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MZV

Given some function G (z), we denote by {an} the set of its zeros
(assumed to be non-zero complex numbers).
Then define a zeta function associated with G as

ζG (s) =
∞∑
n=1

1
asn
.

We also construct a multiple zeta function as

ζG (s1, . . . , sr ) =
∑

n1>n2>···>nr≥1

1
as1n1 · · · asrnr

and a multiple zeta-starred function as

ζ∗G (s1, . . . , sr ) =
∑

n1≥n2≥···≥nr≥1

1
as1n1 · · · asrnr

.
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MZV

Denote

ζG ({s} n) = ζG ({s, s, . . .})
ζ∗G ({s}}n) = ζ∗G ({s, s, . . .})



MZV and ground states

Given a quantum system with eigenvalues {E1,E2, . . .}, arranged in
decreasing order of magnitude, the quantum zeta function Z (s) is
defined as the series

Z (s) =
∞∑
n=1

1
E s
n

,

and the ground state energy E1 can be approximated as

E1 ∼ Z (s)
1
s

In the case of a quantum multiple zeta function Z (s1, s2, . . . , sr ) ,
an equivalent is

Z ({s} r )
1
s ∼ 1

E1E2 · · ·Er
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outline

We address two questions in this talk:
I what does the knowledge of the Weierstrass product

factorization of the function G tell us about the MZV built
on its zeros ?

I what are the benefits of introducing generalized Bernoulli
numbers in the computation of the MZV’s ?
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Definitions and Methodology

Symmetric functions
- the elementary symmetric functions er =

∑
i1<i2<...<ir

xi1xi2 · · · xir ,
- the complete symmetric functions hr =

∑
i1≤i2≤...≤ir xi1xi2 · · · xir

- the power sums pr =
∑

i x
r
i .

The symmetric functions have generating functions

E (t) =
∞∑
k=0

ekt
k =

∞∏
i=1

(1 + txi ) ,

H(t) =
∞∑
k=0

hkt
k =

∞∏
i=1

(1− txi )
−1 = E (−t)−1,

P(t) =
∞∑
k=1

pkt
k−1 =

∞∑
i=1

xi
1− txi

=
H ′(t)

H(t)
=

E ′(−t)

E (−t)
.
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Definitions and Methodology

Lemma
When xi = 1

asi
,

pk = ζG (ks) =
∞∑
n=1

1
aksn

ek = ζG

(
{s} k

)
=

∑
n1>n2>···>nr≥1

1
asn1

asn2
. . . asnk

and
hk = ζ∗G

(
{s} k

)
=

∑
n1≥n2≥···≥nr≥1

1
asn1

asn2
. . . asnk



Definitions and Methodology
As a consequence define the averaged zeta

S(mn, k) =
∑
|a|=n

ζG (ma1, . . . ,mak),

S∗G (mn, k) =
∑
|a|=n

ζ∗G (ma1, . . . ,mak)

The following generating products hold:

∞∏
k=1

(
1 + (y−1)t

ask

)
(
1− t

ask

) =
∞∑
n=0

n∑
k=0

SG (sn, k)yktn,

∞∏
k=1

(
1− t

ask

)
(
1− (y+1)t

ask

) =
∞∑
n=0

n∑
k=0

S∗G (sn, k)yktn
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Hypergeometric Zeta

The hypergeometric zeta function is defined by

ζa,b (s) =
∑
k≥1

1
zsa,b;k

,

where za,b;k are the zeros of the classic Kummer (confluent
hypergeometric) function

Φa,b (z) := 1F1

(
a

a + b
; z

)
.

The zeros za,b;k are pair-wise complex conjugated.



Hypergeometric Zeta

For a = 1, b = 0, we have

Φ1,0 (z) =1 F1

(
1
1

; z

)
= ez .

For b = a, we have

Φa,a (z) = 1F1

(
a
2a

; z

)
= e

z
2 22a−1Γ

(
a +

1
2

) Ia− 1
2

(z)

za−
1
2
.



Hypergeometric Zeta
This function has the Weierstrass factorization

1F1

(
a

a + b
; z

)
= e

a
a+b

z
∏
k≥1

(
1− z

za,b;k

)
e

z
za,b;k .

