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MZV

Given some function G(z), we denote by {a,} the set of its zeros
(assumed to be non-zero complex numbers).
Then define a zeta function associated with G as

Ce(s) = Zais

n=1



MZV

Given some function G(z), we denote by {a,} the set of its zeros
(assumed to be non-zero complex numbers).
Then define a zeta function associated with G as

Ca(s) = ais-
n=1 "1

We also construct a multiple zeta function as

Cc.;(sl,...,s,): Z s1

a
ni>np>-->n2>1 m

1

and a multiple zeta-starred function as

Gloes) = Y e

Sr
a o e e a
m>np>->n>1 "M fr



MZV

Denote

Cc({s}")=¢Cc {s;s,...
(e ({s}1}") = ({sss, - -



MZV and ground states

Given a quantum system with eigenvalues {Ej, Ep, ...}, arranged in
decreasing order of magnitude, the quantum zeta function Z(s) is

defined as the series -
1
Z2(s)=) &
n=1 "

and the ground state energy E; can be approximated as

0 =

E1 NZ(S)



MZV and ground states

Given a quantum system with eigenvalues {E;, Ep, ...}, arranged in
decreasing order of magnitude, the quantum zeta function Z(s) is

defined as the series -
1
Z2(s)=) &
n=1 "

and the ground state energy E; can be approximated as

0 =

E1 NZ(S)

In the case of a quantum multiple zeta function Z (s1, s,...,5s/),

an equivalent is
1 1
s

~

U~ e E



outline

We address two questions in this talk:

» what does the knowledge of the Weierstrass product
factorization of the function G tell us about the MZV built
on its zeros 7



outline

We address two questions in this talk:

» what does the knowledge of the Weierstrass product
factorization of the function G tell us about the MZV built
on its zeros 7

» what are the benefits of introducing generalized Bernoulli
numbers in the computation of the MZV's ?



Definitions and Methodology

Symmetric functions

- the elementary symmetric functions e, = >, . _; XX =+ X,

- the complete symmetric functions h, = 3, . o i Xiy Xi, -+ X,
— r - T

- the power sums p, = . x'.



Definitions and Methodology

Symmetric functions

- the elementary symmetric functions e, = >, . _; XX =+ X,

- the complete symmetric functions h, = Zilgizg...gi, Xiy Xiy * * + Xi,
— r

- the power sums p, = ). x!

The symmetric functions have generating functions

t)—Zekt H 1+ tx;),
i=1
tht H 1—tx) L= E(—t)7,
i=1

_ N~ X _H()_ E(-1)
_;pktk _Zl—tx,- OH(t)  E(-t)’

i=1




Definitions and Methodology

Lemma
When x; = %
1 00 1
px = Cc (ks) Z ks
n—1 an
1
k
ek = (e ({S} ) = > > 2 a5
n>np>e>p>1 MU0 0T Tk
and

he = ({5} k) = > 57135

a .
n1>n2> >n >1 ni=m



Definitions and Methodology

As a consequence define the averaged zeta

(mn, k) Z Ce(may, ...,

lal=

S¢(mn, k) Z ¢c(may, ..

lal=

may),

.y mak)



Definitions and Methodology

As a consequence define the averaged zeta

(mn, k) Z Cc(may, ..., may),

lal=n

S¢(mn, k) Z Cc(may, ..., may)

la=n
The following generating products hold:

o (1+050)



Hypergeometric Zeta

The hypergeometric zeta function is defined by

Gols) =3 =

z5,
k>1 “a,bik

where z, . are the zeros of the classic Kummer (confluent
hypergeometric) function

a
S,p(2) i =1F < 2t b ;z).

The zeros z, ., are pair-wise complex conjugated.



Hypergeometric /eta

For a=1,b =0, we have
1 Z
®10(2) =1 F1< 1 ;z> = e

For b = a, we have

z972

z 1 /afl (Z)
Cba,a (Z) = 1F1 < 2aa ;z> — e§22aflr <a+ 2) 5 =



Hypergeometric Zeta

This function has the Weierstrass factorization

a _a_ z z
F z)=en? [ (1- ek
SO R (e

k>1




Hypergeometric Zeta

This function has the Weierstrass factorization

a _a_ z =
F ; = ea+bz 1— eZabik
(L2 = (- 20)

k>1

We deduce a (nontrivial) generating function for (, 4 (s) as

- k_ b [ ®api1(2)
k;ga,b(kﬂ)z _a+b< N —1>.




