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@ The Prouhet-Thue-Morse sequence and the binary partition function
@ A general result

@ 2-adic valuations for all powers
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The general question

In the sequel we will use the following notation:
o N denote the set of non-negative integers,
Ny - the set of positive integers,

]
o P - the set of prime numbers,
o N>y -theset {n€N: n> k}.
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The general question

In the sequel we will use the following notation:

o N denote the set of non-negative integers,
o N - the set of positive integers,

o P - the set of prime numbers,

o N>y -theset {n€N: n> k}.

If p € P and n € Z we define the p-adic valuation of n as:
vp(n) := max{k € N: p*| n}.

We also adopt the standard convention that v,(0) = +oo.
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The general question

In the sequel we will use the following notation:

o N denote the set of non-negative integers,
o N - the set of positive integers,

o P - the set of prime numbers,

o N>y -theset {n€N: n> k}.

If p € P and n € Z we define the p-adic valuation of n as:
vp(n) := max{k € N: p*| n}.

We also adopt the standard convention that v,(0) = +oo.

From the definition we easily deduce that for each ni, no € Z the following
properties hold:

vp(mm) = vp(m) + vp(m) and  vp(n + n2) > min{vp(ni), vp(n2)}.

If vp(n1) # vp(m2) then the inequality can be replaced by the equality.
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Let -

f(x) = ZO anx" € Z[[x]]
and "oo

g(x) = ZO bpx" € Z[[x]]

be a formal power series with integer coefficients and M € N>, be given.
We say that f, g are congruent modulo M if and only if for all n the
coefficients of x” in both series are congruent modulo M.
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Let -
f(x)= Z anx" € Z[[x]]
n=0
and -
g(x) =Y bux" € Z[[A]]
n=0
be a formal power series with integer coefficients and M € N>, be given.
We say that f, g are congruent modulo M if and only if for all n the
coefficients of x” in both series are congruent modulo M.

In other words

f=g (mod M)<=VneN: a,=b, (mod M).
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One can prove that for any given f, F, g, G € Z|[[x]] satisfying
f=g (mod M) and F=G (mod M)
we have

ftF=g+G (mod M) and fF=gG (mod M).
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One can prove that for any given f, F, g, G € Z|[[x]] satisfying
f=g (mod M) and F=G (mod M)
we have

ftF=g+G (mod M) and fF=gG (mod M).

Moreover, if £(0),g(0) € {—1,1} then the series 1/f,1/g have integer
coefficients and we also have

1
f

(mod M).

0 |

In consequence, in this case we have
f*=g" (mod M)

for any k € Z.
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We formulate the following general

Let f(x) = Y72 enx" € Z[[x]] with o € {—1,1} and take m € N,. What can
be said about the sequences (Vp(am(n)))nen, (Vp(bm(n)))nen, where

f(x)" = (Zenx"> = Zam(n)x",
1
o~ (sme) ~Le0°

i.e., am(n) (bm(n)) is the n-th coefficient in the power series expansion of the
series ™ (x) (1/f(x)™ respectively)?
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It is clear that in its full generality, the Question 1 is too difficult and we
cannot expect that the sequences (vp(am(n)))nen (Vp(bm(n)))nen can be
given in closed form or even that a reasonable description can be obtained.
Indeed, in order to give an example let us consider the formal power series

ad ad n(3n—1) n(3n+1)
F)=JJa-x)=1+> (-1)"(x = +x 2 ).
n=1 n=1

The second equality is well know theorem: the Euler pentagonal number
theorem.
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It is clear that in its full generality, the Question 1 is too difficult and we
cannot expect that the sequences (vp(am(n)))nen (Vp(bm(n)))nen can be
given in closed form or even that a reasonable description can be obtained.
Indeed, in order to give an example let us consider the formal power series

ad ad n(3n—1) n(3n+1)
F)=JJa-x)=1+> (-1)"(x = +x 2 ).
n=1 n=1

The second equality is well know theorem: the Euler pentagonal number
theorem.

In particular a(n) € {—1,0,1} and thus for any given p € P we have

m(

vp(a(n)) = 0 in case when n is of the form n = %ﬂ for some m € N,

and vp(a(n)) = oo in the remaining cases.
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It is clear that in its full generality, the Question 1 is too difficult and we
cannot expect that the sequences (vp(am(n)))nen (Vp(bm(n)))nen can be
given in closed form or even that a reasonable description can be obtained.
Indeed, in order to give an example let us consider the formal power series

ad ad n(3n—1) n(3n+1)
F)=JJa-x)=1+> (-1)"(x = +x 2 ).
n=1 n=1

The second equality is well know theorem: the Euler pentagonal number
theorem.
In particular a(n) € {—1,0,1} and thus for any given p € P we have

@ for some m € N,

vp(a(n)) = 0 in case when n is of the form n =
and vp(a(n)) = oo in the remaining cases.
However, the characterization of the 2-adic behaviour of the sequence

(p(n))nen given by

1 1 = n
7o~ L= =1+ 2 el

is unknown. Let us note that the number p(n) counts the integer
partitions of n, i.e., the number of non-negative integer solutions of the
equation Y7, x; = n. In fact, even the proof that v2(p(n)) > 0 infinitely
often is quite difficult.
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The Prouhet-Thue-Morse sequence and the binary partition function

Let n€ Nand n= Z,.kzo ;2" be the unique expansion of n in base 2 and
define the sum of digits function

s(n) = Za,-.
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The Prouhet-Thue-Morse sequence and the binary partition function

Let n€ Nand n= Z,.kzo ;2" be the unique expansion of n in base 2 and
define the sum of digits function

K
s(n) = Zs,-.
i=0
Next, we define the Prouhet-Thue-Morse sequence t = (ta)nen (on the
alphabet {—1,+1}) in the following way
to= (-1)",

i.e., t, = 1 if the number of 1's in the binary expansion of n is even and
t, = —1 in the opposite case. We will call the sequence t as the PTM
sequence in the sequel.
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The Prouhet-Thue-Morse sequence and the binary partition function

Let n€ Nand n= Z,.kzo ;2" be the unique expansion of n in base 2 and
define the sum of digits function

k
s(n) = Zs;.
i=0
Next, we define the Prouhet-Thue-Morse sequence t = (ta)nen (on the
alphabet {—1,+1}) in the following way
= (1),
i.e., t, = 1 if the number of 1's in the binary expansion of n is even and
t, = —1 in the opposite case. We will call the sequence t as the PTM
sequence in the sequel.
From the relations
%(0) =0, s(2n)=s(n), $(2n+1)==s(n)+1
we deduce the recurrence relations for the PTM sequence: t; = 1 and

ton = tny t2n+1 = —t,.

Maciej Ulas p-adic valuations ...