We deduce a (nontrivial) generating function for ζa,b (s) as

∞∑
k=1

ζa,b (k + 1) zk =
b

a + b

(
Φa,b+1 (z)

Φa,b (z)
− 1
)
.

Moreover, from the Weierstrass factorization we deduce

1F1

(
a

a + b
; ız

)
1F1

(
a

a + b
;−ız

)
=
∏
k≥1

(
1 +

z2

z2
a,b;k

)
.

We need an identity originally due to Ramanujan [1, Entry 18,
p.61] and later proved by Preece.
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Hypergeometric Zeta

Lemma
We have the identity

1F1

(
a

a + b
; ız

)
1F1

(
a

a + b
;−ız

)
= 2F3

(
a, b

a + b, a+b
2 , a+b+1

2
;−z2

4

)
.

The multiple zeta value ζa,b ({2}n) can be deduced as

ζa,b ({2}n) =
(−1)n

n!

(a)n (b)n
(a + b)n (a + b)2n

.

For example,

ζa,b ({2}) = − ab

(a + b)2 (a + b + 1)



Hypergeometric Zeta

The values of ζa,b({2r}n) for r = 1, 2, . . . can be recursively
computed from ζa,b({2}n) using the following general result.

Theorem
Take m ∈ Z, m > 0 and ω a primitive m−th root of unity. Then

ζG ({ms}n) = (−1)n(m−1)
∑

l0+l1+···+lm−1=mn

m−1∏
j=0

ζG ({s}lj )ωjlj .



Hypergeometric Zeta

Proof.
Start with the identity 1− zm =

∏m−1
j=0 (1− zωj) for m > 0, so that

∞∑
n=0

(−1)nζG ({ms}n)tmn =
∞∏
k=1

(
1− tm

ams
k

)
=
∞∏
k=1

m−1∏
j=0

(
1− tωj

ask

)

=
m−1∏
j=0

∞∏
k=1

(
1− tωj

ask

)
=

m−1∏
j=0

( ∞∑
n=0

ωjn(−1)nζG ({s}n)tn

)
.



Hypergeometric Zeta

Theorem
The multiple zeta value ζa,b ({4}n) is equal to

ζa,b ({4}n) =
(−1)n

(2n)!

(a)2n (b)2n
(a + b)2n (a + b)4n

×6F5

(
−2n, 1− 2n − a− b, 1− 2n − a+b

2 , 1− 2n − a+b+1
2 , a, b

1− 2n − a, 1− 2n − b, a + b, a+b
2 , a+b+1

2
;−1

)
For example,

ζa,b ({4}) = −ab(a3 + a2(1− 2b) + b2(1 + b)− 2ab(2 + b)

(a + b)4(1 + a + b)2(2 + a + b)(3 + a + b)
.



Hypergeometric Zeta
Proof.
We want to compute ζa,b ({4}n) from the generating function

∑
n≥0

ζa,b ({4}n) z4n =
∏
k≥1

(
1 +

z4

z4
a,b;k

)

=
∏
k≥1

(
1 +

(
√
ız)

2

z2
a,b;k

)∏
k≥1

(
1 +

(ı
√
ız)

2

z2
a,b;k

)
.

Since
∏

k≥1

(
1 + z2

z2
a,b;k

)
= 2F3

(
a, b

a + b, a+b
2 , a+b+1

2
;− z2

4

)
, we

deduce∑
n≥0

ζa,b ({4}n) z4n

= 2F3

(
a, b

a + b, a+b
2 , a+b+1

2
;−ız

2

4

)
2F3

(
a, b

a + b, a+b
2 , a+b+1

2
; ı
z2

4

)
.



Hypergeometric Zeta

Proof.
We have

2F3

(
a1, a2

b1, b2, b3
; cz

)
2F3

(
α1, α2
β1, β2, β3

; dz

)
=
∑
k≥0

zk

k!
dk (α1)k (α2)k

(β1)k (β2)k (β3)k

× 6F5

(
−k , 1− k − β1, 1− k − β2, 1− k − β3, a1, a2

1− k − α1, 1− k − α2, b1, b2, b3
;
c

d

)
.