Hypergeometric Zeta

This function has the Weierstrass factorization

a _a_ z =
F ; = ea+bz 1— eZabik
(L2 = (- 20)

k>1

We deduce a (nontrivial) generating function for (, 4 (s) as

> b [(®,p41(2)
> Cap(k+1)2 = ( : —1>.
k=1 ’

- a+b q)a,b (Z)

Moreover, from the Weierstrass factorization we deduce

A2, uz)A (2 i) =T 1+ z
1 a—i—b'Zz Ml assp )= 22, ]
k>1 a,b;k

We need an identity originally due to Ramanujan [1, Entry 18,
p.61] and later proved by Preece.




Hypergeometric Zeta

Lemma
We have the identity

a,b

a a
1F1<a—|—b ;12>1F1<a+b ;—ZZ> :2F3< a+ b, 25k atbil ;=

The multiple zeta value (, 5 ({2}") can be deduced as

(=1)"  (a)a(b),
nt (a+b),(a+b)y,

<a,b ({2}n) =

For example,

ab
(a+b)*(a+b+1)

Cap({2}) = —

2

)_



Hypergeometric Zeta

The values of (; ,({2r}") for r =1,2,... can be recursively
computed from (, ,({2}") using the following general result.

Theorem
Take m € Z, m > 0 and w a primitive m—th root of unity. Then

m—1
Ce({ms}) = (~1)"mY > I ¢e({s}h)eh.

lo+h+-+Im—1=mn j=0



Hypergeometric Zeta

Proof.
Start with the identity 1 — z™ = Hj"’ZBI(I — zwl) for m > 0, so that
00 oo oo m—1
ny

>_(=1)%c({ms}ne™ = [ (1 ) 1111 ( )
n=0 k=1 k=1 j=0

m—1 oo twj m—1 00 )

“III(-%) - (Z w(—l)"cc({s}")r") .
j=0 k=1 k j=0 \n=0



Hypergeometric /eta

Theorem
The multiple zeta value (, » ({4}") is equal to
(1" (a)y,(b),,
Cap ({4}") =
2o () = G 5 B)an (2 + By
o F —-2n,1—-2n—a—b,1—2n— 2 1 o2n — a+g+1,a,b.
ors 1—2n—a,1—2n—b,a—|—b,a;b,a+g+1 :

For example,

ab(a® + a%(1 — 2b) + b*(1 + b) — 2ab(2 + b)

o) = = T2t bP@ + 2t BB 12t b)

)



Hypergeometric Zeta
Proof

We want to compute (, 5 ({4}") from the generating function

S Gon 2 =] <1+ Z )

4
n>0 k>1 Za,bik
2 2
= I]: 1-+AQ¥2527 14.&5%252, _
k>1 Zabik ) k31 Za,b;k
. 2 a,b 2

Since [Ti>1 <1+z§b_k> = 2F3< at b, atb atbil ;—Z4> , we
deduce
> Can({4)7) 2%
n>0

aab . 22 a,b . Z2
= 2f3 a+ b, aJ2rb’ a+12>+1 Y*ZZ 2F3 a+b, a;b’ QHZ,H ,ZZ .



Hypergeometric Zeta

Proof.
We have
k
ai, az Q1,00 z¢ o (a1)y (a2),
F: ’ ; F- vdz | = —d
23<b1,b2,b3 CZ>23<51,52,53 z) 5 kU (B1) (B2) (Bs)

% oF _k71_k_/Blvl_k_/B271_k_/B37alvaZ_E
675 1—k—ai,1—k—as, by, by, bs 'd)’



Hypergeometric Zeta

Proof.
We have

a1, a a1, k(1) (02),
F- ; F- ; —d
? 3( by, by, b3 CZ>2 3</31,52,53 ) Zk' (0)x 2y (550
% oF _k71_k_/Blv]-_k_/8271_k—/B37alva2_E
675 1—k—ai,1—k—as, by, by, bs 'd)’
Therefore our desired hypergeometric product is
2n

z v\ (a)n(b)n
B ) (2£8), (=55),

n>0

_n,l—n—a—b,l_n_ib 1_n_a+2¢’a’b-
X6 F5 1—n—a,1—n—ba—|—b%b,a+Tb+1 =1

O]