Let -
T(x) = Z tax" € Z[x]
n=0

be the ordinary generating function for the PTM sequence.
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Let

T(x) = Z tax" € Z[x]

be the ordinary generating function for the PTM sequence.

One can check that the series T satisfies the following functional equation

T(x)=(1—x) T(X2).
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Let

T(x) = Z tax" € Z[x]

be the ordinary generating function for the PTM sequence.

One can check that the series T satisfies the following functional equation
T(x)=(1—x) T(X2).

In consequence we easily deduce the representation of T in the infinite
product shape

[e o]

T(x) =]]a-»").

n=0
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Let -
= tx" € Z[x]
n=0

be the ordinary generating function for the PTM sequence.

One can check that the series T satisfies the following functional equation
T(x)=(1—x) T(X2).

In consequence we easily deduce the representation of T in the infinite
product shape

[e o]

T(x) =]]a-»").

n=0
Let us also note that the (multiplicative) inverse of the series T, i.e.,

oo

B(x) T(X 11 be

is an interesting object.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.

The sequence (bn)nen was introduced by Euler. However, it seems that
the first nontrivial result concerning its arithmetic properties was obtained
by Churchhouse. He proved that v2(b,) € {1,2} for n > 2.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.

The sequence (bn)nen was introduced by Euler. However, it seems that
the first nontrivial result concerning its arithmetic properties was obtained
by Churchhouse. He proved that v2(b,) € {1,2} for n > 2.

More precisely, bp = 1, b1 = 1 and for n > 2 we have v»(b,) = 2 if and
only if nor n— 1 can be written in the form 4"(2u + 1) for some r € Ny
and u € N. In the remaining cases we have v»(b,) = 1.
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Indeed, for n € N, the number b, counts the number of binary partitions
of n. The binary partition is the representation of the integer n in the form

n
n= E u2',
i—0

where uj e Nfori=0,...,n.

The sequence (bn)nen was introduced by Euler. However, it seems that
the first nontrivial result concerning its arithmetic properties was obtained
by Churchhouse. He proved that v2(b,) € {1,2} for n > 2.

More precisely, bp = 1, b1 = 1 and for n > 2 we have v»(b,) = 2 if and
only if nor n— 1 can be written in the form 4"(2u + 1) for some r € Ny
and u € N. In the remaining cases we have v»(b,) = 1.

We can compactly write

Lt — 2th_1 + to ifn>2
v2(bn) = 2| 1Ftnal, I =
0, if n € {0,1}.

In other words we have simple characterization of the 2-adic valuation of
the number b, for all n € N.
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Let m € N4 and consider the series

Bn(x) == B(x)" =] ﬁ = bu(n)x".
n=0 n=0
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Let m € N4 and consider the series

Bn(x) == B(x)" =] ﬁ = bu(n)x".
n=0 n=0

We have bi(n) = b, for n € N and
bm(n)= > [k,
i+i+...+im=n k=1

i.e., bm(n) is Cauchy convolution of m-copies of the sequence (bn)nen. For
m € N4 we denote the sequence (bm(n))nen by bpm.
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Let m € N4 and consider the series

Bn(x) == B(x)" =] ﬁ = bu(n)x".
n=0 n=0

We have bi(n) = b, for n € N and

bm(n) = Z Hb(lk)v

iy i+ +im=n k=1

i.e., bm(n) is Cauchy convolution of m-copies of the sequence (bn)nen. For
m € N4 we denote the sequence (bm(n))nen by bpm.

From the above expression we easily deduce that the number b,(n) has a
natural combinatorial interpretation. Indeed, bm(n) counts the number of
representations of the integer n as the sum of powers of 2, where each
summand can have one of m colors.

Maciej Ulas p-adic valuations ...



Now we can formulate the natural

Let m € N be given. What can be said about the sequence (v2(bm(n)))nen?
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Now we can formulate the natural

Let m € N be given. What can be said about the sequence (v2(bm(n)))nen?

To give a partial answer to this question we will need two lemmas. The
one concerning the characterization of parity of the number bn(n) and the
second one concerning the behaviour of certain binomial coefficients
modulo small powers of two.
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Now we can formulate the natural

Let m € N be given. What can be said about the sequence (v2(bm(n)))nen?

To give a partial answer to this question we will need two lemmas. The
one concerning the characterization of parity of the number bn(n) and the
second one concerning the behaviour of certain binomial coefficients
modulo small powers of two.

Let m € N be fixed and write m = 25(2u + 1) with k € N. Then:
Q@ We have by(n) = (7) + 2k+1 ('::22) (mod 2k+2) for m even;

@ We have bm(n) = (7) (mod 2) for m odd;

n

© For infinitely many n we have by (n) 0 (mod 4) for m odd.
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Lemma 2

Let m be a positive integer > 2. Then

k

and

1 fork=0,2"

m 4 fork=2m"23.2m2
(2 ) or ’ (mod 8),

6 fork=2""
0 in the remaining cases

(2 _1>=1 (mod 2), for k=0,1,...
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We are ready to prove the following

Let k € Ny be given. Then vs(by_,(n)) =0 for n <2 and

va(by_1(2*n+ 1)) = va(ba(2n))

for each i € {0,...,2" —1} and n € N,

Maciej Ulas p-adic valuations ...



We are ready to prove the following

Let k € Ny be given. Then vs(by_,(n)) =0 for n <2 and

va(by_1(2*n+ 1)) = va(ba(2n))

for each i € {0,...,2" —1} and n € N,

Proof: First of all, let us observe that the second part of Lemma 1 and the
first part of Lemma 2 implies that by _;(n) is odd for n < 25 — 1 and thus
va(byk_1(n)) = 0 in this case.
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We are ready to prove the following

Let k € Ny be given. Then vs(by_,(n)) =0 for n <2 and

va(by_1(2*n+ 1)) = va(ba(2n))

for each i € {0,...,2" —1} and n € N,

Proof: First of all, let us observe that the second part of Lemma 1 and the
first part of Lemma 2 implies that by _;(n) is odd for n < 25 — 1 and thus
va(byk_1(n)) = 0 in this case.

Let us observe that from the identity Byx_;(x) = T(x)By(x) we get the
identity

by a(n) = 3 tonsbn (), @)

where t, is the n-th term of the PTM sequence.
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Now let us observe that from the first part of Lemma 1 and the second
part of Lemma 2 we have

by (n) = <2n> (mod 8)

for n=10,1,...,2% and by (n) =0 (mod 8) for n > 2¥, provided k > 2 or
n# 2.

Maciej Ulas p-adic valuations ...



Now let us observe that from the first part of Lemma 1 and the second
part of Lemma 2 we have

by (n) = <2n> (mod 8)

for n=10,1,...,2% and by (n) =0 (mod 8) for n > 2¥, provided k > 2 or
n# 2.