Therefore our desired hypergeometric product is∑
n≥0

z2n

n!

( ı
4

)n (a)n (b)n
(a + b)n

(
a+b
2

)
n

(
a+b+1

2

)
n

×6F5

(
−n, 1− n − a− b, 1− n − a+b

2 , 1− n − a+b+1
2 , a, b

1− n − a, 1− n − b, a + b, a+b
2 , a+b+1

2
;−1

)
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Hypergeometric Zeta *

We want to compute now ζ∗a,b ({2}n) with generating function

∑
n≥0

ζ∗a,b ({2}n) z2n =
∏
k≥1

(
1− z2

z2
a,b;k

)−1

=
1

1F1

(
a

a + b
; z

)
1F1

(
a

a + b
;−z

) .

Let us introduce the hypergeometric Bernoulli numbers B
(a,b)
n ,

defined through their generating function

∑
n≥0

B
(a,b)
n

n!
zn =

1

1F1

(
a

a + b
; z

) .
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Hypergeometric Zeta
We have∏

k≥1

(
1− z2

z2
a,b;k

)−1

=
∑
k,l≥0

B
(a,b)
k B

(a,b)
l

k!l!
(−1)k zk+l

=
∑
n≥0

zn

n!

n∑
k=0

(
n

k

)
(−1)k B

(a,b)
k B

(a,b)
n−k .

so that

ζ∗a,b ({2}n) =
2n∑
k=0

(
2n
k

)
(−1)k B

(a,b)
k B

(a,b)
2n−k .

For example,

ζ∗a,b ({2}) = − ab

(a + b)2 (1 + a + b)
= ζa,b ({2})

and

ζ∗a,b

(
{2}2

)
=

ab
(
−a2 − a3 − b2 − b3 + ab (a + b + 5) (a + b + 2)

)
2(a + b)4(1 + a + b)2(2 + a + b)(3 + a + b)

.



Hypergeometric Zeta

Theorem
The hypergeometric Bernoulli numbers satisfy the linear recurrence

n∑
k=0

(
a + b + n − 1

k

)(
a− 1 + n − k

n − k

)
B

(a,b)
k = (a + b)n δn,

with initial condition B
(a,b)
0 = 1.

This recurrence is a consequence of the identity

H (t)E (−t) = 1

and allows us to explicitly compute B
(a,b)
n in terms of the

lower-order numbers
{
B

(a,b)
k

}
k<n

, and in turn to deduce the values

of ζ∗a,b ({2p}n).
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Bessel Zeta

Consider
jν(z) := 2νΓ(ν + 1)

Jν(z)

zν
,

with the Weierstrass factorization

jν(z) =
∞∏
k=1

(
1− z2

z2
ν,k

)
, ∀z ∈ C.

Frappier developed an extensive theory centered around these
functions. This led him to define a family of Bernoulli polynomials
Bn,ν (x) called "α-Bernoulli polynomials" with the generating
function

e(x−
1
2 )z

jν( iz2 )
=
∞∑
n=0

Bn,ν(x)

n!
zn.
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Hypergeometric Zeta
The case ν = 1

2 recovers the Riemann zeta function since

j 1
2

(z) =
sin z
z

=
∏
k≥1

(
1− z2

k2π2

)
,

z 1
2 ,k

= kπ, ζB, 12
(s) =

1
πs
ζ (s) , Bn, 12

(z) = Bn (z) .

The case ν = −1
2 corresponds to

j− 1
2

(z) = cos z =
∏
k≥1

(
1− z2(

k + 1
2

)2
π2

)
,

z− 1
2 ,k

=

(
k +

1
2

)
π, ζB,− 1

2
(s) =

2s − 1
πs

ζ (s)

and Bn,− 1
2

(z) coincides with the Euler polynomial En (z)∑
n≥0

En (z)

n!
xn =

2exz

ex + 1
.
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Hypergeometric Zeta

Theorem
The following evaluations hold for the zeta function built out of the
Bessel zeros:

ζB,ν({2}n) =
1

22nn!(ν + 1)n
,

ζ∗B,ν({2}n) =
B2n,ν(1

2)

(2n)!
22n(−1)n,

SB,ν(2n, k) =
n∑

r=k

(−1)n−k
(
r

k

)
22n−4rΓ(ν + 1)B2n−2r ,ν

(1
2

)
r !(2n − 2r)!Γ(ν + r + 1)

,

S∗B,ν(2n, k) = (−1)n
n∑

r=k

(
r

k

)
Γ(ν + 1)B2r ,ν

(1
2

)
22n−4r (n − r)!(2r)!Γ(ν + n − r + 1)

.



