 −1 0 5 0 −61 0 1385
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Definition

Recall
2etx

et + 1
=
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n=0

En(x)
tn

n!
.

Generalized Euler polynomials E (p)
n (x):(

2
et + 1

)p

etx =
∞∑
n=0

E
(p)
n (x)

tn

n!

E
(p)
n (x) =

∑
k1+···+kp+k=n

(
n

k1, . . . , kp, k

)
xkEk1(0)E2(0) · · ·Ekp(0).

Question: inverse formula

En(x) = f
(
E
(p1)
n1 (x), . . . ,E

(pk )
nk (x)

)
?
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Main result

Theorem(L. Jiu, V. H. Moll and C. Vignat)
For any positive integer N,

En(x) =
1
Nn

∞∑
`=N

p
(N)
` E

(`)
n

(
`− N

2
+ Nx

)
,

where

1
TN(1/z)

=
∞∑
`=0

p
(N)
` z`, for Chebychev polynomial TN(cos θ) = cos(Nθ)

N = 2:

En(x) =
1
2n

∞∑
`=2

p
(2)
` E

(`)
n

(
`

2
− 1+ 2x

)
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Case closed?

0 1 2 Nk k+1k-1

I 0 is the source and N is the sink;
I at each k = 1, . . . ,N − 1, it is a “fair coin” walk;
I let νN be the random number of steps for this process.

FACT

p
(N)
l = P(νN = l) =

1
N

N∑
k=1

(−1)k+1 sin
(
θ
(N)
k

)
cos`−1

(
θ
(N)
k

)
,

where
θ
(N)
k :=

π(2k − 1)
2N
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N = 2

En(x) =
1
2n
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p
(2)
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(
`

2
− 1+ 2x
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For three points 0, 1, 2, the number of steps must be even.

p
(2)
l =

{
1
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3-dim

O

I Consider hitting times on
spheres of different radii, we
could derive some formulas
involving (generalized)
Bernoulli & Euler
polynomials

I Example r1 = 1, r2 = 2, and
r3 = 3,

3n

n + 1

[
Bn+1

(
x + 5

6
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− Bn+1

(
x + 3

6
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=
1

4
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k=0

1

4k
E (2k+2)
n

(
x + 2k + 3

2
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Harmonic sums

Si1,...,ik (N) =
∑

N≥n1≥···≥nk≥1

sign (i1)
n1

n
|i1|
1

× · · · × sign (ik)
nk

n
|ik |
k

If k = 1, i1 > 0 and N →∞,

Si1(∞) =
∑
n1≥1

1
ni11

= ζ(i1).

If k = 1, i1 = −1 and N →∞,

Si1(∞) =
∑
n1≥1

(−1)n1

n1
= − log(2).

Let k = 2, i1 = 2, i2 = 1, and N →∞

S1,2(3) =
∑

n1≥n2≥1

1
n2
1n2

= 2ζ(3).
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Special case

S1, . . . , 1︸ ︷︷ ︸
k

(N) =
∑

N≥n1≥···≥nk≥1

1
n1 · · · nk

=
N∑
`=1

(
N

`

)
(−1)`−1

`k

•
1
•
2
•
3
· · · •

N−1
•
N

I one can only jump to sites that are NOT to the right of the
current site, with equal probabilities;

I steps are independent

P (6→ 6) = · · · = P (6→ 1) =
1
6
.
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...
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1
N · · · 1
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N,1
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(
x − 1

2

)
Mn,k(x)−

k2

4
Mn,k+1(x),

where Mn,0(x) = En(x).
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