Moreover,
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Now let us observe that from the first part of Lemma 1 and the second
part of Lemma 2 we have

by (n) = <2n> (mod 8)

for n=10,1,...,2% and by (n) =0 (mod 8) for n > 2¥, provided k > 2 or

n# 2.
bo(2) = <§> +4<8> —5 (mod 8).

Moreover,
Summing up this discussion we have the following expression for by _;(n)
(mod 8), where k > 2 and n > 2*:

by _1(n) = Ztn —jba(j Ztn —jbo (j) + Z tn—jboi (J)

j=2k41

Zt,, —ib(j Zt,, J< ) (mod 8)

th + t,_ok + 4tn_2k—2 + 4tn_3,2k_2 + 6tn_2k—1 (mod 8)
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However, it is clear that t,_,«—2 + t,_3.,c—2 =0 (mod 2) and thus we can
simplify the above expression and get

b2k71(n) =th+t_ok + 6tn,2k_1 (mod 8)

for n > 2k,
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However, it is clear that t,_,«—2 + t,_3.,c—2 =0 (mod 2) and thus we can
simplify the above expression and get

b2k71(n) =th+t_ok + 6tn,2k_1 (mod 8)

for n > 2k,
If k =1 and n > 2 then, analogously, we get
2k
bi(n) = tojby(j) (mod 8) = t,+5t, »+2t, 1 (mod 8)
j=0

and since t,—1 = t,—2 (mod 2), we thus conclude that

bi(n) = tn+ t,_ok + 6t,_o—1 (mod 8).
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Let us put
Ri(n) = to + t,_ox + 6, k1.

Using now the recurrence relations for t,, i.e., ton = ty, tont1 = —ts, We
easily deduce the identities

Rk(2n) = /'-\’/<71(I'I)7 Rk(2n—|— 1) = —kal(n)

for k > 2.
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Let us put
Ri(n) = to + t,_ox + 6, k1.

Using now the recurrence relations for t,, i.e., ton = ty, tont1 = —ts, We
easily deduce the identities

Rk(2n) = /'-\’/<71(I'I)7 Rk(2n—|— 1) = —kal(n)

for k > 2.

Using a simple induction argument, one can easily obtain the following
identities:
Re(2“m + j)| = |Ru(2m)] (@)

for k>2,me&Nandje€{0,...,25—1}.
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From the above identity we easily deduce that Ri(n) # 0 (mod 8) for
each n € N and each k > 1. If k =1 then Ry(n) = t, + 6ts—1 + tp—2 and
Ri(n) =0 (mod 8) if and only if t, = t,_1 = t,—2. However, a well known
property of the Prouhet-Thue-Morse sequence is that there are no three
consecutive terms which are equal.
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From the above identity we easily deduce that Ri(n) # 0 (mod 8) for
each n € N and each k > 1. If k =1 then Ry(n) = t, + 6ts—1 + tp—2 and
Ri(n) =0 (mod 8) if and only if t, = t,_1 = t,—2. However, a well known
property of the Prouhet-Thue-Morse sequence is that there are no three
consecutive terms which are equal.

If k > 2 then our statement about Ri(n) is clearly true for n < 2. If

n > 2% then we can write n = 2“m + j for some m € N and
j€{0,1,...,25 —1}. Using the reduction (2) and the property obtained
for k = 1, we get the result.
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From the above identity we easily deduce that Ri(n) # 0 (mod 8) for
each n € N and each k > 1. If k =1 then Ry(n) = t, + 6ts—1 + tp—2 and
Ri(n) =0 (mod 8) if and only if t, = t,_1 = t,—2. However, a well known
property of the Prouhet-Thue-Morse sequence is that there are no three
consecutive terms which are equal.

If k > 2 then our statement about Ri(n) is clearly true for n < 2. If

n > 2% then we can write n = 2“m + j for some m € N and
j€{0,1,...,25 —1}. Using the reduction (2) and the property obtained
for k = 1, we get the result.

Summing up our discussion, we have proved that v2(byx_(n)) < 2 for
each n € N, since 1»(b1(n)) € {0,1,2}. Moreover, as an immediate
consequence of our reasoning we get the equality

va(bye_1(2n +j)) = va(br(2n))

for j € {0,...,2X — 1} and our theorem is proved.
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Let m € N>, be given and suppose that m is not of the form 2k — 1 for
k € Ny. Then the sequence (v2(bm(n)))nen is unbounded.
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Let m € N>, be given and suppose that m is not of the form 2k — 1 for
k € Ny. Then the sequence (v2(bm(n)))nen is unbounded.

Let m be a fixed positive integer. Then for each n € N and k > m + 2 the
following congruence holds

bon (21 n) = by (271n)  (mod 2).
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Let m be a fixed positive integer. Then for each n € N and k > m + 2 the
following congruence holds

bam_1(2"n) = bpm_1(2“""n)  (mod 24L%J_2).
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Let m be a fixed positive integer. Then for each n € N and k > m + 2 the
following congruence holds

bam_1(2710) = bym_1(2"Tn)  (mod 2*L°77172),

In fact we expect the following

Conjecture 4

Let m be a fixed positive integer. Then for each n € N and given k > 1 there
is a non-decreasing function f : N — N such that f(k) = O(k) and the
following congruence holds

bm(2n) = bn(2"n)  (mod 27V,
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Some general results

Let (en)nen be a sequence of integers and write
f(x) =>"72penx" € Z[[x]]. Moreover, for m € N, we define the sequence
b = (bm(n))nen, where

x)’" Z bm(n)x".
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Some general results

Let (en)nen be a sequence of integers and write
f(x) =>"72penx" € Z[[x]]. Moreover, for m € N, we define the sequence
b = (bm(n))nen, where

X)m me(

We have the following

Theorem 4

Let (en)nen be a sequence of integers and suppose that e, =1 (mod 2) for
each n € N. Then for any m € N1 and n > m we have the congruence

bm-1(n) = i (’””) ensi (mod 22(M*h), 3)

1
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Proof: Let f(x) = >"o2,enx" € Z[[x]]. From the assumption on sequence
(£n)nen we get that

f(x)

In consequence, writing m = 2v2(M | with k odd, and using the well known
property saying that U = V' (mod 2*) implies U? = V2 (mod 2¢™1), we
get the congruence

=1 (mod 2).

=(1+x)" (mod 2"2(M+1),

Foom
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Proof: Let f(x) = >"o2,enx" € Z[[x]]. From the assumption on sequence
(£n)nen we get that

f(x) (mod 2).

In consequence, writing m = 2v2(M | with k odd, and using the well known
property saying that U = V' (mod 2*) implies U? = V2 (mod 2¢™1), we
get the congruence

E1+x

1

— m vo(m)+1
o = (1+x)™ (mod 2 ).