Hypergeometric Zeta

Theorem
The following evaluation holds:

ζB,ν({4}n) =
1

24nn! (ν + 1)2n (ν + 1)n
.

Proof.
Dissect the generating product as follows:

∞∑
n=0

(−1)nζB,v ({4}n)t2n =
∞∏
k=1

(
1− t2

z4
ν,k

)

=
∞∑
n=0

(−1)nζB,v ({2}n)tn
∞∑
n=0

ζB,v ({2}n)tn.
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Hypergeometric Zeta
Proof.
Comparing coefficients of tn yields

ζB,ν({4}n) = (−1)n
2n∑
l=0

(−1)lζB,ν({2}l)ζB,ν({2}2n−l))

=(−1)n
2n∑
l=0

(−1)l
Γ2(ν + 1)

24n(2n − l)!l!Γ(ν + l + 1)Γ(ν + 2n − l + 1)
.

This sum is now identified as a Gauss hypergeometric function

ζB,ν({4}n) =
(−1)nΓ(ν + 1)

24n(2n)!Γ(2n + ν + 1)
2F1

(
−2n,−2n − ν

ν + 1
;−1

)
,

which can be evaluated using Kummer’s identity as

2F1

(
−2n,−2n − ν

ν + 1
;−1

)
= (−1)n

2Γ(ν + 1)Γ(2n)

Γ(n + ν + 1)Γ(n)
.
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Krein’s expansion and an extension of Euler’s identity

Theorem
Define the alternate Bessel zeta function ζ̃ν as

ζ̃ν (r) =
∑
k≥1

1
jν+1 (zν,k) z r+2

ν,k

.

Then for n ≥
[
ν
2 + 1

4

]
+ 1, the Bessel-Bernoulli polynomials can be

expressed as

(−1)n 22n

2n!
B2n,ν

(
1
2

)
= 4 (ν + 1) ζ̃ν (2n) .

The case ν = 1
2 recovers Euler’s identity

(2π)2n

2 (2n)!
(−1)n−1 B2n = ζ (2n) .
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Krein’s expansion and an extension of Euler’s identity

Howard proved

ζr+ 1
2

(2n − 2r + 2) = (−1)n 22n−2r+1 (2r + 1)!

r !
r−1∑
j=0

(2r − j − 2)!

j! (r − j − 1)!

B2n−j+1,r

(2n − j + 1)!

generalized by K. Dilcher to the confluent case

ζa,b (n − a− b + 1) = (−1)b+1 (a + b + 1)!

n! (a + b)

×

a−1∑
j=0

(
n

j

)(
a + b − j − 2

b − 1

)
B

(a,b)
n−j − (−1)n

b−1∑
j=0

(
n

j

)(
a + b − j − 2

a− 1

)
B

(a,b)
n−j





Hypergeometric Zeta

Proof.
Define

p :=

[
ν

2
+

1
4

]
+ 1,

We have Krein’s expansion

zν

Jν (z)
= Pp (z)− 2z2p

∑
k≥1

1

Jν+1 (zν,k) z2p−ν−1
ν,k

(
z2 − z2

ν.k

) ,
where Pp (z) is the polynomial of degree 2p − 2 defined as the
truncated Taylor expansion at 0 of zν

Jν(z)
:

Pp (z) =

p−1∑
m=0

d2m

dz2m

(
zν

Jν (z)

)
|z=0

z2m

2m!
.



Hypergeometric Zeta

Proof.
Now take |z | < |zν,1|, the smallest zero of Jν , so that

1

z2p−ν−1
ν,k

(
z2 − z2

ν.k

) = − 1

z2p−ν+1
ν,k

(
1− z2

z2
ν.k

) = −
∑
q≥0

z2q

z2q+2p−ν+1
ν,k

and the infinite sum in Krein’s expansion is∑
k≥1

−2z2p−ν

Jν+1 (zν,k) z2p−ν−1
ν,k

(
z2 − z2

ν.k

) = 2
∑
q≥0

z2p+2q−ν
∑
k≥1

1

Jν+1 (zν,k) z2q+2p−ν+1
ν,k

.