Hypergeometric Zeta *

We want to compute now ¢, ({2}") with generating function

~1
S (@2 = I (1— z )

n>0 k>1 Za,bik
B 1

N a a ’
1F1<a+b ’Z>1F1<a+b ’_Z>




Hypergeometric Zeta *

We want to compute now ¢, ({2}") with generating function

-1
S22 =1] (1— )

n>0 k>1

- . - _
1F1<a+b ’Z>1F1<a+b ’_Z>

Let us introduce the hypergeometric Bernoulli numbers B,
defined through their generating function

n>0

Z Br(wa’b) o 1
n! o a ’
1A ( )



Hypergeometric Zeta
We have

-1
22 B}({a,b)BI(a,b) ksl
H <1_ 2 ) - Z Pl (=1)"2
k,I>0

k>1 Za,b;k
_Z Z() ab)B(ab).

n>0 'ko

so that

2n
* n 2n a, a,
ol =3 () o sei.
k=0
For example,

N _ ab B

<a,b ({2}) - (a+ b)2 (1 LAt b) = Ca,b({z})
and
v (102 _ab(-a -2 - —b+ab(a+b+5)(a+b+2))
Cab ({ ' ) N 2@+ b)*(1+a+b)?(2+a+b)(3+a+b)



Hypergeometric Zeta

Theorem
The hypergeometric Bernoulli numbers satisfy the linear recurrence

" fa4+b+n—1\[{a—1+n—k\ (ab
Z( k >< n—k >Bl(( ):(a+b)n5”7
k=0

with initial condition Béa’b) =1.



Hypergeometric Zeta

Theorem
The hypergeometric Bernoulli numbers satisfy the linear recurrence

S fat+b+n—1\[/a—14+n—k (ab)
() (T R,

k=0

with initial condition Béa’b) =1.
This recurrence is a consequence of the identit

q y

H(t)E(-t)=1
and allows us to explicitly compute B,(,a’b) in terms of the

p y p
lower-order numbers {B,((a’b)}k , and in turn to deduce the values
<n

of ¢;» ({2P}").



Bessel Zeta

Consider

ju(z) = 2T (w + 1) 242,

Zl/

with the Weierstrass factorization

. b z2
JV(Z):H (1—22 ), vz e C.
k=1 v,k



Bessel Zeta

Consider
JV(Z)

zv

Ju(z) =2"T(v + 1)

with the Weierstrass factorization

jy(z)—ﬁ<1—zj>,vzec

k=1 Zl/,k

Frappier developed an extensive theory centered around these
functions. This led him to define a family of Bernoulli polynomials
Bn. (x) called "a-Bernoulli polynomials" with the generating

function
e(xf% z
Ju(

> B, ,(x n
:Z ()z

)
) = nl

1.

NI



Hypergeometric Zeta
1

The case v = 5 recovers the Riemann zeta function since

2

Ji(z) =
2

Z%,k = kﬂ', CB,

1(s) =

oz H < k2772>

k>1

%c(s), B



Hypergeometric Zeta

The case v = % recovers the Riemann zeta function since

. San
J1(2) = H < k2772>

k>1

1
21 = k7, (g1 (5):;4(5)’ B

The case v = —§ corresponds to
(2 11 ( - )
Jj_1(z)=cosz= l—-—5—
: K31 (k+3) 7
1 2° -1
21— (k T 2) 7 G 1 (s) = 2t (s)

and Bn’f% (z) coincides with the Euler polynomial E, (z)

X e 417

E.(z) , 2e*
3 (2)

n>0



Hypergeometric Zeta

Theorem
The following evaluations hold for the zeta function built out of the
Bessel zeros:

(Bp({2}") = 22"’7|(i1)n
20(3) s2ng 1yn
(g, ({2}") = (2,7)! (=0
n o 22n*4’r(y—i— 1)3 n—2r,v 3
Se.(2n, k)zZ(—l) k(k> r!(2n—2r)!r(1/2+i+i(l§)

r=k

" . n “ r r( )B2r1/ (l)
St(2n. k) = (1) <k> 224 (0 — T L n—r+1)

r=k




Hypergeometric Zeta

Theorem
The following evaluation holds:

1
240t (v + 1), (v + 1),

¢r({4}") =



Hypergeometric Zeta

Theorem
The following evaluation holds:

1
240l (v +1),, (v + 1),

¢r({4}") =

Proof.