Thus, multiplying both sides of the above congruence by f(x) we get
——— = f(x)(1+x)" (mod 22(M*1),

From the power series expansion of f(x)(1+ x)™ by comparing coefficients
on the both sides of the above congruence we get that

min{m,n}
bm—1(n) = Z <m>:—:,,_,- (mod 2"2(m)+1),
i=0

i.e., for n > m we get the congruence (3). Our theorem is proved.
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From our result we can deduce the following

Let (en)nen be a non-eventually constant sequence, e, € {—1,1} for each

n € N, and suppose that for each N € N, there are infinitely many n € N such
that €, = €p+1 = ... = €nyn. T hen, for each even m € N there are infinitely
many n € N such that

Vz(bmfl(n)) > I/z(m) +1 and uz(bm,l(n + 1)) =1.
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From our result we can deduce the following

Let (en)nen be a non-eventually constant sequence, e, € {—1,1} for each

n € N, and suppose that for each N € N, there are infinitely many n € N such
that €, = €p+1 = ... = €nyn. T hen, for each even m € N there are infinitely
many n € N such that

Vz(bmfl(n)) > I/z(m) +1 and uz(bm,l(n + 1)) =1.

Proof: From our assumption on the sequence (£,)nen we can find infinitely
many (m + 1)-tuples such that e,y1 =¢,6p = ... = €p—m = —&, where ¢
is a fixed element of {—1,1}. We apply (3) and get
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From our result we can deduce the following

Let (en)nen be a non-eventually constant sequence, e, € {—1,1} for each

n € N, and suppose that for each N € N, there are infinitely many n € N such
that €, = €p+1 = ... = €nyn. T hen, for each even m € N there are infinitely
many n € N such that

Vz(bmfl(n)) > I/z(m) +1 and uz(bm,l(n + 1)) =1.

Proof: From our assumption on the sequence (£,)nen we can find infinitely
many (m + 1)-tuples such that e,y1 =¢,6p = ... = €p—m = —&, where ¢
is a fixed element of {—1,1}. We apply (3) and get

In consequence va(bm-1(n)) > v2(m) + 1 and v2(bm—1(n+1)) =1 and
our theorem is proved.
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Example: Let F : N — N satisfy the condition
limsup,_,, (F(n+1) — F(n)) = 400 and define the sequence

(F) 1 n = F(m) for some m € N
en(F) =
-1 otherwise
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Example: Let F : N — N satisfy the condition
limsup,_,, (F(n+1) — F(n)) = 400 and define the sequence

(F) 1 n = F(m) for some m € N
en(F) =
-1 otherwise

It is clear that the sequence (e,(F))nen satisfies the conditions from
Theorem 5 and thus for any even m € N there are infinitely many n > m
such that v2(bm—1(n)) > v2(m) + 1 and v2(bm-1(n+1)) = 1.
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Example: Let F : N — N satisfy the condition
limsup,_,, (F(n+1) — F(n)) = 400 and define the sequence

en(F) =

1 n = F(m) for some m € N
-1 otherwise

It is clear that the sequence (e,(F))nen satisfies the conditions from
Theorem 5 and thus for any even m € N there are infinitely many n > m
such that v2(bm—1(n)) > v2(m) + 1 and v2(bm-1(n+1)) = 1.

A particular examples of F's satisfying required properties include:
e positive polynomials of degree > 2;
o the functions which for given n € N take as value the n-th prime number
of the form ak + b, where a € N1, b € Z and gcd(a, b) = 1;
e and many others.
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Let s € N>3. Then

1 fori=0,2°

s 6 fori=2""
(21) (mod 16) =4 8 fori=(2j+1)2°3,jc{0,1,2,3}
12 fori=2"23.25"2
0 in the remaining cases
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Theorem 7

Let s € Ny and (en)nen be an integer sequence and suppose that e, =1 (mod 2) for

neN.
(A) For n> 2° we have

bps_1(n) =en+2e,_os—1 +€p—2s (mod 4). (4)
In particular, ife, € {—1,1} for all n € N then:
va(bos—1(n)) >1 <= en=¢€, 9s—1 =€p_25s OFEn = —€,_os—1 = En_25
va(bs_1(n)) =1 <= &5= —ep_2s.
(B) Fors> 2 and n> 2° we have
bps_1(n) =en+6e,_os—1 +€p—2s (mod 8). (5)
In particular, if e, € {—1,1} for all n € N, then:
va(bos—1(n)) >2 <= en =€, _5s—1 = €p_2s
va(bps_1(n)) =2 <= en= —€,_ps—1 = €n—2s

va(bos_1(n)) =1 < e, = —gp_os.
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Theorem 7 (continuation)

(C) Fors >3 andn>2° we have
bos_1(n) = ep +en—2s + 6e,_ps—1 + 12({-:"_25_2 ar En—3<25—2) (mod 16) (6)
In particular, ife, € {—1,1} for all n € N, then:

va(bos _1(n)) >3 — En = €, _p5—2 =€, ,5—1 = E,_3.55—2 = Ep_3s OF
En = —E€,_o9s—2 T &, _5s—1 = TE, 3,5—2 = Ep_25;
vo(bys_1(n)) =3 = En = E,_p5—2 = E,_os—1 = —€,_3.5-2 = Ep_25 OF
En = —E&, _25—2 = €&, _os—1 =&, 355—2 = Ep_25
— €n = —€n_2s +26, ,s—1 +8 (mod 16)
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Theorem 7 (continuation)

(C) Fors >3 andn>2° we have
bos_1(n) = ep +en—2s + 6e,_ps—1 + 12({-:"_25_2 ar En—3<25—2) (mod 16) (6)
In particular, ife, € {—1,1} for all n € N, then:

va(bos _1(n)) >3 — En = €, _p5—2 =€, ,5—1 = E,_3.55—2 = Ep_3s OF
€n = TE€,_9s—2 = &, _5s—1 = TE, 3,5s—2 = Ep_25;

vo(bys_1(n)) =3 = En =€, _p5—2 =€, _5s—1 = —€,_3.9s—2 = Ep_2s OF
€n TE€p_2s—2 =€, _9s—1 =€, 3552 = Ep—25

= €n = —€n_2s +26, ,s—1 +8 (mod 16)

@)

v

As a first application of Theorem 17 we get the following:

Corollary 8

Let s € N>, and (en)nen with e, € {—1,1} for all n € N. If there is no
n € N>ps such that €, = €,_»s—1 = €p,—2s then

va(bos—1(n)) = va(en + 6€,_ns—1 + En—ss).

In particular, for each n € N>s we have vy(bys—1(n)) € {1,2}.
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2-adic valuations for all powers

We consider now the power series

oo

1—x o1 me’

where b, is the binary partition function.