Using the definition of the alternate Bessel zeta function, we obtain

1
jν (z)

=
Pp (z)

2νΓ (ν + 1)
+ 4 (ν + 1)

∑
q≥0

z2p+2q ζ̃ν (2q + 2p) .



Hypergeometric Zeta

Remark : Since

ζ∗B,ν({2}n) =
B2n,ν(1

2)

(2n)!
22n(−1)n,

we also have
ζ∗B,ν({2}n) = 4 (ν + 1) ζ̃ν (2n) ,

or ∑
k1≥k2≥···≥kn≥1

1
z2
ν,k1
· · · z2

ν,kn

= 4 (ν + 1)
∑
k≥1

1
jν+1 (zν,k) z2n+2

ν,k

.



A Bessel-Gessel-Viennot identity

In [19], Hoffman uses generating functions to express the average
S (2n, k) in two different ways (in the case ν = 1

2). This yields, for
k ≤ n,

b k−1
2 c∑

i=0

(
2k − 2i − 1

k

)(
2n + 1
2i + 1

)
B2n−2i =

(−1)n−k

(2n + 1)!

n−k∑
i=0

(
n − i

k

)(
2n + 1
2i

)
22iB2i

(
1
2

)

This a variation of the Gessel-Viennot identity

b k−1
2 c∑

i=0

(
2k − 2i − 1

k

)(
2n + 1
2i + 1

)
B2n−2i =

2n + 1
2

(
2k − 2n

k

)
, k > n,

that is valid on the complementary range k > n.
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A Bessel-Gessel-Viennot identity

Theorem
The average SB,ν(2n, k) can be expressed as, for k ≤ n,

SB,ν(2n, k) =
n∑

r=k

(−1)n−k
(
r

k

)
22n−4rΓ(ν + 1)

r !(2n − 2r)!Γ(ν + r + 1)
B2n−2r ,ν

(
1
2

)
,

or alternatively as, still for k ≤ n,

SB,ν(2n, k) =
1
k!

b k−1
2 c∑

j=0

(−1)j

22j

(
k − 1− j

j

)
Γ (ν + k − j)

Γ (ν + 1 + j)
ζν (2n − 2j) .

The case ν = 1
2 recovers Hoffman’s identity.



A Bessel-Gessel-Viennot identity

The proof of this result uses generating functions. It gives us as a
by-product another identity valid for

⌊
k+1

2

⌋
< n ≤ k − 1,

b k−1
2 c∑

j=0

(−1)j

22j

(
k − 1− j

j

)
Γ (ν + k − j)

Γ (ν + 1 + j)
ζν (2n − 2j) = 0.



A Bessel-Gessel-Viennot identity

Consider the Lommel polynomials, that enter in the decomposition

Jν+1 (z) =
2ν
z
Jν (z)− Jν−1 (z)

Jν+2 (z) =
2 (ν + 1)

z

2ν
z
Jν (z)− 2 (ν + 1)

z
Jν−1 (z)− Jν (z)

=

[
2 (ν + 1)

z

2ν
z
− 1
]
Jν (z)− 2 (ν + 1)

z
Jν−1 (z)

More generally

jν+m (z) =
Rm−1,ν+1 (z)(

z
2

)m−1 (ν + 2)m−1 jν+1 (z)−Rm−2,ν+2 (z)(
z
2

)m (ν + 1)m jν (z) .



A Bessel-Gessel-Viennot identity

Consider the Lommel polynomials, that enter in the decomposition

Jν+1 (z) =
2ν
z
Jν (z)− Jν−1 (z)

Jν+2 (z) =
2 (ν + 1)

z

2ν
z
Jν (z)− 2 (ν + 1)

z
Jν−1 (z)− Jν (z)

=

[
2 (ν + 1)

z

2ν
z
− 1
]
Jν (z)− 2 (ν + 1)

z
Jν−1 (z)

More generally

jν+m (z) =
Rm−1,ν+1 (z)(

z
2

)m−1 (ν + 2)m−1 jν+1 (z)−Rm−2,ν+2 (z)(
z
2

)m (ν + 1)m jν (z) .