Dissect the generating product as follows:

P CHRENITIDISES ] | (1 - f)
n=0

k=1 Zu,k

o0

e

3
Il
o

n=0

(—1)"Ce ({227 Y Ca ({2}

n

O



Hypergeometric Zeta
Proof.

Comparing coefficients of t” yields

2n

o ({417) = (=1)" Y (-1)'Ceu ({2} )Car ({2"7)

I=0

Pv+1)
(=1)" Z 24n 2n— DT (v + 1+ 1) (v +2n— [ +1)



Hypergeometric Zeta
Proof.

Comparing coefficients of t” yields

2n
Cayr({417) = (=1)"D_(-1)'¢0({2})¢a0 ({21271
1=0
- r2(v+1)
=(=1) IZ;(—1)’24”(2” — NI+ 1+ +2n—1+1)

This sum is now identified as a Gauss hypergeometric function

(-D'Tw+1) <_2n, 2 v, _1> |

2n)!r(2n—i—1/—i—1)2 ! v+1

ol {4)") = g
which can be evaluated using Kummer's identity as

—2n,—2n—v B . 2M(v+1)(2n)
2F1< | '_1) = (1) F(n+v+1)l(n)




Krein's expansion and an extension of Euler's identity

Theorem
Define the alternate Bessel zeta function (,, as

Ctu(f):Z;rH‘

k>1 Ju+1 (Zzz,k) Zy k



Krein's expansion and an extension of Euler's identity
Theorem )
Define the alternate Bessel zeta function (,, as
o 1
G(N=> —(— =

k>1 Ju+1 (Zzz,k) Zy k

Then for n > [% + H + 1, the Bessel-Bernoulli polynomials can be
expressed as

2= Bony G) =4(w+1), (2n).



Krein's expansion and an extension of Euler's identity

Theorem
Define the alternate Bessel zeta function (,, as

@z(f):Z;ﬂrz-

K>1 Jutl (Zzz,k) Zy k

Then for n > [% + H + 1, the Bessel-Bernoulli polynomials can be
expressed as




Krein's expansion and an extension of Euler's identity

Howard proved
2 1
Cryz (2n—2r+2) = (-1)" f”2”1(r:)
1

r—

(2r—j—=2)!' Bon—jt1,r
= -1 2n—j+1)

=0

-,

generalized by K. Dilcher to the confluent case

Gon(n—a=b+1) = (-1t EE LD

a1 n a+b _]—2 ab) nb:l n a+b—-/_2 (a,b)
X B
-1 a—1 n=J

kM
“M



Hypergeometric Zeta

Proof.
Define
S LA
p - 2 4 ’
We have Krein's expansion
zv 1

:PP(Z)_222P 2p—v—1 ;
k>1 Jyt1 (Zzak)zu,i Y (22 - ZE.k)

where P, (z) is the polynomial of degree 2p — 2 defined as the
truncated Taylor expansion at 0 of f(yz):

p—1 d2m 2V 22m
P @)=Y s (55)
¢ dz 4, (2) z=0 2m!




Hypergeometric Zeta

Proof.
Now take |z| < |z,,1|, the smallest zero of J,, so that

1 1
2p—v—1(_» 2 T op_utl E : 2q+2p v+1
2y k (z ) Z,,fi( (1 - j) q>0 %v,k

v

and the infinite sum in Krein's expansion is

_92p—v
222 i _2§ :Z2p+2q 1/2 : ]-2 . 1
p—v— q+2p—v+
k>1 Jvr1(zvk) 2 v,k ( >0 k>1 Ju+1 (zuk) 2,k

Using the definition of the alternate Bessel zeta function, we obtain

I Pp(z)
Jv(z) 2T (v+1)