F1 (X
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2-adic valuations for all powers

We consider now the power series

oo

Fi(x) = 1—x 01 Zb2nX,

where b, is the binary partition function.
Let m € Z and write

Fm(x) = A(x)" = x)m H x2" Z cm(n)x".

If m € N4, then the sequence (cm(n))nen, has a natural combinatorial
interpretation. More precisely, the number ¢,(n) counts the number of
binary representations of n such that the part equal to 1 can take one
among 2m colors and other parts can have m colors. Motivated by the
mentioned result concerning the 2-adic valuation of the number by (n), it is
natural to ask about the behaviour of the sequence (v2(cm(n))nen, m € Z.
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Let us observe the identity F1(x) = 1 B(x). Thus, the functional
relation (1 — x)B(x) = B(x?) implies the functional relation
(1 = x)Fi(x) = (1 + x)F1(x?) for the series Fi. In consequence, for m € Z

we have the relation
Fol) = (122 Rl

1—x

which will be useful later.
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Let us observe the identity F1(x) = 1 B(x). Thus, the functional
relation (1 — x)B(x) = B(x?) implies the functional relation
(1 = x)Fi(x) = (1 + x)F1(x?) for the series Fi. In consequence, for m € Z

we have the relation
Fol) = (122 Rl

1—x

which will be useful later.

In the sequel we will need the following functional property: for
my, my € 7 we have

le(X)sz(X) = Fm1+m2(x)'
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We start our investigations with the simple lemma which is a consequence
of the result of Churchhouse and the product form of the series F_1(x).

For n € N, we have the following equalities:

1
va(cr(n)) =3 [tn + 3to-1,

1, if t, # th—1
+00, ift, = th—1

v2(c-1(n)) :{
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We start our investigations with the simple lemma which is a consequence
of the result of Churchhouse and the product form of the series F_1(x).

For n € N, we have the following equalities:

1
va(ci(n)) :E‘t" + 3to-1],

1, if t, # th—1
+00, ift, = th—1

v2(c-1(n)) :{

Proof: The first equality is an immediate consequence of the equalities
ci(n) = b(2n),v2(b(n)) = %[ta — 2ta—1 + to—2| and the recurrence
relations satisfied by the PTM sequence (tn)nen, i.€., ton = tn, tont1 = —tn.
The second equality comes from the expansion

[ee] [e’s} o]

Fa)=0-x)]]Ja-x")=1-x) > tax" =1+ (tn — to_1)x".

n=0 n=0 n=1
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In order to compute the 2-adic valuations of the sequence (c+2(n))nen we
need the following simple

The sequence (c+2(n))nen satisfy the following recurrence relations:
c+2(0) =1, cx2(1) = £4 and for n > 1 we have

c+2(2n) =+ 2¢42(2n — 1) — c12(2n — 2) + cx2(n) + c£2(n — 1),
c+2(2n+ 1) =+ 2¢42(2n) — c42(2n — 1) £ 2c42(n).
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In order to compute the 2-adic valuations of the sequence (c+2(n))nen we
need the following simple

The sequence (c+2(n))nen satisfy the following recurrence relations:
c+2(0) =1, cx2(1) = £4 and for n > 1 we have

c+2(2n) =+ 2¢42(2n — 1) — c12(2n — 2) + cx2(n) + c£2(n — 1),
c+2(2n+ 1) =+ 2¢42(2n) — c42(2n — 1) £ 2c42(n).

Proof: The recurrence relations for the sequence (c+2(n))nsen are
immediate consequence of the functional equation

+2
Fio(x) = ( F+2(x?), which can be rewritten in an equivalent form

1—x
(1 — x)F2Fia(x) = (1 4 x)*?F12(x?). Comparing now the coefficients on
both sides of this relation we get the result.
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As a consequence of the recurrence relations for (c+2(n))sen we get

For n € Ny we have ct2(n) =4 (mod 8). In consequence, for n € N, we have
va(cx2(n)) = 2.
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As a consequence of the recurrence relations for (c+2(n))sen we get

For n € Ny we have ct2(n) =4 (mod 8). In consequence, for n € N, we have
V2(Ci2(n)) =2.

Proof: The proof relies on a simple induction. Indeed, we have

c+2(1) = +4, c_2(2) = 4, (2) = 12 and thus our statement folds for
n=1,2. Assuming it holds for all integers < n and applying the
recurrence relations given in Lemma 10 we get the result.

The second part is an immediate consequence of the obtained congruence.
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As a consequence of the recurrence relations for (c+2(n))sen we get

For n € Ny we have ct2(n) =4 (mod 8). In consequence, for n € N, we have
Vz(Cig(n)) =2.

Proof: The proof relies on a simple induction. Indeed, we have

c+2(1) = +4, c_2(2) = 4, (2) = 12 and thus our statement folds for
n=1,2. Assuming it holds for all integers < n and applying the
recurrence relations given in Lemma 10 we get the result.

The second part is an immediate consequence of the obtained congruence.

Theorem 12

Let m € Z\ {0, —1} and consider the sequence ¢m = (cm(n))nen. Then
cm(0) =1 and for n € N1 we have

vo(m) + 1, ifm=0 (mod 2)
va(cm(n)) =< 1, ifm=1 (mod 2)andt, # t,—1
vo(m+1)+ 1, ifm=1 (mod 2)andt, = th—1

(8)

4
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Proof: First of all, let us note that our theorem is true for m =1, £2.
This is a consequence of Lemma 9 and Corollary 11. Let m € Z and

|m| > 2. Because cm(0) = 1, cm(1) = 2m our statement is clearly true for
n=0,1. We can assume that n > 2.
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Proof: First of all, let us note that our theorem is true for m =1, £2.
This is a consequence of Lemma 9 and Corollary 11. Let m € Z and

|m| > 2. Because cm(0) = 1, cm(1) = 2m our statement is clearly true for
n=0,1. We can assume that n > 2.

We start with the case m = —3. From the functional relation

F_3(x) = F_a(x)F-1(x) we immediately get the identity

n—1

c_3(n) = Z c_1(i)c—2(n—i) = c_z(n)—|—t,,—t,,_1—|—Z(t;—t,-_1)c_2(n—i).

i=1

Let us observe that for i € {1,...,n— 1}, from Lemma 9 and Corollary
11, we obtain the inequality

1/2((1.',' — t,‘71)C72(n — I)) > 3.

Maciej Ulas p-adic valuations ...



Proof: First of all, let us note that our theorem is true for m =1, £2.
This is a consequence of Lemma 9 and Corollary 11. Let m € Z and

|m| > 2. Because cm(0) = 1, cm(1) = 2m our statement is clearly true for
n=0,1. We can assume that n > 2.