A Bessel-Gessel-Viennot identity

Consider the Lommel polynomials, that enter in the decomposition

Jν+1 (z) =
2ν
z
Jν (z)− Jν−1 (z)

Jν+2 (z) =
2 (ν + 1)

z

2ν
z
Jν (z)− 2 (ν + 1)

z
Jν−1 (z)− Jν (z)

=

[
2 (ν + 1)

z

2ν
z
− 1
]
Jν (z)− 2 (ν + 1)

z
Jν−1 (z)

More generally

jν+m (z) =
Rm−1,ν+1 (z)(

z
2

)m−1 (ν + 2)m−1 jν+1 (z)−Rm−2,ν+2 (z)(
z
2

)m (ν + 1)m jν (z) .



A Bessel-Gessel-Viennot identity
For example

R0,ν (z) = 1, R1,ν =
2ν
z
, R2,ν =

4ν (ν + 1)

z2 . . .

and

Rn,ν (z) =

b n2c∑
j=0

(−1)j
(
n − j

j

)
Γ (ν + n − j)

Γ (ν + j)

(z
2

)2j−n
.

The Lommel polynomials are orthogonal with respect to the
discrete measure

ρ (z) =
∑
n≥1

1
z2
ν−1,n

[
δ

(
z − 1

zν−1,n

)
+ δ

(
z +

1
zν−1,n

)]
∫ +∞

−∞
Rr ,ν

(
1
x

)
Rs,ν

(
1
x

)
ρ (x) dx =

δr ,s
2 (ν + r)

.
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A Bessel-Gessel-Viennot identity
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A Bessel-Gessel-Viennot identity

Choosing s ∈ [0, r ] and expressing x s as a linear combination of the
polynomials Rr ,ν yields

+∞∑
q=1

Rr ,ν (zν−1,q)

zs+2
ν−1,q

=
Γ (ν)

2r+2Γ (ν + r + 1)
δr ,s , 0 ≤ s ≤ r ,

This is equivalent to

b k−1
2 c∑

j=0

(−1)j

22j

(
k − 1− j

j

)
Γ (ν + k − j)

Γ (ν + 1 + j)
ζν (2n − 2j) = 0,

⌊
k + 1
2

⌋
< n ≤ k−1.
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Airy Zeta function
The Airy function has Weierstrass factorization

Ai (z) = Ai (0) e
Ai′(0)
Ai(0) z

∏
n≥1

(
1− z

an

)
e

z
an ,

where all the zeros {an} are real and negative. We frequently use
the constants

Ai (0) =
1

3
2
3 Γ
(2

3

) , Ai′ (0) = − 1

3
1
3 Γ
(1

3

) .
Theorem
The Airy MZV is equal to

ζAi ({2}n) =
1

12
n
3 n!
(5

6

)
n
3

.



Airy Zeta function

The usual proof uses the series expansion

Ai (x)Ai (−x) =
2√
π

∑
n≥0

(−1)n x2n

12
2n+5

6 n!Γ
(2n+5

6

) ,
deduced by Reid as a consequence of the integral representation

Ai (x)Ai (−x) =
1

π2
1
3

∫ +∞

−∞
Ai
(
2−

4
3 t2
)
cos (xt) dt.

Then the Weierstrass factorization allows to deduce the generating
function of ζAi ({2} n) as

∞∑
n=0

ζAi ({2}n) zn =
∏
n≥1

(
1 +

z

a2
n

)
=

Ai
(
ı
√
z
)
Ai
(
−ı
√
z
)

Ai (0)2 .
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Airy Zeta function

We observe that

ζB,− 1
3
({4}n) =

(
3
2

)4n

ζAi

(
{2}3n

)
.

This is not a coincidence.