+4(v+1)) 2P, (29 +2p).
q>0



Hypergeometric Zeta

Remark : Since

1
G2 = Zoinay,

we also have y
(e, ({2}") =4 (v +1) G (2n),

or

1 1
Yo =4+ TR

k>ko> k21 Sk T vk i1 v+t (20k) 2,



A Bessel-Gessel-Viennot identity

In [19], Hoffman uses generating functions to express the average
S (2n, k) in two different ways (in the case v = 1). This yields, for

k < n,

k
n—k
2k —2i —1\ [2n+1 1)k n—i\ (204 1) 2
Bn,,-_ § 2% By,
< ><2/+1> 2n=2 2n+1| ( )( )

i=0

LM



A Bessel-Gessel-Viennot identity

In [19], Hoffman uses generating functions to express the average
S (2n, k) in two different ways (in the case v = 1). This yields, for

k < n,
L ka1 f2n 41 )k X =i\ f2n+1
Bon—oi = 2% By,
Z;< k ><2i+1>2 2 2n+1|z< )( ,>
This a variation of the Gessel-Viennot identity
k=1
LiJ 2k—2i=1\(2n+1\ o _2n+1(2k=2n\
i k 2i+1 2n—2i — 2 k ’ )

that is valid on the complementary range k > n.



A Bessel-Gessel-Viennot identity

Theorem
The average Sg ., (2n, k) can be expressed as, for k < n,

n

k(T 22n—4rr(y 41 1
Se(2n, k) = Z(_l) ‘ (k) rl(2n — 2r)!r((1/ + r)+ 1) Ban-2r <2> ’

r=k

or alternatively as, still for k < n,

| 452 |
1h8 1 N\T(w+k—J) .
Se.(2n, k) = ZO 2 < i )F(u+1+1)<” (2n —2j).

The case v = % recovers Hoffman's identity.



A Bessel-Gessel-Viennot identity

The proof of this result uses generating functions. It gives us as a

by-product another identity valid for L@J <n<k-1,

—1-N\T(w+k—)) L
22’( j )F(u+1+j)C”(2”_21)—0-

k

M




A Bessel-Gessel-Viennot identity

Consider the Lommel polynomials, that enter in the decomposition

Ji1(2) = 2 (@)~ (2)



A Bessel-Gessel-Viennot identity

Consider the Lommel polynomials, that enter in the decomposition

2v

Ju+1 (Z) = 7‘111 (Z) - Ju—l (Z)

hia(2) = 20N ) 20N, o))
_ [2 (l/z+ 1)221/ B 1] I (2) - 2 (Z/Z—I— 1)in1 (2)



A Bessel-Gessel-Viennot identity

Consider the Lommel polynomials, that enter in the decomposition

2v

Jl/+1 (Z) = 7‘111 (Z) - Ju—l (Z)

Ji2(2) = ———"—4(2) - -

More generally

jrom(z) = Bt 2 oy o)
(3)



A Bessel-Gessel-Viennot identity

For example

Rovl’ (Z): 17 Rl,l/: 21, R27V:%;_1)_“
z z
and
R (2) = - (~1y (” _f> NG i)) <5)2f*"
" - J r(z/ _|_J) 2 .



A Bessel-Gessel-Viennot identity

For example

Row(2) =1, Ry = 21, Ro, = %;rl) .
Zz z
and
R (2) = - (~1y (” _f> NG i)) <E)2f*"
" a =0 J r (l/ —|—J) 2 :

The Lommel polynomials are orthogonal with respect to the
discrete measure

1 1 1
O U G A v |
n>1"v—4,n ’ ’




A Bessel-Gessel-Viennot identity

For example

Row(2) =1, Ry = 21, Ro, = %;rl) .
Zz z
and
R (2) = - (~1y (” _f> NG i)) <E)2f*"
" a =0 J r (l/ —|—J) 2 :

The Lommel polynomials are orthogonal with respect to the
discrete measure

1 1 1
=Yg Pl i) ol )
nZl v—~Ln ’ )

too 1 1 8r.s
[ () e (o007




A Bessel-Gessel-Viennot identity

Choosing s € [0, r] and expressing x° as a linear combination of the
polynomials R, , yields

+oo
Ry (2,1 q) r(v)
g : L = ) 0<s<r

2 2 r,s» — — 1y
= z' 1, 22N (v +r+1)