We start with the case m = —3. From the functional relation
F_3(x) = F_2(x)F-1(x) we immediately get the identity

n—1

c_3(n) = Z c_1(i)c—2(n—i) = c_z(n)—|—t,,—t,,_1—|—Z(t;—t,-_1)c_2(n—i).

i=1

Let us observe that for i € {1,...,n— 1}, from Lemma 9 and Corollary
11, we obtain the inequality

1/2((1.',' — t,‘71)C72(n — I)) > 3.
In consequence, from Lemma 10, we get
c_3(n)=c_2(n)+ th — tac1 =4+ t, — th—1  (mod 8).

It is clear that 4 + t, — tp—1 #Z 0 (mod 8). Thus, we get the equality
va(c—3(n)) = v2(4 + t, — ta—1) and the result follows for m = —3.
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We are ready to prove the general result. We proceed by double induction
on m (which depends on the remainder of m (mod 4)) and n € N;. As
we already proved, our theorem is true for m = +1,4+2 and m = —3. Let
us assume that it is true for each m satisfying |m| < M and each term
cm(j) with j < n. Let |m| > M and write m = 4k + r with |k| < M/4 for
some r € {—3,-2,0,1,2,3} (depending on the sign of m).
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We are ready to prove the general result. We proceed by double induction
on m (which depends on the remainder of m (mod 4)) and n € N;. As
we already proved, our theorem is true for m = +1,4+2 and m = —3. Let
us assume that it is true for each m satisfying |m| < M and each term
cm(j) with j < n. Let |m| > M and write m = 4k + r with |k| < M/4 for
some r € {—3,-2,0,1,2,3} (depending on the sign of m).

If m = 4k, then from the identity Fax(x) = F2;<(x)2 we get the expression

n—1

ca(n) = 2co(n) + > _ cx(i)ean(n — ).

i=1

From the induction hypothesis we have
l/2(C2k(/)C2k(n — I)) = 2(1/2(2/() —+ 1) > 1/2(2C2k(n)) = 1/2(2/() + 2. In
consequence
1/2(Cm(n)) = 1/2(C4k(n)) = 1/2(2C2k(n)) = l/2(2k) +2= 1/2(4/() + 1. The
obtained equality finishes the proof in the case m =0 (mod 4).
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We are ready to prove the general result. We proceed by double induction
on m (which depends on the remainder of m (mod 4)) and n € N;. As
we already proved, our theorem is true for m = +1,4+2 and m = —3. Let
us assume that it is true for each m satisfying |m| < M and each term
cm(j) with j < n. Let |m| > M and write m = 4k + r with |k| < M/4 for
some r € {—3,-2,0,1,2,3} (depending on the sign of m).

If m = 4k, then from the identity Fax(x) = F2;<(x)2 we get the expression

c4k(n) = 2C2k(n) +4 i Czk(i)Czk(n — I)

i=1

From the induction hypothesis we have

l/2(C2k(/)C2k(n — I)) = 2(1/2(2/() + 1) > 1/2(2C2k(n)) = 1/2(2/() +2. In
consequence

1/2(Cm(n)) = 1/2(C4k(n)) = 1/2(2C2k(n)) = l/2(2k) +2= 1/2(4/() + 1. The
obtained equality finishes the proof in the case m =0 (mod 4).
Similarly, if m = 4k + 2 is positive, we use the identity

Far42(x) = Fax(x)F2(x), and get

C4k+2(n) = Cz(n) + C4k(n) + i: C4k(i)C2(n — I').
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From the equalities v2(c2(n)) = 12(2) + 1 and

va(cak(n)) = v2(4k) +1,n € N, we get va(cak(i)c2(n — 7)) = vo(k) +5
for each i € {1,...,n—1}. Thus

I/2(C2(n) + c4k(n)) = I/2(C2(n)) =2= 1/2(4k + 2) + 1.
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From the equalities v2(c2(n)) = 12(2) + 1 and

va(cak(n)) = v2(4k) +1,n € N, we get va(cak(i)c2(n — 7)) = vo(k) +5
for each i € {1,...,n—1}. Thus

I/2(C2(n) + c4k(n)) = I/2(C2(n)) =2= 1/2(4k + 2) + 1.

If m =4k + 2 is negative, we use the identity Faxi2(x) = Fagy1)(x)F-2(x)
and proceed in exactly the same way.
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From the equalities v2(c2(n)) = 12(2) + 1 and

va(cak(n)) = v2(4k) +1,n € N, we get va(cak(i)c2(n — 7)) = vo(k) +5
for each i € {1,...,n—1}. Thus

I/2(C2(n) + c4k(n)) = I/2(C2(n)) =2= 1/2(4k + 2) + 1.

If m =4k + 2 is negative, we use the identity Faxi2(x) = Fagy1)(x)F-2(x)
and proceed in exactly the same way.

If m=4k+1 >0, then we use the identity Fart1(x) = Fax(x)Fi(x) and

get
n—1

cakp1(n) = can(n) + a(n) + Z ca(i)er(n —i).

From induction hypothesis we have va(ca(i)cr(n — i) > v2(4k) +2 > 4.
Moreover, for n € N we have v»(ci(n)) € {1,2}. Thus

1, if t, ;é th—1
27 if th = th—1

valew(n) + a(n) = va(eu(n) = {

as we claimed.
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If m=4k+1 <0, we write m = 4(k + 1) — 3 and use the identity
Fary1(x) = Fagrs1)(x)F-3(x). Next, using the obtained expression for
va(c—3(n)) and v2(cak41)(n)) and the same reasoning as in the positive
case we get the result.
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e —
If m=4k+1 <0, we write m = 4(k + 1) — 3 and use the identity
Fary1(x) = Fagrs1)(x)F-3(x). Next, using the obtained expression for
va(c—3(n)) and v2(cak41)(n)) and the same reasoning as in the positive
case we get the result.

Finally, if m = 4k + 3 > 0 we use the identity Faxi3(x) = Faqy1)(x)F-1(x)
which leads us to the expression
n—1

cak+3(n) = car(n) + c—1(n) + Z aak(i)e—1(n = i).

It is clear that va(ca(i)c—1(n — 7)) > va(ca(n) + c—1(n)) for each n € N,
and i € {1,...,n—1}. In consequence, by induction hypothesis

va(cas3(n)) = va(cagrny(n) + c-1(n))

)y if tp # th—1
va(Cagk+1)(n)), if th = th1

. 1, if t, 75 th—1

| @k 341+, ity =t
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If m=4k+1 <0, we write m = 4(k + 1) — 3 and use the identity
Fary1(x) = Fagrs1)(x)F-3(x). Next, using the obtained expression for
va(c—3(n)) and v2(cak41)(n)) and the same reasoning as in the positive
case we get the result.