Theorem
The Airy MZV and the Bessel MZV are related by

ζAi

(
{2}3n

)
=

(
2
3

)4n

ζB,− 1
3

({4}n)

and
ζAi

(
{2}3n+1

)
ζAi ({2})

=

(
2
3

)4n

ζB, 13
({4}n) .
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Airy Zeta function
Proof.
The Airy function is an entire function: with ξ = 2

3z
3
2

Ai (z) =
∑
n≥0

anz
n =

√
z

3

(
I− 1

3
(ξ)− I 1

3
(ξ)
)

such that a3n+2 = 0. The coefficients a3n are provided by the term√
z

3 I− 1
3

(ξ), while the coefficients a3n+1 arise from
√
z

3 I 1
3

(ξ).
Similarly, the two terms in the expansion

Ai (−z) =

√
z

3

(
J− 1

3
(ξ)− J 1

3
(ξ)
)

provide the coefficients a3n and a3n+1 respectively.
We deduce∑

n≥0

(−1)n ζAi

(
{2} 3n

)(3z
2

)4n

= j− 1
3

(ız) j− 1
3

(z) ,

∑
n≥0

(−1)n
ζAi

(
{2} 3n+1

)
ζAi ({2} )

(
3z
2

)4n

= j 1
3

(ız) j 1
3

(z) .



Airy Zeta function
Theorem
The values of ζAi ({4}n) can be computed as the convolution

ζAi ({4}n) =
2n∑
k=0

1
12k122n−k

(−1)k

k!(2n − k)!

1(5
6

)
k
3

(5
6

)
2n−k

3

and are equal to

ζAi ({4}n) =
1

122n Γ2
(
5
6

) 4F3

(
2
3−

2n
3 ,

5
6−

2n
3 ,1−

2n
3 ,

4
3−

2n
3

4
3 ,

3
2 ,

5
3

;−1
)

√
πΓ
(2n

3 + 1
6

)
Γ(2n − 1)

− 6
122n Γ2

(
5
6

) 4F3

(
1
3−

2n
3 ,

1
2−

2n
3 ,

2
3−

2n
3 ,1−

2n
3

2
3 ,

7
6 ,

4
3

;−1
)

Γ
(1

6

)
Γ
(2n

3 + 1
2

)
Γ(2n)

+
1

122n Γ

(
5
6

) 4F3

(
1
6−

2n
3 ,

1
3−

2n
3 ,

2
3−

2n
3 ,−

2n
3

1
3 ,

2
3 ,

5
6

;−1
)

Γ
(2n

3 + 5
6

)
Γ(2n + 1)

.
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Airy Bernoulli numbers

Define the Airy Bernoulli numbers Bn by the generating function∑
n≥0

Bn
n!

zn =
Ai (0)

Ai (z)
.

For example,

B0 = 1, B1 = 3
1
3

Γ
(2

3

)
Γ
(1

3

) = −Ai′ (0)

Ai (0)
,
B2

2!
= B2

1 = 3
2
3

Γ2 (2
3

)
Γ2
(1

3

) ,
B3

3!
= −1

6
+ 3

Γ3 (2
3

)
Γ3
(1

3

) , B4

4!
= −3

1
3

4
Γ
(2

3

) [
Γ3 (2

3

)
− 12Γ3 (1

3

)]
Γ4
(1

3

)
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.

For example,

B0 = 1, B1 = 3
1
3

Γ
(2

3

)
Γ
(1

3

) = −Ai′ (0)

Ai (0)
,
B2

2!
= B2

1 = 3
2
3

Γ2 (2
3

)
Γ2
(1

3

) ,
B3

3!
= −1

6
+ 3

Γ3 (2
3

)
Γ3
(1

3

) , B4

4!
= −3

1
3

4
Γ
(2

3

) [
Γ3 (2

3

)
− 12Γ3 (1

3

)]
Γ4
(1

3

)



Airy Bernoulli numbers

Theorem
Define the sequence

a3n =
(−1)n (3n)!

32nn!
(2

3

)
n

, a3n+1 =
(−1)n+1 Γ

(2
3

)
(3n + 1)!

32n+ 2
3 n!Γ

(
n + 4

3

) , a3n+2 = 0.

The Airy Bernoulli numbers satisfy the linear recurrence

n∑
k=0

(
n

k

)
Bkan−k = n!δn

so that

Bn =

{
−
∑n−1

k=0
(n
k

)
Bkan−k , n > 0

1 n = 0
.