A Bessel-Gessel-Viennot identity

Choosing s € [0, r] and expressing x° as a linear combination of the
polynomials R, , yields

+oo
2: Rev (zv-1,4) r(v)

9 9 — 5 0 < <
=S P AL CEN A

This is equivalent to

(=1Y (k—=1—\T(v+k—)) N k+1
22 < i )r(V‘i‘l"’J')CV(Z”_%)_O’ {2J <n< k-1

155"

j=0



Airy Zeta function
The Airy function has Weierstrass factorization
A’ (0)

i@ = T (1= 2) e

a
n>1 n

where all the zeros {a,} are real and negative. We frequently use
the constants
1 1
Ai (0) = AV (0) = ————.
37 (3) 37 (3)

Theorem
The Airy MZV is equal to

1

Cai({2}7) = m
6

wis



Airy Zeta function

The usual proof uses the series expansion

1 nX2n

(X) Ai ( X Z 2n+5

VT £ 12767 nir (2045

deduced by Reid as a consequence of the integral representation

Ai (x) Ai(—x) = 11 /+OO Ai (2*% t2> cos (xt) dt.

723 J—o0



Airy Zeta function

The usual proof uses the series expansion

2y
Ai (x) Ai (—x)
nso 1276 nll (22t

5)’

deduced by Reid as a consequence of the integral representation

Ai (x) Ai(—x) = 11 /+OO Ai <2*% t2> cos (xt) dt.

723 J—o0

Then the Weierstrass factorization allows to deduce the generating
function of (a; ({2} ") as

ZCAi ({2} 2" = H <1 + ;) _ Ai (lﬁ) Ai (2—1\&)‘
n=0

Ai (0)




Airy Zeta function

We observe that
oy = (2) on (1207).

This is not a coincidence.



Airy Zeta function

We observe that

Cg-1({4}") = (2)4 G (£21°).

This is not a coincidence.

Theorem
The Airy MZV and the Bessel MZV are related by

i ({257) = @ C,-1 ({4")

and

C i {2}3n+1 an )
A<£i<{2}) ) (i) ¢e.3 (1417



Airy Zeta function
Proof.

The Airy function is an entire function: with £ =

Ai@) =Y anz" = Y2 (156 13 )

n>0

3
z2

WIN

such that a3,12 = 0. The coefficients a3, are provided by the term
gl_% (&), while the coefficients az,;1 arise from ?l% ).
Similarly, the two terms in the expansion
: vz
Ai(=2) = (11 (© -4 9)

3

provide the coefficients as, and as,,1 respectively.
We deduce

> e (@) (%) =4

n>0

(2)]1 (2).

Wl



Airy Zeta function

Theorem
The values of (a; ({4}") can be computed as the convolution

. 2n 1 (—l)k 1
Cai ({4}7) = ; 12F1227 K k(20 — K1 (3) ¢ (3) 2o



Airy Zeta function

Theorem
The values of (a; ({4}") can be computed as the convolution

. 2n 1 (—l)k 1
Cai ({417) = kgo 12k122n—k k1(2n — k)! (%)§ (%) 20—k

and are equal to

1

CAi ({4}”) = 122n r2 (6) ﬁr (@ + 2%7)3 r(2n — 1)




Airy Bernoulli numbers

Define the Airy Bernoulli numbers B, by the generating function

By ,  Ai(0)
nZ:On!Z T Ai(z)



Airy Bernoulli numbers

Define the Airy Bernoulli numbers B, by the generating function

By ,  Ai(0)
2 e = Ai(z)’

n>0

For example,

Bo—1, 5 — 3t () =B} =
0o— 4 1= r(%)__Al(O)’j_ 1 — r2

By _ 1 By _ 35
36 r3(i) 4 4 (1)




Airy Bernoulli numbers

Theorem
Define the sequence
L)@ (—1)"'1 (2) (3n +1)! , .
3n = S5 1 /oy 0 93n+1 = y d3n+2 = V.
32npl (%)n 32n+%n!r(n+%)