Finally, if m = 4k + 3 > 0 we use the identity Faxi3(x) = Faqy1)(x)F-1(x)
which leads us to the expression
n—1

cak+3(n) = car(n) + c—1(n) + Z aak(i)e—1(n = i).

It is clear that va(ca(i)c—1(n — 7)) > va(ca(n) + c—1(n)) for each n € N,
and i € {1,...,n—1}. In consequence, by induction hypothesis

va(cas3(n)) = va(cagrny(n) + c-1(n))

)y if tp # th—1
va(Cagk+1)(n)), if th = th1

. 1, if t, 75 th—1

| @k 341+, ity =t

If m=4k+ 3 <0, then we write 4k + 3 = 4(k + 1) — 1 and employ the
identity Fari3(x) = Fagsny(x)F-1(x).

Maciej Ulas p-adic valuations ...



Let n € N} and write
k
n= 25;2',
i=0

where ¢; € {0,1} and k < log, n. The above representation is just the
(unique) binary expansion of n in base 2. Let us observe that the equality
v2(n) = u impliesgg = ... =e,-1 = 0 and £, = 1 in the above
representation. Thus, if m € Z\ {—1} is fixed, our result concerning the
exact value of v2(cm(n)) given by Theorem 16 implies that the number of
trailing zeros in the binary expansion of ¢m(n),n € N4, is bounded.
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Let n € N} and write
k
n= 25;2',
i=0

where ¢; € {0,1} and k < log, n. The above representation is just the
(unique) binary expansion of n in base 2. Let us observe that the equality
v2(n) = u impliesgg = ... =e,-1 = 0 and £, = 1 in the above
representation. Thus, if m € Z\ {—1} is fixed, our result concerning the
exact value of v2(cm(n)) given by Theorem 16 implies that the number of
trailing zeros in the binary expansion of ¢m(n),n € N4, is bounded.

This observation suggests the question whether the index of the next
non-zero digit in the binary expansion in ¢y,(n) is in bounded distance
from the first one. We state this in equivalent form as the following

Does there exists m € Z \ {—1} such that the sequence

cm(n)
(”2 <2u2<cm(n)) - 1) ) ren

has finite set of values?
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Let us write dn(n) = 12 (2,2’("575:()”)) - 1). We performed numerical

computations for m € Z satisfying |m| < 100 and n < 10°. In this range
there are many values of m such that the cardinality of the set of values of
the sequence (dm(n))nen is < 4. We define:

Mm(x) == max{dm(n) : n <x}, Lm(x):=[{dn(n): n<x}|.

m Mm(10°) | Lm(10°) m | Mn(10°) | Lm(10°)
—97 | 5 3 3 |2 2
-93 | 2 2 15 | 4 3
-89 | 3 3 23 |3 3
-81 |4 3 27 | 2 2
—69 | 2 2 35 | 2 2
—65 | 6 4 39 |3 3
—61 | 2 2 47 | 4 3
—49 | 4 3 59 | 2 2
—41 | 3 3 63 |6 4
—37 |2 2 67 | 2 2
—29 | 2 2 79 | 4 3
-25 | 3 3 87 |3 3
—17 | 4 3 91 | 2 2
-5 |2 2 95 | 5 3
99 | 2 2
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Our numerical computations strongly suggest that there should be
infinitely many m € Z such that the sequence (dm(n))nen is bounded. We
even dare to formulate the following

Let k € Ny and m = 2°% — 1. Then the sequence (dm(n))nen is bounded.

In fact, we expect that for n € N the inequality dyx_;(n) < 2k is true.

Maciej Ulas p-adic valuations ...



Our numerical computations strongly suggest that there should be
infinitely many m € Z such that the sequence (dm(n))nen is bounded. We
even dare to formulate the following

Let k € Ny and m = 22 — 1. Then the sequence (dm(n))sen is bounded.

In fact, we expect that for n € N the inequality dyx_;(n) < 2k is true.

It is well known that if k € Ny and t =1 (mod 2), then
a(®*Mt) —a(2®*'t)=0 (mod 2°1?),
a(2®t) — a(®*?*t)=0 (mod 2%*)

(remember ci(n) = b(2n), where b(n) counts the binary partitions of n).
The above congruences were conjectured by Churchhouse and
independently proved by Rodseth and Gupta. Moreover, there is no higher
power of 2 which divides c1(4n) — ci1(n).
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Our numerical computations strongly suggest that there should be
infinitely many m € Z such that the sequence (dm(n))nen is bounded. We
even dare to formulate the following

Let k € Ny and m = 22 — 1. Then the sequence (dm(n))sen is bounded.

In fact, we expect that for n € N the inequality dyx_;(n) < 2k is true.

It is well known that if k € Ny and t =1 (mod 2), then
a(®*Mt) —a(2®*'t)=0 (mod 2°1?),
a(2®t) — a(®*?*t)=0 (mod 2%*)

(remember ci(n) = b(2n), where b(n) counts the binary partitions of n).
The above congruences were conjectured by Churchhouse and
independently proved by Rodseth and Gupta. Moreover, there is no higher
power of 2 which divides c1(4n) — ci1(n).

This result motivates the question concerning the divisibility of the
number ¢n(2572n) — cm(2%n) by powers of 2. We performed some
numerical computations in case of m € {2,3,...,10} and n < 10° and
believe that the following is true.
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Conjecture 6

For k € N+ and each n € N, we have:
V2(C2k(4n) = Czk(n)) = llz(n) + 2112(/() + 3.
Moreover, for k € N and n € N the following inequalities holds

va(Cart1(4n) — cansar(n)) > v2(n) + 3,
va(cak+3(4n) — cak+3(n)) > v2(n) + 6.

In each case the equality holds for infinitely many n € N.
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Some results for p-ary colored partitions
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Some results for p-ary colored partitions

For k € N, we define the sequence (Am «(n))nen, where

k = 1 _ > n Xn
Fon() fg—(l_xmn)k fn;Am,k( )x".
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Some results for p-ary colored partitions

For k € N, we define the sequence (Am «(n))nen, where

k = 1 _ > n Xn
Fon() fg—(l_xmn)k fn;Am,k( )x".

The sequence (Am.«(n))nen, as the sequences considered earlier, can be
interpreted in a natural combinatorial way. More precisely, the number
Am,k(n) counts the number of representations of n as sums of powers of
m, where each summand has one among k colors.
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Some results for p-ary colored partitions

For k € N, we define the sequence (Am «(n))nen, where

k - 1 _ - an
Fon() fH Ty fn;Am,k( )x".

The sequence (Am.«(n))nen, as the sequences considered earlier, can be
interpreted in a natural combinatorial way. More precisely, the number
Am,k(n) counts the number of representations of n as sums of powers of
m, where each summand has one among k colors.