Airy Bernoulli numbers
Taking the derivative of∑

n≥0

Bn
n!

zn =
Ai (0)

Ai (z)
.

and writing

−Ai (0)
Ai′ (z)

Ai2 (z)
= −Ai (0)

Ai (z)

Ai′ (z)

Ai (z)
.

yields

Bn+1

n!
= −Ai′ (0)

Ai (0)

Bn
n!

+
n−1∑
r=0

Br
r !
ζAi (n + 1− r) , n ≥ 1,

so that

ζAi (n + 1) =
Ai′ (0)

Ai (0)

Bn
n!

+
Bn+1

n!
−

n−1∑
r=1

Br
r !
ζAi (n + 1− r) , n ≥ 1.



Airy Zeta function: there is more

M Belloni and R W Robinett, Constraints on Airy function zeros
from quantum-mechanical sum rules , J. Phys. A: Math. Theor. 42
(2009) 075203.
Question: how to evaluate

Sp (n) =
∑
k 6=n

1
(zk − zn)p

,

Tp,q,r (n) =
∑

k 6=j 6=n

1
(zk − zn)p (zk − zj)

q (zj − zn)r

Consider the quantum bouncer

V (x) =

{
k.x x ≥ 0
+∞ x < 0
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Airy Zeta function
The solution ψn with energy En of the Schrodinger equation

− ~2

2m
d2

dx2ψn (x) + V (x)ψn (x) = Enψn (x)

is
ψn (x) =

Ai (x + zn)

|Ai′ (zn) |
, En ∝ −zn.

The solutions {ψn}n≥0 form a complete set of orthonormal
functions: ∫ +∞

0
ψn (z)ψk (z) dz = δn,k .

With quantum notations

〈n|1|k〉 = δn,k ,

〈n|f (z) |k〉 =

∫ +∞

0
ψn (z)ψk (z) f (z) dz .
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Airy Zeta function
The solution ψn with energy En of the Schrodinger equation
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Airy Zeta function
Goodmanson gave a recurrence for these moments

p!

(p − 4)!

〈
n|xp−4|k

〉
+ 4p (p − 1)

zn + zk
2

〈
n|xp−2|k

〉
−2p (2p − 1)

〈
n|xp−1|k

〉
+ (zn − zk)2 〈n|xp|k〉 = 2δ1,p (−1)n−k+1

For example,

〈n|x |n〉 =
2
3
zn,

〈
n|x2|n

〉
=

8
15

z2
n ,
〈
n|x3|n

〉
=

16
35

z3
n +

3
7
. . .

and

〈n|x |k〉 =
2 (−1)n−k+1

(zk − zn)2 ,
〈
n|x2|k

〉
=

24 (−1)n−k+1

(zk − zn)4 ,

〈
n|x3|n

〉
= (−1)n−k+1

[
720

(zk − zn)6 −
48zn

(zk − zn)4 −
24

(zk − zn)3

]
. . .
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Airy Zeta function

Next use the Thomas-Reiche-Khun rule∑
k 6=n

(En − Ek) | 〈n|x |k〉 |2 =
~2

2m

and
Ek = −zk

to deduce ∑
k 6=n

(zk − zn)
4

(zk − zn)4 = 1

so that
S3 (n) =

∑
k 6=n

1
(zk − zn)3 =

1
4
.



Airy Zeta function

To obtain S4 (n) , write the closure relationship∑
all k

〈n|x |k〉 〈k|x |n〉 =
〈
n|x2|n

〉
so that

| 〈n|x |n〉 |2 +
∑
k 6=n

4
(zk − zn)4 =

8
15

z2
n =⇒ S4 (n) =

z2
n

45



Airy Zeta function

Moreover, using∑
all k

∑
all j

〈n|x |k〉 〈k |x |j〉 〈j |x |n〉 =
〈
n|x3|n

〉
gives

T2,2,2 (n) =
∑

k 6=j 6=n

1
(zk − zn)2 (zk − zj)

2 (zj − zn)2 =
2

945
z3
n +

5
168

.

Compare to ∑
m,n≥1

1
m2n2 (m + n)2 =

π6

2835
.
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