The Airy Bernoulli numbers satisfy the linear recurrence

. n
Z (k) Bka,,,k = n!5,,

k=0

so that

B — — 0 (M Brap—k, n>0
n 1 o



Airy Bernoulli numbers
Taking the derivative of

ol Ai(z)
and writing
., AV (2) Ai (0) A (2)
—Ai(0 = -
027 () Ai(z) Ai(2)
yields
Boi1i  AV(0)B, =B
= - — —Cai - >
! Ai (0) n!+rz_;r!<A'(n+1 ).zl
so that
A’ (0) By Bp1 <= B
. — Zn N2 - > 1.
(1) = Foy mr T 2 it l=n). =1

r=1



Airy Zeta function: there is more

M Belloni and R W Robinett, Constraints on Airy function zeros
from quantum-mechanical sum rules , J. Phys. A: Math. Theor. 42
(2009) 075203.

Question: how to evaluate

1
%= G
1
Tp,q,r (n) = k;n (Zk _ Zn)p (Zk _ Zj)q (zj — zn)r

Consider the quantum bouncer



Airy Zeta function

NS T
AV
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/T
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Airy Zeta function
The solution v, with energy E, of the Schrodinger equation

h? d?
~ o5z ¥n () + V (x) tn (%) = Entn (x)
A (x + z,)

0 T

, Ep o< —2z,.



Airy Zeta function
The solution v, with energy E, of the Schrodinger equation

h? d?
I () + V() 0 () = Enton(4)
s Ai (x + z,)
17bn (X) = m, En X —2Zp.
The solutions {tn},-o form a complete set of orthonormal
functions: .

Y (2) Vi (2) dz = p k.

0



Airy Zeta function
The solution v, with energy E, of the Schrodinger equation

h? d?
I G )+ V () () = Entin ()
s Ai (x + z,)
¥n (x) = m, E, x —z,.
The solutions {tn},-o form a complete set of orthonormal
functions: .
A Y (2) Vi (2) dz = p k.

With quantum notations

(n[1[k) = 0nk,

+oo

(nlf (2) [k) = A Vo (2) i (2) F (2) dz.



Airy Zeta function

Goodmanson gave a recurrence for these moments

|
P (n[xP=*|k) + 4p (p — 1) # (n|xP=2k)

(p—4)!

~2p(2p — 1) {nlxPK) + (20 — 2% (n|xPIK) = 201, (~1)" "+



Airy Zeta function

Goodmanson gave a recurrence for these moments

P p—4 _ Zn + Zk p—2
(p—4)! <”’X ‘k>+4P(P 1) 5 <”|X ‘k>

—2p (2p — 1) (nlx? 1 |K) + (20 — 2)° (nlx?[) = 201, (~1)" "+
For example,

16

2 5 8 3 3 3
(n|x|n) = 3z,,, <n|x| > IR n, <n|x |n > T n+



Airy Zeta function

Goodmanson gave a recurrence for these moments

Zn+zk<

! {n[xP~*|k) +4p(p —1) n[xP~2|k)

p
(p—4)

~2p(2p — 1) {nlxPK) + (20 — 2% (n|xPIK) = 201, (~1)" "+

For example,

2 1
(nlxin) = 220, (nbx?Im) = 22, (nlm) = 22345 .
and
(nixlky = 2ENT 7 ey = 2407 T
(Zk - Zn) (Zk - Zn)
720 48z, 24

nlx3|n) = (=1)" k! o B
< | | > ( 1) (Zk — zn)6 (Zk — Zn)4 (Zk - Zﬂ)3




Airy Zeta function

Next use the Thomas-Reiche-Khun rule

2 h?
> (En— Eq) | (nlx|k) [ = 5
m
k#n
and
Ex = —z
to deduce A
Z (zk — zn) 7 =1
k£n (2 — zn)
so that



Airy Zeta function

To obtain S4 (n), write the closure relationship

> (nlxlk) (klx|n) = {nlx*|n)

all k
so that
2 8 » Zﬁ
| (n|x|n) | +Z = 157 = Sa(n) =32
k;én



Airy Zeta function

Moreover, using

YD (nlxIk) (klxLj) (ilxIn) = (nlx*[n)

all k all j
gives
T22.2(n) = _ 32
k;';én (zk — Zn)2 (zx — Zj)2 (z — zn)2 045" © 168
Compare to

D
m2n2 (m+ n)? 2835

m,n>1
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