A question arises: is it possible to find a simple expression for an exponent
k, such that the sequence (v5(Ap,«(1)))nen is bounded or even can be
described in simple terms? Here p is a fixed prime number.
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For a given p (non-necessarily a prime), an integer n and
i€{0,...,p—1} we define

k
Np(i,n)={j: n=> epe;€{0,....,p—1}ande; = i}|.

Jj=0
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For a given p (non-necessarily a prime), an integer n and
i€{0,...,p—1} we define

k
Np(i,n)={j: n=> epe;€{0,....,p—1}ande; = i}|.

Jj=0

The above number counts the number of the digits equal to 7 in the base
p representation of the integer n. From the definition, we immediately
deduce the following equalities:

No(i,n),  ifj#i

. 9
No(i,n)+1, ifj=i ©)

No(i,0) =0, Np(i,pn+j)= {
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We have the following result

Lemma 13

Letre {1,...,p—1}. We have

Fo(x)™ =TI =x") =" Dpr(m)x",
n=0 n=0
where
p—1 2\ et
_ —1)\/Np(isn)
0yt = [T(-1) ( ,.) , (10)

with the convention that (]) =0 for b > a and 0° = 1. Moreover, for

J€{0,...,p—1} and n € N we have

Dy.r(pn+j) = (-1) (;) Dy, (n)-
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Our next result is the following

Let k € N and suppose that p — 1|k. Then

Fo(x)f = (1—x)7~1  (mod p»®H1),
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Our next result is the following

Let k € N and suppose that p — 1|k. Then

Fo(x)f = (1—x)7~1  (mod p»®H1),

We are ready to present the crucial lemma which is the main tool in our
study of the p-adic valuation of the number A, (,_; (ups_l)( n) in the
sequel. More precisely, the lemma contains |nformat|on about behaviour of
the p-adic valuation of the expression

Z(—l)'(,“.) Dp(n 1),

where
Dp(n) := Dp,p-1(n).
In particular Dy(n) # 0 for all n € N.
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Lemma 15

Let p > 3 be prime and u € {1,...,p—1}. Let n > p be of the form
n=n"p + kp® 4 j for some n” € N,k € {1,...,p—1},s € N} and
J €40,...,p—1}. Then the following equality holds:

2 ifu A p+u—1 p+u—1
(G (o) oo ) 59

In particular:
(a) Ifu=1, then

<Z( 1) ( )Dp (n— ’)) = vp(Dp(n) — Dp(n — 1)) =1,

for any n € Ny.
(b) Ifj > u, then we have the equality

u
v ;
o (Z(—l)'(,)mn— o) =
i=0
(c) If u> 2, then there exist j,k € {0,...,p — 1}, k # 0, such that we have

Vp Z( 1)’ (_)D,,(n—i) =9
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Theorem 16

Let peP>3, ue{l,...,p—1} and s € N;.
(a) Ifn> up®, then

VP(Ap,(pfl)(upsfl)(n)) >1
(b) If n > p*, then
( p,(p—1)(ps—1) (n)) =1
(c) Ifu>2, then
VP(Ap,(pfl)(upsfl)(n)) =1
for infinitely many n.
(d) Ifu>2, then
VP(Ap,(p—l)(ups—l)(n)) >2
for infinitely many n.

(e) Ifs>2 and n> pt! with the unique base p-representation n = Do gip' and
Vp(Ap, (p—1)(ups—1)(n)) € {1,2},

then the value of vp(A, (p—1)(ups—1)(n)) depends only on the coefficient es and
the first non-zero coefficient e+ with t > s.
(f) Ifs>2 and
VP(Ap, (p— 1)(up571)(”)) <s
for n > up®, then also

Vp(Ap7(p,1)(ups,1)(pn)) = Vp(Apy(p,l)(ups,l)(pn + I)) fori=1,2,...,p— 1.
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In the opposite direction we have the following

Let k € Ny, p € P>3 and suppose that p>(p — 1)|k and r € {1,...,p — 2}.
Then, there are infinitely many n € Ny such that

Vp(Apk—r(n)) = vp(k).
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In the opposite direction we have the following

Let k € Ny, p € P>3 and suppose that p>(p — 1)|k and r € {1,...,p — 2}.
Then, there are infinitely many n € Ny such that

Vp(Apk—r(n)) > vp(k).

Our computational experiments suggests the following

Conjecture 7

Let peP>3,uc{2,...,p—1} and s € N;. Then, for n > up® we have

Vp(Ap,(o-1)wps—1)(n)) € {1,2}.

Moreover, for each n € N we have the equalities

VP(AP,(Pfl)(upsfl)(pn)) = VP(AP,(pfl)(upsfl) (pn + I))7 = 17 s P 1L
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Let k € N>, be given. We say that the sequence € = (€n)nen is
k-automatic if and only if the following set

Ki(e) = {(exinsjnen : i € Nand 0 < j < k'},

called the k-kernel of ¢, is finite.
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Let k € N>, be given. We say that the sequence € = (€n)nen is
k-automatic if and only if the following set

Ki(e) = {(exinsjnen : i € Nand 0 < j < k'},
called the k-kernel of €, is finite.
In the case of p = 2 we know that the sequence (v2(Az2,2s—1(n)))nen is
2-automatic (and it is not eventually periodic). In Theorem 16 we proved

that the sequence (vp(Ap k(n)))nen for k = (p— 1)(p* — 1) with p > 3, is
eventually constant and hence k-automatic for any k.
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Let k € N>, be given. We say that the sequence € = (€n)nen is
k-automatic if and only if the following set

Ki(e) = {(exinsjnen : i € Nand 0 < j < k'},

called the k-kernel of ¢, is finite.

In the case of p = 2 we know that the sequence (v2(Az,25-1(n)))nen is
2-automatic (and it is not eventually periodic). In Theorem 16 we proved
that the sequence (vp(Ap k(n)))nen for k = (p— 1)(p* — 1) with p > 3, is
eventually constant and hence k-automatic for any k.

We calculated the first 10° elements of the sequence

(7o (Ap,(p—1)(ups—1)(N)))nen for any p € {3,5,7},s € {1,2} and
u€e{l,...,p— 1} and were not able to spot any general relations. Our
numerical observations lead us to the following

Question 4

For which p € P>s,s € N and u € {2,...,p — 1}, the sequence
(vp(Ap,(p—1)(ups—1)(n)))nen is k-automatic for some k € N ?
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Finally, we formulate the following

Conjecture 8

Let k € Ny, p € P and suppose that k is not of the form (p — 1)(up® — 1) for
seNandu€e{l,...,p—1}. Then, the sequence (vp(Ap,k(n)))nen is
unbounded.
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Thank you for your attention;-)
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