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S(f,...,fi; Nym) = > fi(m) - fi (ng)

N>nm>->ne>m

and
A(fla"'afk;N7m) = Z fl(nl)"'fk(nk)
N=>ny>>n>m
Example.
k=1
m=1 |
N = 0o :>S(f1;0071)_~’4(f1;0071)—zlns
() = 5 .



S(f,...,fi; Nym) = > fi(m) - fi (ng)

N>nm>->ne>m

and
A(fla"'afk;N7m) = Z fl(nl)"'fk(nk)
N-ny - >n>m
Example.
k=1
e S (f fi L
N = o = (1 0071)_"4(110071)_21”5_<(5)
fi(n) = 7 "



S(ﬂ,...,fk;N, m) = Z fl (nl)---fk (nk)

N>ny>-->n>m

and

A(f,.... i N,m) = > fi(n1)--- i (ng)

N-ny - >n>m

Let m=1, N =00, and fi(x) =1/x% for | =1,..., k. Then,

1 *
S(ﬂ,...,fk;oo,l):: Z ﬁ:C(Sl,...,Sk),
m>e>n>1 k
and
1
A(f].;"')fk;ooal):: Z W:C(Sla”'vsk)'

n
n>->n>1 1 k



Let m=1 and

1
f = = f = —
1(x) %(x) -
1 1 1
S|—,...—N1| = E .
X X n - ng
= N>m > >n>1

Theorem. [K. Dilcher]

>N

N>m>e>m>1 =1




Theorem. [K. Dilcher]

n oo
N>np > >ng>1 =1

Example. k=2, N =3:

Z 1 N 1 N 1 N 1 N 1
1.1 21 31 2.2 3.2
3>m>n2>1
2 3 4 6 9
_ 8
36

3>n1>n2>1



Outline

Random Walk and Matrix Representation

Diagonalization
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Theorem. [L. Jiu and D. Shi]

> (s

nl K
N>ny>-->n>1

2>mm>1 ninyo 2 4 8



Label N sites as follows:

e o0 . .
1 2 3 N-1 N

We start a random walk at site “N", with the rules:

one can only jump to sites that are NOT to the right of the
current site, with equal probabilities;

steps are independent.

P (i — j) = the probability from site “/" to site “j".
For example, suppose we are at site "6

here
e 6 6 0 0 o e e ... O
123456 738 N
Then, the next step only allows to walk to sites {1,2,3,4,5,6},

]P(6—>6):IP(6—>5):IP’(6—>4):]P’(6—>3):IP’(6—>2):]P’(6—>1):%.



Therefore, a typical walk is as follows:

STEP 1: N = my (< N), with B(N — m) = &;
@:nl — Ny (S nl), with IP’(nl — n2) ==

STEP k+ 1t mi — miya (< ng), with P (ng — ngy) = -

Focus on P (ny41 = 1):

11 1 1
(nk41 = 1) Z Nn n Z Nny---ny

All possible paths N>n1>-->n>1



On the other hand, the transition matrix of sites {1,..., N} is
exactly given by Sy, i.e,

: o /i, ifj<i;

Sy = (a;;) with a;; =P (i —j) = ’ -

v =) i =Fl=) {0, if j>i.

Therefore, after k + 1 steps, entries of S,’Vfl give the transition
probabilities among sites. In particular,

1 1
5k+1) _Pp —1)= — .
( N N,1 (nk+1 ) N Z ny---ng
N>n1>->ne>1

Remark.

LY =P =m = (si7)

n o o o n
N>m>o>p>m LK
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Theorem. [L. Jiu and D. Shi] Define, for / =1,...,k,

100 --- 0
110 --- 0
PN - . . . X . )
1 11 1
fi (1) 0 0
fi(2) fi(2) 0 0
SN‘ﬁ = . : 9
fi(N) fi(N) fi(N) fi (N)
and
0 0] 0
fi (1) 0 0 0
A= | @ 8@ o 0

FN-1) AN-1) A(N-1) - A(N-1)

o O O



Then, it holds that

k
S(fi,...,fi; N,m) = (PN Hs,\,m) :
N,m
and

A(f,....f N, m) (PN HANM)

Proposition. [L. Jiu and D. Shi]

N,m

An-1)f = (0i-15) ysen Snr-
If £(1),...,f(N) are distinct,

Snjr = Dyjediag (£ (1), ..., f (N)) (DN|f)_1 7

where



k=i+1
and
0, if i <J;
bij=4fMTT 1 i
o iy iz
ki )
Ski? = Dujediag (F (¥, F(N)<) (Dpyr)
Remark.



Recall

1 0 0
1 1
) 1 1 0]
f(x) =~ =Sy = : 2
11 L
N N N

m
N>ny>->n>1
—N- (Sk+1)
NIf )y

=N - [DN|fdiag (f(l)kﬂw-'af(N)kH) (D"”f)_l} N1



The last row of Dy
(17 o 1)

The first row of (DNV)?I:
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n
N>ny2>-->ng>1



Butler and Karasik obtained if G (n, k) satisfies G (n,n) =1,
G (n,—k) =0 and for k > 1

G(nk)=G(n—1,k—1)+ g(k)G(n—1,k),
then

GIN+kN)= > g(m)-g(n)

N>ny>->m>1



When k = 1, an induction on N shows directly that

S elm)=g(N)+ G(N.N 1)

N>n1>1
=g(N)G(N,N)+ G (N,N —1)
= G(N+1,N).

For inductive step in k, similarly from, we see

5 (U’ N, 1) =&(N) (SN|g) N1 g(N) (SMg (S;(V\é}))/\/l
K

Z G(m+k—1,m)
:G(N+k,N),

by recurrence.



Let m=1, N =00, and fi(x) = 1/x* for | =1,... k. Then,
1 *
S(ﬂ,...,fk;oo,l):: Z ﬁ:C(S]_,...,Sk),
m>emm>1 L Tk

and

1
A(f17...,fk;00,1):: Z W:C(Sl,...,Sk).

n
m>e>n>101 k

Example.
¢*(2,1) = 2¢(3).
C*(s1,52) = ((51,52) + {(51 + %2),
C*(s1, 2, 83) = ((s1, S2, 53)+C (5152, 53)+C (51, S2+53) +C(S51+52+53)-



(*(s1,52) = ¢(51,52) + (51 + 52),
C*(s1, 52, 83) = ((s1, 82, 53)+C (51452, 53)+C (51, S2+53) +C (S51+52+53).

Theorem. [L. Jiu and D. Shi]
S(f.giN—1,m)=A(f, g N,m)+ A(fg; N, m)
and

S(f,g,hN—1,m)=A(f g h;N,m)+ A(fg, h; N, m)
+ A(f, gh; N, m) + A(fgh; N, m).

KEY:
An-1)f = (0i—1j) yxn Snif-



Theorem. [M. Hoffman] For any real i1, ..., ik > 1,

ZC Io(1)s -« s k)) Z c(MC(iny.-yig, M),

oESK partitions N of {1,...,k}

where M = {Py,..., P;} is a set partition of {1,...,k},

c(M):=(IPrf = 1)t--- (1P| = 1),

and
<(i17"‘7ik7 HC Z .
JEPs
And
> oy loi) = > E(MC (i ...y, M),
€Sk partitions N of {1,...,k}
where

e(n) = (1) ‘c(n).



1
li — =N
kl_r;noo Z nl...nk

N>n1>-->n>1

1
S NP(ma=1).
nl e nk
N>ni12>-2>ne>1
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